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Preface

The interpretation of quantum mechanics remains a challenge to many who use it, notwith-
standing its success as a description of the physical world, especially on atomic scales. Soon
after the development of quantum mechanics, Dirac (1930), in his book The Principles of
Quantum Mechanics, observed that the fundamental laws of nature govern the world, as
it appears to us, in a rather indirect way; the important things in the world emerge as
invariants of transformations. The philosophical notion of invariance under transformation
underlies the consistency and integrity of every-day experience, but it is also a more abstract
and general framework than that provided by the classical tradition of laws governing the
behaviour of objects whose importance in the theory is established by their observability.
In classical theory, mechanisms and forces connect objects, so adding to the description of
their behaviour an explanatory framework which is both causal and familiar. The concepts
of quantum theory are outside normal experience, and so the construction of an explanatory
framework and ontology is immediately more challenging than for classical theory.

The distinction between description and explanation, and the desire to go beyond the
former towards the latter, divides those who consider quantum theory as directed only
towards epistemology (i.e. the study of the knowledge of reality and its use) from those who
seek to enrich the expression of quantum theory by giving it an ontology, in the sense of the
underlying physical ‘being’ of the processes described and an explanatory framework for
their behaviour. The latter are not content with a description of the relationships between
events; they aim for a physical account of individual quantum processes, with the prospect
of deeper insight and perhaps pointers to the further development of the theory. This
difference of interpretation and the role of ontology in quantum theory, are at the heart of
the work of Bohm and Hiley (1993) in their book The Undivided Universe.

In this volume, we explore the boundary between ontology and epistemology in quan-
tum mechanics, and, because the particular ontology examined is naturally expressed in
classical terms, we also explore the connections between classical and quantum mechanics.
The focus is upon the ontology provided by the Bohm interpretation (1952) of quantum
mechanics and upon the question of whether or in what sense this ontological interpretation
can be regarded as invariant under the action of the symplectic group of transformations.
This very general group of transformations maintains the fundamental relationship between
position and momentum in mechanics, and its covering group (the metaplectic group) cor-
respondingly transforms the wave function in quantum mechanics.

The principal motivation is Epstein’s question (1953) of whether the Bohm interpre-
tation may be transformed satisfactorily into representations other than the coordinate
representation. Subsequent work on the symplectic and metaplectic groups has provided
the mathematical framework to address this question. Like Dirac, the overall approach
emphasises the value of transformation theory in revealing, and in this case testing for,
important features of the theory. The examination of the roles of the symplectic and meta-
plectic groups in quantum mechanics, in the context of the Bohm interpretation, throws
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light on the relation of quantum mechanics to classical mechanics. It has also led to the
extension of the Bohm interpretation and its generalisation to symplectically covariant rep-
resentations, both of which are important topics in this book. Perhaps most significantly,
it has provided some clearly defined limits on the ontology of the Bohm interpretation.

The book has three parts, which respectively review and extend the Bohm interpretation,
provide mathematical frameworks for the use of linear symplectic transformations, and,
finally, develop and use a generalisation of the Bohm formulation to address the Epstein
question and reveal some issues of ontology.

Part I begins with a review correspondences between classical and quantum mechan-
ics, to provide orientation and background for later chapters. A comparative analysis of
the moment dynamics of classical and quantum distributions on configuration space then
clarifies the pure state conditions for the Bohm interpretation of quantum mechanics and
it highlights some key distinctions between the classical and quantum theories. The use of
a quantum least action principle then reveals the dynamics of both real and imaginary mo-
menta and the role of quantum and external complex potentials. This provides a c-number
formulation of quantum mechanics on configuration space and it extends the ontology for
the particle dynamics.

The probability density current has an important role in the Bohm interpretation. So in
Part II, the proof of bracket relations for probability density currents, in both classical and
quantum mechanics, is central in allowing a symplectically covariant definition of the density
current operator and therefore a definition for trajectory velocities in all symplectically
covariant representations. For symplectic maps between representations, we present the
corresponding transformations of the classical action by the quadratic Legendre transform
and of the quantum wave function by the quadratic Fourier (metaplectic) transform. An
important feature is the use of a non-dimensional action scale which parameterises the
connection between the classical and quantum scales. To enable symplectic transformation
of the Bohm formulation, an algebraic form of the Schrödinger equation is developed and
then expressed as a pair of algebraic operator equations; namely, as an anti-commutator
(Hamilton-Jacobi) equation and a commutator (Liouville) equation.

The generalisation of the Bohm interpretation to any representation follows in Part III.
Two examples (the quantum harmonic oscillator and the quantum linear potential) illustrate
the action of the symplectic and metaplectic groups and the transformation properties of the
Bohm interpretation. Analysis of the generalised formulation, and of these two examples,
exposes the conditions on potentials and representations for which the Bohm interpretation
may be said to hold, and so provides an answer to the Epstein question. This study
provides some insight into the limitations of an ontology based on particle trajectories in
quantum mechanics. It also identifies a number of open questions and avenues for further
investigation.

This book is based on work for the author’s doctoral thesis which was completed under
the supervision of Professor Basil Hiley of the Theoretical Physics Research Unit at Birkbeck
College, London University, and for whose enthusiasm, encouragement and rewarding dis-
cussions I am very grateful. I am grateful also to many others with whom I have exchanged
ideas during the course of this work. Particular thanks go to Professor Maurice de Gosson,
who, having read the doctoral thesis, encouraged me to have the work published in book
form. His book The Principles of Newtonian and Quantum Mechanics, published in 2001,
deepened my understanding of symplectic geometry and of its significance in physics and
engineering. Finally, very special and warm thanks go to my wife Fiona, who encouraged
me to start on this work, for her sustaining love and energy throughout.

Melvin Brown March 2006
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Chapter 1

INTRODUCTION

1.1 From symplectic geometry to ontology in quantum me-
chanics

The fundamental role of geometry in physics is well established; Euclidean geometry is the
basis of the space-time of Newtonian mechanics, while the Riemannian geometry of curved
space-time lies at the heart of general relativity. More recently gauge or Yang-Mills field
theories have enabled electromagnetism and nuclear forces also to emerge as manifestations
of geometry. Less intuitive and less well-known to the physics community in general, yet by
now an established discipline in mathematics, is symplectic geometry, which nonetheless is
deep rooted and pervasive in physics and engineering [3, 4]. A recent book by de Gosson [5],
which is accessible to a diverse scientific audience, will undoubtedly widen understanding
of the significance of symplectic geometry in both classical and quantum mechanics.

Symplectic geometry can be traced back to the work of mathematicians and physicists
in the nineteenth and early twentieth centuries; such figures as Lagrange, Poisson, Hamil-
ton, Jacobi, Liouville, Hertz, Noether and Poincaré contributed to the science of mechanics
and ultimately to the replacement of analytical mechanics by geometric methods. Thus,
the evolution or phase space flow of a particle system, as described by Hamilton’s equa-
tions, is expressed today as a sequence of ‘area-preserving’ mappings on phase space, which
are a manifestation of the underlying constraints of symplectic geometry. Such mappings
are members of the symplectic group and they preserve a non-degenerate skew-symmetric
bilinear form Ω, such that Ω(z, z′) = −Ω(z′, z), for two vectors z, z′ on phase space. (A
formal definition of Ω is given in section 2.4.2.) The anti-symmetry of the symplectic form
is in contrast to the symmetry of the bilinear ‘angle-preserving’ form, Θ(q, q′) = Θ(q′, q),
of the inner-product of vectors on Euclidean space, and consequently it results in a less
intuitive geometry than the latter. Key features of the symplectic form are that a) it splits
the 2n directions of phase space q1, ..., qn, p1, ..., pn into n transverse planes of qk, pk, whose
(anti-symmetric) bracket relations are preserved when the symplectic form is preserved and
b) it defines how forces acting on a system are converted into a phase flow which defines
all possible motions of the system. The counterpoint of the exchange between kinetic and
potential energy is defined by the symplectic form.

