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Background and aim

• Background
– Epstein (1953) – suggests that it ought to be possible to express the Bohm

interpretation of quantum mechanics in the momentum and other 
representations as for canonical transformations in classical mechanics. The 
‘Epstein question’ had not been fully addressed until tackled by the author. 
It has ontological implications.

– It was necessary to investigate canonical transformations in the Hamilton-
Jacobi formulation of quantum mechanics i.e. of the wave function on 
configuration space.

– Recent work has shown how the Schrödinger picture may formulated with a 
wave function on phase space (de Gosson, Torres-Vega et al., Wlodarz).

• Aim – to bring out the processes of symplectic maps for large and small action 
limits in configuration space
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Overview

• Hamilton-formulation in classical and quantum mechanics
• Canonical transformation – symplectic group
• Scale invariances of the symplectic group
• Symplectic and metaplectic maps on different action scales
• Symplectic maps and the generalised Legendre transformation
• Transformations of the classical action – the generalised Legendre

transformation
• Example free propagation through a caustic
• Transformations of the wave function – the generalised Fourier 

transformation
• Example: quantum harmonic oscillator
• Optics…another view
• Focus on time evolution…
• Summary
• Epilogue: Analysing the Bohm Interpretation – Epstein answered
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• CM: The differential of the action (for a fixed initial point) along a trajectory 
determined by Hamilton’s equations is 
where 
…then 

• QM: define the quantum action through the polar form 
in which                                 then postulate quantum differential action as                             

…so
=> 

… and

Hamilton-Jacobi formulation in classical and quantum mechanics

…leading to a richer 
ontology for the Bohm
interpretation, including a 
complex quantum potential
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Canonical transformations – symplectic group

• The symplectic group Sp(2n) is the group of matrices which preserve a non degenerate skew 
symmetric bi-linear form , i.e., a symplectic form. In relation to a vector space x, y in V , such a 
form has the properties: 

Ω(x, y) = - Ω(y, x), Ω(α1 x1 + α2 x2, y) = α1 Ω(x1, y) + α2 Ω(x2, y), Ω(x, x) = 0.
• The significance of the symplectic group to mechanics is that Poisson and commutator

brackets are skew symmetric bi-linear, which by definition are preserved under canonical 
transformations:

Symplectic transformation:

Iwasawa decomposition: sub-groups are: (i) the ‘unitary’ subgroup of symplectic matrices 
S(X, Y ) composed of the real and imaginary parts of U(n) = {U = X + iY |UU† = 1}, (ii) an 
Abelian sub-group A = {D(κ) = diag(κ1, ..., kn, ,k1

-1, ..., kn
-1)|κr > 0} and (iii) a nil-potent group 

sub-group N.
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Scale invariances of the linear symplectic group

which also is a symplectic map.  Moreover, for non-uniform, non-isotropic scaling, and 
even more generally,
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‘Metaplectic’ maps on different actions scales
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P(x,t)=∫ p f(x,p,t) dp
X(p,t)= ∫ x f(x,p,t) dx

If flow irrotational or 
1D: P=grad S and there 
is a Hamilton-Jacobi
equation for ‘flow’ with 
internal energy Q

S: Z-->Z’

GLT: St(xt,x0) = S(x0) + g(x0,xt): δSt/δx0=0 ie x0=X0(xt)

GLT: St(yt,y0) = S(y0) + g(y0,yt): δSt/δy0=0 ie y0=Y0(yt)

St(xt)

GLT: g(x,y)=-xy => y p

SYMPLECTIC MAPS & GENERALISED LEGENDRE 
TRANSFORMATIONS – CLASSICAL
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Transformations of classical action – the generalised Legendre
transformation

• The GLT of a function S(q, t), with respect to q, is obtained by defining a 
function:

• A stationary point of G with respect to q is then found by solving

Now and (q,p)=>(q’,p’) is a symplectic map.