Given its significance in the rest of physical theory, and the importance of the correspon-
dence principle in the formulation of quantum mechanics, the question of the role symplectic
geometry in quantum mechanics is unavoidable. The notion of a c-number phase space is
key to the role of the symplectic group in classical mechanics, and yet quantum mechan-
ics is most naturally represented upon configuration space, where there is no independent
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c-number momentum conjugate to position. Rather, in this case, quantum mechanics is
expressed through the language of operators acting upon a space of square integrable func-
tions, which apparently blocks the application the symplectic group to a c-number phase
space. However, a (non-unique) lifting of quantum mechanics into a c-number phase space
was achieved through the work of Wigner [6] and, subsequently, Moyal [7], who introduced
a statistical formulation of quantum mechanics by projecting the density operator into a
distribution upon phase space through use of the Weyl transform. This phase space formu-
lation of quantum mechanics, which continues to be developed, especially through the use
of star-product operators [8], opened the way for the study of the action of the symplec-
tic group of canonical transformations on phase space in quantum mechanics, in quantum
optics and in semi-classical optics [9, 10, 11, 12].

In this book, rather than pursue the c-number phase space formulation of quantum
mechanics, we examine the question of how the Schrödinger (or Hamilton-Jacobi) picture
of quantum mechanics on configuration space behaves under linear symplectic mappings of
the position and momentum operators (q̂, p̂). As for the Poisson bracket relation, {q, p} = 1
in classical mechanics, in quantum mechanics the set of allowable transformations must
preserve the commutator bracket relation, [q̂, p̂] = i�, if the relationship between position
and momentum is to be maintained. Both of these anti-symmetric bilinear forms are pre-
served by symplectic transformations, and so it is here that the symplectic group plays
its constraining role, both in active and passive operator transformations. Whether under
time evolution generated by the Hamiltonian in the Heisenberg picture, or under passive
transformations in the Schrödinger picture, the operators (q̂, p̂) must undergo symplectic
transformations in order to preserve the bracket relations. Passive transformations in the
Schrödinger picture are the main focus of attention in this book as, in particular, are their
effects upon the Bohm interpretation [13] and the implications for its ontology.

Two things have motivated the examination of the behaviour of the Bohm interpretation
of quantum mechanics under the action of the symplectic group. First, the relationship be-
tween the Bohm interpretation and the Hamilton-Jacobi formulation of classical mechanics
might be considered to parallel that between the Wigner-Weyl-Moyal phase space (WWM)
formulation of quantum mechanics and Hamilton’s phase space formulation of classical me-
chanics, and yet little attention has been given to the impact of the symplectic group upon
the former. Second, this imbalance was implicitly recognised by Epstein [14] who, soon
after Bohm introduced his causal interpretation of quantum mechanics [15, 16], questioned
whether it could be expressed satisfactorily in other representations apart from the coordi-
nate representation, in which it was conceived. Bohm [17] responded to Epstein, expressing
reservations that such a proposal could consistently be followed through, although he ad-
mitted that it might be possible were a canonical transformation of the coordinates to be
accompanied by a corresponding linear transformation of the wave function. At that time,
the symplectic group was little known to the physics community and the existence of its
covering metaplectic group (which correspondingly acts upon the wave function) was only
just being recognised in the mathematics community. Subsequently, this question had re-
ceived little (and, in some cases, dismissive) attention [18, 19], until the author’s initial work
in [1] and subsequently with Hiley in [2]. In the latter two references, attention was limited
to the examination of the effects of transformation to the momentum representation, which
corresponds to a π/2 rotation in the rotation sub-group of the linear symplectic group. In
this book, this initial work is extended to the consideration of the whole linear symplectic
group. While the unitary invariance of quantum formalism would suggest that such an
exercise is nothing more than re-description, especially from an epistemological view-point,
the significance of the particle ontology in the Bohm causal interpretation, which draws
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strongly upon concepts from classical mechanics, led the author to believed that a more
thorough examination of the Epstein question, in the context of the linear symplectic group,
would lead to a better understanding and perhaps extension of the ontology of the Bohm in-
terpretation. The limitation to the linear symplectic group was chosen not only for reasons
of tractability; the metaplectic covering group for non-linear symplectic transformations is
as yet undiscovered [5, p.312].

1.2 Structure of the book

Subsequent chapters of this book are collected into three parts, reflecting three stages of ex-
amination of the Bohm (Hamilton-Jacobi) formulation of quantum mechanics under trans-
formations of the linear symplectic group, namely,

• Part I (Chapters 2, 3 and 4): Review and extended Bohm interpretation;

• Part II (Chapters 5, 6, 7 and 8 ): Mathematical framework for linear symplectic
transformations;

• Part III (Chapters 9 and 10): Generalised formulation, ontology and examples.

The content of subsequent chapters is summarised in the following paragraphs.
Chapter 2 reviews classical and quantum correspondences, especially in relation to the

Hamilton-Jacobi formulation, providing background and orientation for later chapters. The
linear symplectic group, representation and transformation theory are also outlined. New
material, relating to a complex c-number momentum and to a density current operator, is
first presented here in summary, prior to its detailed development in later chapters.

Starting from c-number expressions of the Liouville equation on phase space, Chapter 3
examines the projection of the dynamics of classical and quantum systems from phase
space into configuration space. A comparative analysis is made of the moment dynamics
of classical and quantum distributions on configuration space, so identifying the pure state
conditions for the Bohm causal interpretation of quantum mechanics and highlighting key
distinctions between the two theories. It is found that, generally in classical mechanics, it
is not possible to progress beyond the mean force balance equation to a Hamilton-Jacobi
equation for mean momentum dynamics. The notion of an internal energy on configuration
space for classical ensembles, as a counterpart to the quantum potential, therefore does not
exist in general.

Chapter 4 begins by interpreting momentum and energy as measures of the spatial and
temporal rates of change of the state of a system, as represented by its action. A quantum
least action principle yields dynamical equations for both real and imaginary momenta, and
it highlights the role of quantum and external complex potentials. Unlike classical mechan-
ics, the least action principle does not yield a velocity in quantum mechanics, and so an
independent definition of velocity is required. A c-number formulation of quantum mechan-
ics on configuration space emerges as an extended causal ontology for particle dynamics,
which includes a complex momentum and a complex quantum potential. The roles of these
complex quantities are illustrated for a system with a complex external potential. In the
presence of an imaginary or ‘optical’ potential, the concept of sources and sinks for Bohm
trajectories avoids the a priori need to distribute their initial conditions in proportion to
the wave function density. Trajectories enter and leave the system at rates in proportion to
the strength of the local optical potential.
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In Chapter 5, bracket relations for probability density currents in both classical and
quantum mechanics are established. In particular, the quantum Liouville equation is re-
expressed in terms of density current operators. New expressions for these operators are
obtained in terms of the symbolic operator derivatives (with respect to momentum and
to position) of the product of the Hamiltonian operator and the density operator. These
density current operators are symplectically covariant, leaving the operator form of the
quantum Liouville equation invariant under symplectic transformations. This secures a
consistent definition and meaning for trajectory velocities in all symplectically covariant
representations.

In Chapter 6, the generalised Legendre transform (GLT) is introduced and developed,
and it is shown to act upon the classical action under symplectic transformations on phase
space. The GLT is a generalisation of the well-known Legendre transform, and it is a point-
to-point mapping of a function from one domain to another, which arises from an extremal
condition. As shown in Chapter 7, the GLT is the classical analogue of the metaplectic
transform in quantum mechanics, for linear symplectic transformations on phase space.

In Chapter 7, transformations of the quantum wave function under symplectic maps
between representations are investigated. Central is the homomorphism between the group
of linear symplectic transformations and its double cover - the metaplectic group of trans-
formations. For a given linear symplectic transformation of the operators (q̂, p̂), the trans-
formation of the wave function is defined by this homomorphism. We also briefly consider
non-linear symplectic maps and, through the large action limit, demonstrate a direct con-
nection with the generalised Legendre transformation. This limit is taken through the
use of a unitless ‘action scale’, which not only distinguishes symplectic maps on classical
and quantum scales but also enables a consistent treatment of symplectic transformations
on unitless phase space, whether operator or c-number based. The action scale plays an
important role in later identifying the quantum potential in different representations.

Chapter 8 begins by extending the Dirac bra(c)ket notation and then lifting bras and
kets into the left and right ideals of an algebra. Operators and states are thereby cast into
the same algebraic framework, in which the Schrödinger equation (and its conjugate) are
expressed algebraically, so emphasising its connection with the Hamilton-Jacobi equation
in classical mechanics. Through polar decomposition, the algebraic Schrödinger equation
is re-expressed in the algebraic form of an anti-commutator (Hamilton-Jacobi) equation
and a commutator (Liouville) equation. These latter two equations are a representation-
independent algebraic expression of the Bohm interpretation of quantum mechanics, and
they open the way to a consistent projection of the Bohm interpretation into any symplec-
tically covariant representation.

In Chapter 9, we address Epstein’s challenge, considering first the nature of ontology and
explanation, and reflecting on whether the ontology of quantum mechanics should best lie
in individual representations or at a more abstract level. We draw on the results of previous
chapters to generalise the equations of the Bohm interpretation to any linear symplectically
covariant representation, including the notions of complex momentum and complex quan-
tum potential, which were introduced for the spatial coordinate representation in earlier
chapters. Questions of ontology are then discussed in the light of this generalisation, and
we find that the Bohm particle ontology can sustained only for a subset of those represen-
tations which are covariant under linear symplectic transformations. This finding provides
an answer to Epstein’s challenge, and it also enables us to proffer a distinction between the
Bohm causal interpretation and its extension to a more general interpretation.

Chapter 10 examines in detail two time-dependent examples - the quantum harmonic
oscillator (QHO) and the quantum linear potential (QLP), which illustrate the action of
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the symplectic and metaplectic groups and the transformation properties of the generalised
Bohm interpretation. While active (Hamiltonian preserving) symplectic maps are implicit in
these examples, passive (representation changing) symplectic transformations are the focus
of attention. In the case of the QHO, the investigation is limited to the rotation sub-group
of the symplectic group. Small and large action limits of the transformations are compared,
making use of respectively the metaplectic (quadratic Fourier) and the quadratic Legendre
transforms. In the case of the QLP, attention is restricted to the small action (i.e. the quan-
tum) limit, but it is wider ranging in its coverage of the linear symplectic group. Starting
from the momentum representation, all sub-groups of the Iwasawa decomposition of the lin-
ear symplectic group are explored through a precise correspondence between the inter-plane
transformations of an optical lens system and the inter-representation transformations of
the wave function. In each case, the wave function amplitude and phase, and the trajecto-
ries with their associated momenta, are examined and discussed. These examples illustrate
that, even when the causal ontology of a particle evolving along one of an ensemble of
Bohm trajectories may be adopted in all representations, this ontology is not symplecti-
cally covariant. Such symplectic covariance appears in the large action (i.e. the classical)
limit, in which the quantum potential becomes negligible and the imaginary component of
momentum is decoupled from the real momentum. On the other hand, the idea that such
trajectories transport infinitesimal elements of constant probability, is one that holds in all
representations and in the quantum and classical limits.
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Chapter 2

STRUCTURAL
CORRESPONDENCES
BETWEEN CLASSICAL AND
QUANTUM MECHANICS

In this chapter, topics and principles which are essential to or which emerge in detail in
later chapters are briefly outlined or previewed in both their classical and quantum forms.
The treatment is intended to provide orientation and background for later chapters and
so, where possible, underlying derivations and proofs are left until later in the book or to
quoted and other references.

2.1 Variational principles

2.1.1 Classical mechanics

Classical mechanics may be derived from a principle of least action known as Hamilton’s
principle. The Hamilton’s principle function or action is defined as

S =
∫ t2

t1

L(q, q̇, t)dt, (2.1)

where here, and hereafter, we use the notation q̇ = dq
dt . The principle states that the classical

evolution is such that

δS = 0, (2.2)

which results in the Lagrangian equation of motion

∂L

∂qi
− d

dt

(
∂L

∂q̇i

)
= 0. (2.3)

qi is the ith component of the vector q representing the ith degree of freedom. The principle
may derived from Newton’s laws or may be regarded as a fundamental principle, in which
case Lagrange’s equations of motion and the rest of classical mechanics stem from it.

In its modified form, the Lagrangian is written as

L = p · q̇ − H (2.4)
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where H is the classical Hamiltonian H = H(q, p) and the conjugate momentum is defined
as

pi =
∂L

∂q̇i
. (2.5)

Thus, in the modified form the action is

S =
∫ t2

t1

{p · q̇ − H}dt (2.6)

and the variation

δS = 0 (2.7)

comprises independent variations δqi and δpi of the coordinates and momenta. This results
in Hamilton’s canonical equations of motion

q̇ = ∇pH
ṗ = −∇qH. (2.8)

2.1.2 Quantum mechanics

Quantum mechanics in the form of the Schrödinger equation may be derived from variational
principles.

While Schrödinger used a variational principle as part of his derivation [20, 21] of the
time-independent Schrödinger equation, Heisenberg [22, p.163] subsequently used a La-
grangian function to express the time-dependent Schrödinger equation in the variational
form

δ

∫ {
�

2

2m
∇qψ · ∇qψ

∗ +
�

2i

(
ψ∗∂ψ

∂t
− ψ

∂ψ∗

∂t

)
+ V (q, t)

}
dqdt = 0. (2.9)

Here, we have not included the additional space-charge term included in Heisenberg’s orig-
inal expression.

Lee and Zhu [23] arrive at the same Lagrangian form by following Schrödinger’s original
approach for the time independent case and then adopting a “principle of minimal quantum
fluctuations”, which mimimises the total quantum fluctuation of a quantum action function
about its limiting classical value. The principle states that the quantum evolution is such
that

δ

∫
F (ψ, ψ∗, t)dxdt = 0, (2.10)

in which the variation is with respect to independent variations δψ and δψ∗. The quantum
Lagrangian is

F = ψψ∗
{

�

2i

(
1
ψ

∂ψ

∂t
− 1

ψ∗
∂ψ∗

∂t

)
+

�
2

2m

∇qψ

ψ

∇qψ
∗

ψ∗ + V (q, t)
}

, (2.11)

which is the same as in equation (2.9). The term in the braces is the quantum Lagrangian
density. The logarithmic derivatives occurring in this density will feature later in this book
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as complex energies and momenta. The quantum variational principle then results in the
Schrödinger equation

�

i

∂ψ

∂t
− �

2

2m
∇2

qψ + V (q, t) = 0 (2.12)

and its complex conjugate. Lee and Zhu observe that the condition F (ψ, ψ∗, t) = 0, with
ψ = R exp (iS/�), yields the classical Hamilton-Jacobi equation. The Schrödinger equation
may therefore be regarded as a quantum analogue of the Hamilton-Jacobi equation.

Reginatto [24, 25] bases his derivation on minimising the sum of the classical action,
LC , and the Fisher information, I, associated with the wave function density, ρ, and writes
the Lagrangian in the form

LQ = LC + λI =
∫

ρ

{
∂S

∂t
+

(∇qS)2

2m
+ V +

λ

2m

(∇qρ

ρ

)2}
dqdt, (2.13)

where λ is a scaling factor. The variational principle is expressed as δLQ = 0 with respect
to (fixed endpoint) variations of ρ and S which respectively lead to

∂S

∂t
+

(∇qS)2

2m
+ V +

λ

2m

[(∇qρ

ρ

)2

− 2
∇q

2ρ

ρ

]
= 0, (2.14)

and

∂ρ

∂t
+ ∇q ·

(
ρ
∇qS

m

)
= 0. (2.15)

These latter two equations are together equivalent to the Schrödinger equation if ψ =√
ρ exp (iS/�) and λ = (�/2)2. Under the latter substitution, equation (2.14) takes the

form

∂S

∂t
+

1
2m

(∇qS)2 + V +
1

2m

(
�

2
∇qρ

ρ

)2

− �
2

4m

(
∇2

qρ

ρ

)
= 0. (2.16)

Equations (2.15) and (2.16) are respectively the probability conservation and Hamilton-
Jacobi equations in the Bohm causal interpretation of quantum mechanics [13]. Equa-
tion (2.16) is distinguished from the classical form by the presence of the ‘quantum poten-
tial’

Q =
1

2m

(
�

2
∇qρ

ρ

)2

− �
2

4m

(
∇2

qρ

ρ

)
= − �

2

2m

∇2
qR

R
, (2.17)

which arises from the ‘information’ term containing λ in the Lagrangian (2.13). Moreover,
one identifies the probability density current ρ

∇qS
m in equation (2.15).