A linear symplectic map is obtained for

where the coefficients are element of the symplectic matrix and the generator 
defines the quadratic Legendre transform (QLT).
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Free propagation through a caustic
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Free propagation through a caustic - trajectories
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Free propagation through a caustic – the action
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Free propagation through a caustic – phase space manifold
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Passive transformation – shifting the caustic
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S: Z-->Z’

GFT:

GFT: 

GFT: g(x,y)=-xy => y p

SYMPLECTIC MAPS & GENERALISED FOURIER 
TRANSFORMATIONS – QUANTUM

Ζ=(x,p) -->Z’=(x’,p’)

Ψ(x,t)

Ψ(y,t)
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Fourier transforms

Namias and McBride & Kerr (1980s) introduced the fractional Fourier transform of 
period       i.e.
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…but then the quadratic Fourier transform
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More formally…the metaplectic group
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The metaplectic group
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Double cover…
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Transformations of the wave function – the generalised Fourier 
transform

The generalised Fourier transform (GFT) is

The special case of the QFT represents the metaplectic group

…while the linear symplectic group acts on  
The direct connection between the GLT and GFT occurs in the large action limit, 
when the GLT maps the action and the trajectories ‘push-forward’ the density…
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Example QHO
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Example: QHO

…classical phase is ‘double 
covered’ by the quantum 
phase
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Density in the 0.95 π / 2 representation
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Real and imaginary momentum manifolds: small scale limit
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Real momentum manifold: large action scale limit
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Real momentum manifolds for 0.25 π/2 and 0.95 π/2 in the large action 
scale limit
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Optics…another view

We can examine the wave function and trajectories for a sequence of  
symplectically covariant representations, each of which corresponds to a 
viewing plane in an optical system
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Focus on time evolution…

• Our focus has been upon the transformations of representation.
• de Gosson (see Principles of Newtonian and Quantum mechanics) has 

worked on the role of metaplectic group for the time-evolution of the 
Schrödinger equation in the small action limit.

• For quadratic Hamiltonians, the wave function transforms according to the 
(covering) metaplectic group – the symplectic maps are linear.

• More generally de Gosson has shown that there is a short time Green’s 
function G(x, x’,t, t’) such that the evolution under its integral mapping, Uψ, 
can be chopped up into small time intervals to ensure that causality and 
group properties are maintained. Moreover, such a compounded evolution 
satisfies the Schrödinger equation, so this is an extension (in principle) of the 
cover to Ham(n) i.e. to all symplectic maps that can represented by 
Hamiltonian flows.

• BUT extension of the cover to Symp(n) (all symplectic maps) remains 
elusive…
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Summary

• The symplectic group is central to mechanics and optics and other areas of 
physics. It acts on the ‘operator’ space.  It has representations at the large and 
small scale limit.  We need to sustain the bracket structure.

• The Legendre (LT) and Fourier (FT) transforms are covers of the symplectic
group acting on functions on the configuration space.  They are 
representations of the rotation sub-group for rotations of magnitude π/2

• More generally, we have the QLT and the QFT (covering any linear
symplectic map).

• We can attempt to go to GLT and GFT; they are connected by the large and 
small action limits, but the structural homomorphism remains elusive.
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Epilogue: Analysing the Bohm Interpretation – Epstein answered

• The mechanical ontology of the Bohm causal interpretation can be 
applied to its current-based trajectories only in a small subset of 
symplectically covariant representations. 

• Alternatively expressed: if the mechanical ontology of a system of 
trajectories whose dynamics are determined solely by external and 
quantum potentials is retained, the trajectories do not, in all 
representations, necessarily have the density of the wave function, and 
vice-versa.

• Even when the mechanical ontology does apply to current-based 
trajectories in a pair of symplectically covariant representations, the 
trajectories themselves are not necessarily symplectically covariant, as 
they would be for a classical system. 

• In summary, a mechanical particle description consistent with the 
conservation of probability, which is at the heart of the Bohm causal 
ontology, seems to be limited to the spatial coordinate representation, 
and certain other representations. 