The Lee and Zhu variational principle also may be cast into ‘polar’ form by setting
ψ = R exp (iS/�) in equation (2.11) to obtain the Lagrangian density

G(ρ, S, t) = ρ

{
∂S

∂t
+

1
2m

(∇qS)2 +
1

2m

(
�

2
∇qρ

ρ

)2

+ V

}
, (2.18)

in which ρ = ψψ∗. This Lagrangian density is precisely that used by Reginatto in equa-
tion (2.13) under the assumption that λ = (�/2)2. Thus, under the variational principle

δSQ = δ

∫
G(ρ, S, t)dxdt = 0, (2.19)
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in which the variation is with respect to ρ and S, we are once again led back to the equations
of the Bohm causal interpretation (2.15) and (2.16).

The polar Lagrangian approach is the starting point of the work of Recami and Salesi [26],
in which they follow the strongly suggestive form of the Lagrangian and propose that quan-
tum motion consists of an external (‘centre of mass’) velocity ∇qS/m and a internal velocity
�

2m
∇qρ

ρ within the CM frame. Recami and Salesi show how the latter can be associated with
the motion or ‘zitterbewegung’ of an intrinsic spin of magnitude �/2 which, they say, may
be the source of the quantum potential and which has no effect on the probability density
current. A generalisation of this model to any spin magnitude is proposed by Esposito [27]
who also shows that, even though the ensemble of initial conditions for the external motion
may be chosen in accordance with the density of the wave function, the initial conditions for
the internal motions are undetermined. As later discussed in more detail in section 4.8, both
the above references involve arbitrariness in combining the ‘real’ and ‘imaginary’ velocity
components to arrive at an explanation of the quantum potential in terms of spin.

2.2 The Hamilton-Jacobi equation

2.2.1 Classical mechanics

It is a theorem of classical mechanics [28] that the differential of the action (for a fixed initial
point) along a trajectory determined by Hamilton’s equations of motion (and therefore by
the principle of least action) is

dS = pdq − Hdt, (2.20)

where H = H(q, p) = p · q̇ − L and p = ∂L
∂q̇ is the conjugate momentum. Identification of

the partial derivatives in this result gives the equation pair

p =
∂S

∂q

H = −∂S

∂t
(2.21)

whereupon it immediately follows that

∂S

∂t
+ H

(
q,

∂S

∂q
, t

)
= 0, (2.22)

which is the classical Hamilton-Jacobi equation. This equation can be transformed to
other representations by applying an evolutive generalised Legendre transformation (see
section (6.2)) to the action function and identifying the corresponding partial derivatives.

Referring to Huygens’ principle in optics, Hamilton called p ‘the vector of normal slow-
ness’, which is normal to the wave front. This description arises from the optical definition
of S(q) as the optical path length (of minimum time of propagation) from some point q0 to
q. Huygens’ principle constrains p · q̇ = 1, though p and the ray velocity q̇ are not necessar-
ily (in anisotropic media) in the same direction. In classical mechanics, p is the conjugate
momentum and is subject to the constraint of the Hamilton-Jacobi principle, though it
is not necessarily related to the velocity q̇ through the normal kinematic relation p = mq̇,
especially in the case of directionally dependent potentials, or in other canonically covariant
representations.
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2.2.2 Quantum mechanics

In the Bohm causal interpretation of quantum mechanics [13], an equation of Hamilton-
Jacobi form arises as the real part of the Schrödinger equation after using the polar form of
the wave function ψ(q, t) = R(q, t) exp (iS(q, t)/�). Here, we present an approach that more
strictly parallels the presentation of the Hamilton-Jacobi equation in classical mechanics
given in section 2.2.1. This approach has the advantage of making explicit the additional
features brought to the quantum motion by the complex nature of the wave function.

First, we first define the quantum action through the slightly different polar form
ψ(q, t) = exp (iSQ(q, t)/�), in which the quantum action SQ = S − i� lnR (a complex
function) is to be distinguished from the (real) phase of the wave function S. The equation
for the differential of the quantum action is now postulated to be identical in form to that
of the classical action

dSQ = pQ · dq − HQdt, (2.23)

where H = H(q, pQ) = pQ · q̇ − LQ(q, q̇, t), pQ = ∇q̇LQ is the conjugate momentum and
the suffix Q distinguishes the equation from its classical counterpart. The postulated equa-
tion (2.23) for the differential of the quantum action strongly suggests, by analogy with
classical mechanics, that the equations of quantum motion in the (q, pQ, t) space may be
derived from the principle of least action

δSQ = δ

∫ t2

t1

LQ(q, q̇, t)dt = 0. (2.24)

We pursue this principle in Chapter 4, for it illustrates a key difference between classical
and quantum motion.

We now show how, with appropriate definitions of pQ and HQ, the differential quantum
action postulate leads directly to the Schrödinger equation. Noting that

dSQ =
�

i

dψ

ψ
, (2.25)

equation (2.23) becomes

�

i
dψ = (pQψ) · dq − (HQψ)dt. (2.26)

To express this equation in terms of the operators p̂ and Ĥ, we define pQ and HQ through
the relations

p̂ψ = pQψ

Ĥψ = HQψ, (2.27)

so that

�

i
dψ = (p̂ψ) · dq − (Ĥψ)dt. (2.28)

Identification of the partial derivatives in this equation gives the equation pair

p̂ψ =
�

i
∇qψ



14 CLASSICAL AND QUANTUM CORRESPONDENCES §2.3

Ĥψ = −�

i

∂ψ

∂t
(2.29)

which together define the Schrödinger equation

−�

i

∂ψ

∂t
= Ĥψ (2.30)

in the q-representation. The Schrödinger equation is thus once again seen to correspond
precisely to the Hamilton-Jacobi equation in classical mechanics.

A connection between the quantum differential action postulate and the Bohm inter-
pretation is made by separating equation (2.23) into its real and imaginary parts by using

dSQ = dS� + idS� = dS − i�d(lnR)
pQ = p� + ip�
HQ = H� + iH�. (2.31)

Identification of partial derivatives then leads respectively to the two pairs of equations

p� = ∇qS

H� = −∂S

∂t
(2.32)

and

p� = −�∇q lnR

H� = �
∂ lnR

∂t
, (2.33)

both of Hamilton-Jacobi form. The existence of two such sets of Hamilton-Jacobi equations
arises from the complex nature of the wave function and the fact that the momenta and
energies respectively are measures of the rate of change of the wave function with respect
to time and space. Notably, equations (2.32) and (2.33) provide measures of the rates of
change of the phase and the magnitude of the wave function.

The set of four equations (2.32) and (2.33) is a novel and symmetric expression of the
equations of the Bohm interpretation. The first of equations (2.32) features explicitly as
the guidance condition of the Bohm causal interpretation, and the second as its Hamilton-
Jacobi equation. In a later chapter, we show that the second of equations (2.33) corresponds
to the Liouville equation. The approach of this section therefore indicates that, in any
representation, the motion of Bohm trajectories in (q, t) space may be projected onto two
manifolds in (q, p, t) phase space, which respectively correspond to the real and imaginary
parts of the quantum momentum pQ. A pair of similar such manifolds exists in (q,E,t)
space.

2.3 The algebraic bracket structure

2.3.1 Classical mechanics

The algebraic structure of classical mechanics is represented by the Poisson bracket, which
is defined as

{f, g} =
∑N

i=1

(
∂f

∂qi

∂g

∂pi
− ∂g

∂qi

∂f

∂pi

)
= ∇qf · ∇pg −∇qg · ∇pf (2.34)
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for two scalar functions f and g on the phase space {q, p} | q, p ∈ RN . Clearly,

{f, g} = −{g, f} (2.35)

and, fundamentally,

{qi, pj} = δij . (2.36)

Hamilton’s equations of motion are therefore

q̇ = {q, H}
ṗ = {p, H}, (2.37)

where H = H(q, p) is the Hamiltonian. Moreover, any for any function a = a(q, p, t) on
phase space

ȧ = {a, H} +
∂a

∂t
. (2.38)

The Poisson bracket has the property that the Jacobi identity

{f, {g, h}} + {h, {f, g}} + {g, {h, f}} = 0 (2.39)

is satisfied.

2.3.2 Quantum mechanics

The algebraic structure of quantum mechanics is represented by the fundamental commu-
tator (or Lie) bracket, which has the property

[f, g] = −[g, f ] (2.40)

for two operators f and g on the Hilbert space of square integrable complex functions.
Fundamentally, for the operators q and p

[qi, pj ] = i�δij , (2.41)

and the Heisenberg-Hamilton equations of motion are

q̇ =
1
i�

[q, H]

ṗ =
1
i�

[p, H], (2.42)

where H = H(q, p) is the Hamiltonian operator. Moreover, for any operator function
a = a(q, p, t),

ȧ =
1
i�

[a, H] +
∂a

∂t
. (2.43)

The commutator bracket satisfies the Jacobi identity

[f, [g, h]] + [h, [f, g]] + [g, [h, f ]] = 0. (2.44)

This algebraic formulation of quantum mechanics is well known as the Heisenberg picture.
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2.4 Canonical transformations and the symplectic group

2.4.1 Canonical transformations

In this book, we investigate the behaviour of the Bohm interpretation under canonical trans-
formations [29, 30], for they maintain the principle of structural correspondence between
classical and quantum mechanics. Thus, for example, we may transform the independent
variables (or operators) q, p into a new set of independent variables (or operators) Q, P such
that Q = Q(q, p) and P = P (q, p). In particular, this wide class of transformations preserves
the Poisson and Lie bracket structures of classical and quantum mechanics respectively. By
way of clarification, we note the observation of Arnold [28], that while a (bracket preserving)
canonical transformation also preserves the form of Hamilton’s equations of motion, there
do exist transformations that preserve the form of Hamilton’s equations of motion but which
are not canonical in the above sense. Arnold gives, as an example, the non-canonical trans-
formation P = 2p, Q = q [28, p.241], which, though doubling the Hamiltonian, preserves the
form of Hamilton’s equations. The point that Arnold makes is that a transformation that
preserves the form of Hamilton’s equations is not necessarily a canonical transformation.
We shall be concerned only with canonical transformations in this book.

Anderson [29] points out that canonical transformations may be used in quantum me-
chanics for three distinct purposes: (i) to (unitarily) evolve a system within a given Hilbert
space, (ii) to establish physical equivalence (isometry) for example between systems in dif-
ferent Hilbert spaces and (iii) to solve problems by transforming them to those that have
trivial solutions and then performing the inverse transformation on the latter to obtain the
solution in the original space. In the case of evolution, unitary canonical transformations
are necessary to preserve the norm of the evolving states in a given Hilbert space. More-
over, the requisite linearity of quantum evolution is maintained by the linearity of unitary
transformations. However, unitarity is not essential for the other two purposes (ii) and (iii),
for quantum systems (with a finite number of degrees for freedom) do not evolve between
different Hilbert spaces and there is no physical constraint on how one may transform and
then subsequently inverse transform a problem for the purposes of finding a solution. It is
particularly useful, in practice, that any canonical transformation can be decomposed into
3 factors drawn from sub-groups. (See section 2.4.2 and [29]). In fact, the key point is that
the canonical group gives maximum freedom to transform a differential equation and still
maintain the relationship between the derivative and the coordinate. In Hamilton-Jacobi
terms, this means that the relationship between the coordinate of a representation and the
derivative of the action (or wave function) with respect to that coordinate is preserved in un-
der a canonical transformation. Under such transformations, a 2n-dimensional phase space
consisting of the cartesian product of the n-dimensional coordinate and tangent spaces,
(q, p), remains a consistent and valid construction. Canonical transformations on such a
2n-dimensional space are realised by the action of the symplectic group which is denoted
by Sp(n).

2.4.2 The symplectic group

The symplectic group Sp(n) [31, 4] is the group of transformations which preserve a non-
degenerate skew-symmetric bilinear form Ω, i.e., a symplectic form. In relation to a vector
space x, y ∈ V , such a form has the properties: Ω(x, y) = −Ω(y, x), Ω(α1x1 + α2x2, y) =
α1Ω(x1, y)+α2Ω(x2, y), Ω(x, α1y1+α2y2) = α1Ω(x, y1)+α2Ω(x, y2), Ω(x, x) = 0. The non-
degenerate property means that if Ω(x, y) = 0,∀y ∈ V then x = 0. (The symplectic group on
phase space (for example) is to be contrasted with the orthogonal group of transformations
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of Euclidean space (for example), which preserves a non-degenerate symmetric bilinear form
e.g. the inner product.) Geometrically speaking, the symplectic group preserves area and
orientation. The significance of the symplectic group to mechanics is that Poisson and
commutator brackets are skew-symmetric bilinear, which by definition are preserved under
canonical transformations.

Following [31], we may write a column-vector in 2n-dimensional space as

ξ = (q1, ..., qn, p1, ..., pn)T ,

where the symbols are elements of either a c-number or operator algebra. In this notation,
the Poisson and commutator bracket relations are then expressed

{ξa, ξb} = ωab

[ξa, ξb] = i�ωab (2.45)

in which the real, even dimensional, anti-symmetric and non-singular symplectic metric
matrix

ω =
(

0n×n 1n×n

−1n×n 0n×n

)
(2.46)

is a representation of Ω. Thus, a symplectic transformation, ξ′ = Sξ preserves Ω(ξa, ξb) =
ξaωξT

b . It follows that any such S satisfies

SωST = ω, (2.47)

which is a defining condition for S ∈ Sp(n,	), which is real . If S is written in n× n block
form as

S =
(

A B
C D

)
, (2.48)

then condition (2.47) implies that S is symplectic if and only the blocks satisfy any of the
three sets of equivalent conditions

ABT , CDT symmetric, ADT − BCT = I

AT C, DT B symmetric, AT D − CT B = I

DCT , ABT symmetric, DAT − CBT = I, (2.49)

where I = 1n×n. (See [31] and [5] for further details.)
Any S ∈ Sp(n,	) may be decomposed as a product of 2 or 3 factors. The Iwasawa

decomposition [31] is of particular interest since it has 3 unique factors, each taken from
a sub-group of Sp(n,	). These sub-groups are: (i) the unitary sub-group of symplectic
matrices S(X, Y ) ∈ K(n) composed of the real and imaginary parts of U(n) = {U = X +
iY |UU † = 1}, (ii) an Abelian sub-group A = {D(κ) = diag(κ1, ..., κn, κ1

−1, ..., κn
−1)|κr >

0} and (iii) a nilpotent sub-group N . Thus, any S ∈ Sp(n,	) can be written as

S =
(

Λ 0
Γ (Λ−1)T

)
D(κ)S(X, Y ), (2.50)

in which the first factor ∈ N . ΛT Γ is symmetric and Γ has unit diagonal and sub-diagonal
elements and zero super-diagonal elements. In the case of Sp(2,	), the decomposition can
be expressed as

S =
(

A B
C D

)
=

(
1 0
ζ 1

) (
η 0
0 η−1

) (
cos θ sin θ
− sin θ cos θ

)
, (2.51)
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where ζ = (AC + BD)/(A2 + B2) ∈ (−∞,∞), η =
√

(A2 + B2) ∈ [0,∞) and θ = arg(A +
iB) ∈ (−π, π]. The first (nilpotent) factor belongs to the lens sub-group, for it can represent
the transformation of a thin lens in the Hamilton formulation of geometric optics. It is also
known as a gauge transformation in classical mechanics. The transformation of this matrix
with the symplectic metric matrix yields a so-called composite gauge or free propagation
transformation [29, 4] belonging to the free propagation sub-group. The second (Abelian)
factor is a contact or confocal transformation and the third factor is from the SO(2) rotation
group. The transformations of this latter sub-group and of its unitary implementation are
of special interest in this book.

Further properties of S ∈ Sp(n,	) are given in [31].

2.5 Representations and transformations

In both classical and quantum mechanics, processes of change in a system are of central
interest. While the processes themselves may be expressed through relations between ab-
stract quantities, it is very often mathematically convenient to express those processes in
terms of numbers or other number based forms. We may refer to such forms as represen-
tations, while Dirac [32] refers to the set of numbers replacing an abstract quantity as the
representatives. Both classical and quantum mechanics may be expressed in an infinity of
representations which are related by a corresponding infinite set of transformations between
them. The choice of representation is often guided by the observables of interest or by the
ease of solution it provides. However, in this book, this choice is restricted to the class of
representations that are symplectic transformations of the commonly used position repre-
sentation. Transformations are often described as passive (i.e. between representations) or
as active (ie corresponding to system evolution within a given representation, usually with
respect to time in accordance with the equations of motion).

2.5.1 Classical mechanics

In classical mechanics, the representations are normally referred to as coordinate systems
or generalised coordinates [30]. Cartesian systems are used where possible on account of
their simplicity, but they are not always suitable. Normally, the variables of generalised
coordinate systems are distances and angles. Expressed in terms of generalised coordinates,
it is fundamental that the (Euler-Lagrange) equations of motion have the same general ap-
pearance, however they may contain ‘fictitious’ terms arising from the coordinate derivative
of the kinetic energy (e.g. centrifugal and Coriolis terms in rotating coordinate systems),
which are peculiarities present in some coordinate systems. A suitable choice of generalised
coordinates can also be used to automatically include constraints. However, transformations
between coordinate systems of the form q′i = q′i(q1, q2, ..., qn, t) produce the same form of
equations for the q′i, i.e. the equations of motion are covariant under point transformations.

The Hamiltonian formulation of classical mechanics arises from the replacement of q̇ in
the Lagrangian formulation by the conjugate momentum p under a Legendre transformation
L = pq̇−H. One then has a phase space representation of classical mechanics involving both
coordinates and independent momenta, so that a single point (q1, q2, ..., qn, p1, p2, ..., pn, t) in
phase space determines a single trajectory under a given Hamiltonian (in contrast to config-
uration space where a second distinct point is also required to determine a trajectory). The
nexus of the two formulations is at equation (2.20) from which the Hamilton-Jacobi equa-
tion (2.22) is derived, the latter being expressed on configuration space. However, the set
of transformations, q′i = q′i(q1, q2, ..., qn, p1, p2, ..., pn, t), p′i = p′i(q1, q2, ..., qn, p1, p2, ..., pn, t),
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under which Hamilton’s equations of motion remain invariant is now constrained to be
canonical (symplectic and thus Poisson bracket preserving). Thus, the binary relation
(q, p = ∂S/∂q) between coordinate and momentum is maintained. In Chapter 6 of this
book, it is shown that, under symplectic transformations, solutions of the Hamilton-Jacobi
equation undergo a generalised Legendre transformation, whether active or passive.

2.5.2 Quantum mechanics

For a given state represented by ψ ∈ H, where H is a general abstract Hilbert space,
Torre [33] refers to the relativity or physical equivalence of representations of process in
quantum mechanics. In particular, such equivalence guarantees that the probability dis-
tribution of any observable F (q̂, p̂) can be obtained from ψ by expressing ψ as a complex
valued function ψ(λ) = 〈χλ|ψ〉, where {χλ} is the eigen-basis of F (q̂, p̂). Equally, we may
have different representations of the same operator; each representation is characterised by
the operator whose eigenvalues label the rows and columns of its matrix. An operator is
diagonal in the representation in which its rows and columns are labelled by its own eigen-
values. In this sense a given operator defines a representation. On the other hand, a unitary
matrix whose rows and columns are labelled respectively by the eigenvalues of A and B
transforms an operator C from the B-representation to the A-representation [34]. Such a
transformation corresponds to a coordinate transformation in classical mechanics.

The coordinate space of quantum mechanics is built, therefore, from the eigenvalues
and eigenfunctions of operators, which are commonly position operators. The evolution of
ψ ∈ H by the abstract Schrödinger equation (which corresponds to the Hamilton-Jacobi
equation in classical mechanics) may be projected into the space of square integrable com-
plex valued functions to obtain the coordinate representation. In this representation, a key
correspondence with classical mechanics is that (q, p = ∂S/∂q) ↔ (q̂ = q, p̂ = −i�∂/∂q).
Other representations are possible; for example, the momentum representation or indeed
a representation in the eigen-basis of an operator function χ̂ = F (q̂, p̂). However, as in
classical mechanics, in order to preserve the commutator relations, the class of operator
transformation functions q̂′ = Fs(q̂, p̂), p̂′ = Gs(q̂, p̂) is restricted to the symplectic group
of transformations Ss : (q̂, p̂) → (q̂′, p̂′). The set of possible representations is therefore
restricted to those of the eigen-bases of operators of the form q̂′ = Fs(q̂, p̂). In this way, the
classical-quantum correspondences (q, p = ∂S/∂q) ↔ (q̂ = q, p̂ = −i�∂/∂q) are maintained.
Under linear symplectic transformations of representation, the wave function solution of the
Schrödinger equation undergoes a quadratic Fourier integral transformation, also called a
metaplectic transformation [31, 35, 4]. This is in correspondence with and in contrast to
the point-to-point generalised Legendre transformation of the action in classical mechan-
ics. The generalised Legendre transform and the metaplectic transform are discussed in
Chapters 6 and 7 of this book.

2.6 The Liouville equation

2.6.1 Classical mechanics

The Liouville theorem [36] states that the density ρ = ρ(q, p, t) of particles in an ensemble
on phase space obeys the condition

dρ

dt
= 0. (2.52)
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Evaluating the total derivative and using equations (2.37) the theorem is more explicitly
expressed as

∂ρ

∂t
+ {ρ, H} = 0. (2.53)

This result can also be obtained directly by using equation (2.43).

2.6.2 Quantum mechanics

In correspondence with the classical Liouville theorem, the quantum Liouville theorem
states that the density operator ρ satisfies

dρ

dt
= 0. (2.54)

Using equation (2.43) the theorem may be cast in the more familiar form

∂ρ

∂t
+

1
i�

[ρ, H] = 0. (2.55)

This result can also be obtained from the Schrödinger equation and its complex conjugate
for a state |ψ〉 expressed in the Dirac bra(c)ket notation. When respectively post- and pre-
multiplied by 〈ψ| and |ψ〉, these two equations may be subtracted to give (2.55), where
ρ = |ψ〉〈ψ| for a pure state.

Strictly, in classical mechanics, the description ‘Liouville equation’ applies to the con-
servation of the ensemble density on phase space. In their work on developing quantum
wave functions on phase space, Torres-Vega et al. [37] and Wlodarz [38] generalise the term
‘quantum Liouville equation’ to apply not only to a representation on phase space but also
to representation on any sub-space such as the coordinate and momentum sub-spaces. The
use of the term ‘Liouville equation’ in quantum mechanics is thus a generalisation of that
in classical mechanics.

2.7 Density currents

The less familiar and new results presented here are derived in detail in Chapter 5.

2.7.1 Classical mechanics

Classically, the density current associated with the density ρ and the phase space flow vector
ż = (q̇, ṗ) is defined as

j = ρż. (2.56)

Thus, using Hamilton’s equations of motion (2.8), the components of the density current
may be written as

jq = ρ∇pH
jp = −ρ∇qH (2.57)

and, using a later proved new result, are found to satisfy the bracket relation

{jq, p} − {jp, q} = {ρ, H}. (2.58)

The Liouville equation (2.53) can therefore be expressed in the form

∂ρ

∂t
+ {jq, p} − {jp, q} = 0. (2.59)
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2.7.2 Quantum mechanics

The definition of density current operators in quantum mechanics is analogous to the defi-
nition of density currents in classical mechanics. Thus,

Jq = ∇̃p(ρH)
Jp = −∇̃p(ρH), (2.60)

where the tilde (̃) signifies an operator derivative called the symbolic derivative, which is
defined in Chapter 5. Using a result proved in Chapter 5, these current operators are found
to satisfy the bracket relation

[Jq, p] − [Jp, q] = [ρ, H]. (2.61)

The quantum Liouville equation can therefore be expressed as

i�
∂ρ

∂t
+ [Jq, p] − [Jp, q] = 0. (2.62)

This is a new and important result of the work described in this book; it enables the
formulation of the Bohm interpretation of quantum mechanics in different symplectically
covariant representations.





Chapter 3

MOMENT DYNAMICS OF
CLASSICAL AND QUANTUM
DENSITIES

The structure and language of quantum mechanics is based upon correspondences with
classical mechanics. It is natural, therefore, to draw out the conceptual and predictive
differences between the two theories by comparing them in different frameworks or, as is
the case in this chapter, comparing how they each transform between those frameworks.

In one approach, quantum mechanics is cast into a c-number phase space formulation
more naturally occupied by classical mechanics. For a given quantum density distribution
upon configuration space, it is well known that there is no unique phase space formulation [7,
37, 38, 8, 39]. The Wigner-Weyl-Moyal formulation nonetheless holds a special place in the
family of such formulations. Work along these lines has often been motivated by the desire
to obtain a theoretical framework suitable for treating and better understanding the so-
called semi-classical regime; a common feature being the comparison of the evolution of the
probability density of a quantum system with that of a classical ensemble of corresponding
density on phase space [40, 41, 42]. On the otherhand, remaining in the quantum regime,
recent work of Dias and Prata [39] shows how the phase space and Bohm formulations of
quantum mechanics can be related and, in particular, how the Bohm interpretation can be
implemented through a quasi-distribution on phase space. Moreover, Holland [43], using
phase space methods, gives a proof that the Bohm interpretation can be formulated as a
brand of Hamiltonian mechanics on phase space subject to the constraint of the guidance
condition p̄ = ∇S and with a density distribution obeying Liouville’s equation.

In another approach, the Bohm interpretation [13] of quantum mechanics is set in the
Hamilton-Jacobi framework of classical mechanics on configuration space rather than phase
space. (It is shown elsewhere in this book, that the Schrödinger equation itself can be cast
into the form of the Hamilton-Jacobi equation). We anticipate our approach by observing
that the Bohm interpretation has also been loosely referred to as the hydrodynamical for-
mulation, owing to the early work of Madelung [44] in which the density current is expressed
as the product of a velocity field and the probability density. In this case, the equation of
motion for the velocity field is then found to involve a ‘quantum’ potential as well as the
ordinary potential. However, the de Broglie and Bohm causal interpretation [45, 15, 16]
goes further than the hydrodynamical model, for it derives deterministic particle trajecto-
ries X(t) from the hydrodynamical fields. In particular, Ẋ(t) = j̄(x, t)/ρ̄(x, t)|x = X(t).
Such trajectories are the same as those of fluid elements that propagate with the fluid in the
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Lagrangian picture of hydrodynamics, however, their interpretation is different. Thus, while
the hydrodynamical formulation and the Bohm interpretation have much in common (as
demonstrated in this chapter), they should be distinguished. In this chapter, as in the phase
space framework of comparison, we identify with the quantum system, a classical ensemble
but we project it into configuration space (sometimes referred to as Liouville-space) and
develop its Hamilton-Jacobi density conservation and probability equations in this space.
This ‘hydrodynamical’ approach not only allows a direct comparison to be made with the
corresponding equations in the Bohm interpretation of quantum mechanics but the pro-
cess itself also reveals key assumptions that distinguish quantum and classical mechanics.
This clarifies the nature of both the momentum and the quantum potential in the Bohm
interpretation of quantum mechanics.

In the following sections, we broadly follow the methods of Takabayasi and draw on
subsequent work by Muga et al., by Kaniadakis and by Burghardt and Cederbaum [46, 42,
47, 48]. The configuration space probability conservation and Hamilton-Jacobi equations are
developed from the zeroth, first and second moments of the phase space Liouville equation
with respect to momentum. This approach may be applied not only to classical ensembles
but also to quantum mechanics. In the latter, we take the Wigner function to be the density
on phase space for the quantum system, after having lifted the quantum Liouville equation
into phase space using the Weyl transform. While this approach allows projection into any
representation, in this chapter we project into configuration space only.

3.1 Classical and quantum Liouville equations

We start from the respective Liouville equations for classical and quantum mechanics.
From section 2.6 the classical Liouville equation is expressed as

∂ρ

∂t
+ {ρ, H} = 0, (3.1)

which we express more explicitly as

∂ρ

∂t
+

∂ρ

∂q

p

m
− ∂ρ

∂p

∂V

∂q
= 0, (3.2)

for one degree of freedom and a Hamiltonian of the form H = p2/2m + V (q).
A quantum Liouville equation in phase space may be expressed in non-operator form

using the Wigner density function. The Weyl transform of an operator A is defined as the
symbol

Aw(q, p) =
∫

〈q − y/2|A|q + y/2〉 exp (ipy/�)dy (3.3)

and the Wigner function corresponding to the density operator ρ is its Weyl symbol. If we
apply the Weyl transform to the quantum Liouville operator equation (2.55), we obtain a
quantum phase space Liouville equation

∂ρw

∂t
+

p

m

∂ρw

∂q
− 1

i�

∫
ρ(q − y/2, q + y/2)[V (q + y/2) − V (q − y/2)] exp (ipy/�)dy = 0.

(3.4)

The integral term distinguishes the non-local quantum transformation from the local clas-
sical transformation represented by equation (3.2).
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We observe, from the expansion of V in a Taylor series in y about q, that only odd
derivatives of V contribute to the quantum evolution of the Wigner density function. For
this reason, the evolution cannot be described as diffusion, which is an irreversible process
arising from the contribution of even derivatives of V . Bohm and Hiley [40] therefore refer
to the evolution of the Wigner function as a process of quasi-diffusion. Moreover, for V of
quadratic degree or less, equation (3.4) is identical in form to equation (3.2), for the first
derivative of V may then pass outside the integral in equation (3.4). Lee and Scully [41]
observed that for such potentials, the classical form of the resulting Liouville equation
implies that the Wigner density is preserved along trajectories of velocity q̇ = p/m. This
motivated them to cast even equation (3.4) into classical form by expressing its integral
term as −∂Ṽ

∂q
∂ρw

∂p where Ṽ is an effective potential. Sala et al. [49] examined this approach
in more detail and showed that, even for this general case but in restricted phase space and
time domains, the Liouville equation is indeed satisfied. However, in general outside such
domains, Wigner trajectories can be created and destroyed, so limiting their application in
the calculation of quantum average evolution. This feature is related to the fact that, in
general, the Wigner function may range over positive and negative values.

Having briefly compared the classical and quantum Liouville equations in phase space,
we now examine their projection onto sub-spaces of phase space which, more traditionally,
are domains of quantum mechanics.

3.2 Moments of the density distributions

To project the dynamics of the Liouville density from phase space into configuration space,
we follow the moment projection methods of Takabayasi [46], who examined conditions on
all the moments of the Wigner density on phase space such that it represents a pure state.
This approach was previously used by Moyal in Appendix 4 of his famous paper [7], where
he also defined the equations so obtained as the ‘transport’ equations for the means of the
various momentum moments at every point in configuration space. The procedure was
also followed by Muga and Sala [42] in their comparison of the evolution of quantum and
classical distributions on configuration space, and in the further work of Kaniadakis and
of Burghardt and Cederbaum [47, 48]. Our approach here is, therefore, by no means new
but is intended to draw attention to the overlap between the hydrodynamical formulation
and the Bohm interpretation, and to clarify understanding of the latter in relation to the
evolution of a density distribution of an ensemble of classical particles or of a wave function
in quantum mechanics.

The zeroth moment of the Liouville equations is obtained by integration of equations (3.2)
and (3.4) over the p-domain. They are thus projected into configuration space, giving the
conservation equation (for both classical and quantum mechanics)

∂ρ̄

∂t
+

∂

∂q

( p̄ρ̄

m

)
= 0, (3.5)

in which

ρ̄ =
∫

ρdp (3.6)

and

p̄ =
∫

pρdp. (3.7)
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The first momentum moment of the Liouville equation is obtained by multiplying it by p
and then integrating over the p-domain. Again in both classical and quantum mechanics,
this leads to

∂ρ̄p̄

∂t
+

∂

∂q

(
ρ̄p̄2

m

)
+

∂V

∂q
= 0 (3.8)

which, with the use of equation (3.6), may be expressed as

ρ̄
∂p̄

∂t
− p̄

∂

∂q

( ρ̄p̄

m

)
+

∂

∂q

(
ρ̄p̄2

m

)
+

∂V

∂q
= 0. (3.9)

After expanding the second of the above terms and extracting a kinetic energy density term,
we obtain

∂p̄

∂t
+

1
2m

∂p̄2

∂q
+

1
mρ̄

∂

∂q

(
(p̄2 − p̄2)ρ̄

)
+

∂V

∂q
= 0. (3.10)

Now, suppose that the mean momentum p̄ can be expressed as the gradient of a ‘potential
function’ S(q, t), then on extracting the q-derivative, equation (3.10) yields the force balance
equation

∂

∂q

(
∂S

∂t
+

1
2m

(
∂S

∂q

)2

+ V + I

)
= 0, (3.11)

where

∂I

∂q
=

1
mρ̄

∂

∂q

(
(p̄2 − p̄2)ρ̄

)
. (3.12)

The expression in the bracket of equation (3.11) may be a function of time which, if chosen
to be zero, implies the Hamilton-Jacobi form

∂S

∂t
+

1
2m

(
∂S

∂q

)2

+ V + I = 0. (3.13)

This equation has been derived for both classical and quantum mechanics, with the ‘internal’
potential I appearing, in both cases, to account for the difference between the dynamics
of the mean momentum p̄ on configuration space and those of the particle momentum p.
However, although defined in the same way by equation (3.12), I would have different
evaluated forms in classical and quantum mechanics respectively.

In passing, we note that the work of Kaniadakis [47], which studies the emergence of
single particle quantum mechanics from N-body classical kinematics (under certain condi-
tions), very much parallels the discussion given here and below.

3.3 Internal energies in classical and quantum mechanics

We now examine and contrast the form of the internal energy in classical and quantum
mechanics. While classical states are essentially ‘mixed’, in the quantum case we focus
upon pure states. We find that a quantum system has less complexity than a corresponding
classical ensemble, owing to the constraints of a pure state.
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3.3.1 The classical case: internal energy or internal stress?

In the classical case, given the initial density distribution, the evolution is determined by the
Hamiltonian flow of the individual members of the classical ensemble in phase space. Such
ensemble members are themselves, by definition, not intrinsically correlated, apart from all
being subject to the local potential V (q). Here, we assume that the evolution of the phase
space flow and thus that of the configuration space density are not internally constrained.
In general, the evaluation of the internal energy equation (3.12) requires evaluation of
successively higher momentum moments of the density distribution in order to evaluate p̄2,
possibly without closure of the sequence. Moreover, an important assumption of the above
analysis was that we can express p̄ = ∇S, which assumes that p̄ is irrotational. This is
a strong assumption (except in the 1-dimensional case), which, even if initially true, will
not, in general, be sustained by the classical evolution. Extraction of the derivative from
equation (3.10) is then prevented and so the dynamics of p̄ must be expressed in the ‘force
balance’ form

∂p̄

∂t
+

1
2m

∇p̄2 +
1

mρ̄
∇ (

(p̄2 − p̄2)ρ̄
)

+ ∇V = 0. (3.14)

In this equation, the temporal and spatial acceleration terms and the external force term
are supplemented by an internal stress term arising from the momentum dispersion in the
underlying phase space ensemble. Takabayasi compares this explanation to that of the
pressure of an ideal gas arising from the thermal motion of molecules [46]. In general, this
internal stress may not be expressed as the gradient of a potential or internal energy. Thus,
on this account and that of the generally rotational form of p̄, progression to a Hamilton-
Jacobi equation for the configuration space representation of a classical ensemble may not
be possible.

3.3.2 The quantum pure state case: internal energy

In pure quantum states, for which ρ(q, q′) = ψ(q)ψ∗(q′), the consequent intrinsic correlations
between different points of the domain of the density function ensure that p̄ (the first
moment) is indeed irrotational so that one can always express p̄ = ∇S. Moreover, the
pure state condition imposes relations between the momentum moments of the density
distribution function such that the zeroth moment is free, while the second and higher
moments are uniquely determined by the zeroth (ρ̄) and first (p̄) moments [46, 42]. In
particular, the second moment is given by the relation

¯pipj − p̄ip̄j = −�
2

4
∂2 log ρ̄

∂qi∂qj
, (3.15)

in which the suffices index degrees of freedom. In fact, this relation and the irrotational
condition, ∇ × p̄ = 0 are shown by Takabayasi [46] to be an alternative expression of the
conditions for a pure state. These conditions enable us to proceed beyond equation (3.10)
to the Hamilton-Jacobi form of equation (3.13), even in the multi-dimensional case. This
we do as follows.

The general dimensional form of equation (3.12) is

∇I =
1

mρ̄
∇ (

(p̄2 − p̄2)ρ̄
)
. (3.16)
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Using diagonal terms of equation (3.15), equation (3.16) becomes

∇I = − �
2

4m

(
1
2
∇(∇ ln ρ̄ · ∇ ln ρ̄ + ∇(∇2 ln ρ̄))

)
. (3.17)

A consistent definition of the internal ‘energy’ is therefore

I = − �
2

4m

(
1
2
(∇ ln ρ̄ · ∇ ln ρ̄ + (∇2 ln ρ̄))

)
, (3.18)

which reduces to

I = − �
2

4m

(
∇2 ln ρ̄ +

∇2ρ̄

ρ̄

)
, (3.19)

as discussed in [1]. Writing ρ̄ = ψψ∗ = R2, we return to the more familiar form

I = − �
2

2mR
∇2R (3.20)

for the quantum potential, which appears in the Hamilton-Jacobi equation of the Bohm
interpretation.

Although, in the quantum pure state case, we have been able to proceed beyond equa-
tion (3.10) to the Hamilton-Jacobi form of equation (3.13), the corresponding force equation
nonetheless contains an internal stress term as in the classical case. Holland [43] illustrates
this point by demonstrating how, in the case of a non-interacting quantum gas in a real
stationary state (all particles at rest), the source of the pressure (internal stress) is the
gradient of the quantum potential in each of the stationary states. Thus

P =
(∑

n
exp−(Qn/kT )

)−1∑
n

exp−(Qn/kT )
∂Qn

∂V , (3.21)

where V is the volume.
Our analysis in this section highlights the significance of the pure state conditions in

ensuring that the momentum can be expressed as the gradient of the phase, and that
internal stress can be expressed as the gradient of a potential dependent on the density
and no higher moments of the density distribution. As also demonstrated by Burghardt
and Cederbaum [48], such closure is absent for mixed state conditions (as for the classical
case in general) and approximations must be made to truncate the moment series. The
pure state conditions, therefore, are responsible for the emergence of the Hamilton-Jacobi
equation and the concept of an internal (quantum) potential in the Bohm interpretation.

While the probability conservation equation itself is unaffected by the pure state condi-
tions, the presence of p̄ in the density current divergence term of this equation (see equa-
tion (3.5)) and in the kinetic energy term of the Hamilton-Jacobi equation suggests the
kinematic identity ẋ = p̄/m. Thus, the pure state conditions also support the emergence
of the guidance relation ẋ = ∇S/m for Bohm trajectories. In representations other than
configuration space, the kinematic relation ẋ = p̄/m does not necessarily hold and only
p̄ = ∇S is supported.

3.4 Emergence of the Schrödinger equation

Throughout the above analysis, we have worked with the density ρ̄(x, t) and the ‘phase’
S(x, t), the latter being the ‘potential’ associated with the mean momentum p̄. It is inter-
esting, therefore, to see how this approach relates to the Schrödinger equation from which
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the equations of the Bohm interpretation are normally derived. This connection is illus-
trated by Moyal in Appendix 4 of [7] and also by Kaniadakis [47] who adopts a slightly
different approach. Both these authors set out to develop quantum mechanics from a sta-
tistical standpoint.

Moyal defines ρ̄ = ψψ∗ and S = �/(2i) lnψ/ψ∗, which are consistent with the polar
form of the wave function, ψ =

√
(ρ̄) exp iS/�. These definitions can be substituted into

equations (3.5) and (3.13) with I defined according to (3.20). After respective scalings by
constants, the resulting equations may be added and subtracted to respectively derive the
Schrödinger equation and its complex conjugate. The key ingredients here are not only
that p̄ is expressed as the gradient of a potential S(x, t) but also that the density is a real
bilinear form in ψ. These are conditions for a ‘pure’ state as defined by Takabayasi [46].
We also have the additional crucial condition that S(x, t)/� is taken as the phase of the
wave function.

Kaniadakis observes that, for the quantum pure state conditions, equations (3.5) and (3.13)
can be expressed as a single equation for the complex field Ω = ln (ρ̄)/2 + iS/� in the form

i�
∂Ω
∂t

+
�

2

2m

(
∂2Ω
∂q2

+
(

∂Ω
∂q

)2
)

− V = 0. (3.22)

The integral of the absolute square of the exponential of Ω is normalised to unity. Equa-
tion (3.22) and its complex conjugate are then linearised using the Hopf-Cole transformation
Ω = ln (ψ) to immediately give the Schrödinger equation and its complex conjugate. Else-
where in this book, SQ = −i�Ω is defined as the quantum action. Here, in addition to the
pure state conditions, S is adopted as part of the complex field describing the evolution in
configuration space, as in the Moyal derivation above.

Both the above derivations demonstrate the very specific conditions that must be placed
upon the momentum moments of the Liouville evolution of the density distribution on phase
space, if they are to correspond to the evolution a wave function on configuration space as
given by the Schrödinger equation.

3.5 Summary

We have made a comparative review of classical and quantum mechanics through examina-
tion of the moment dynamics of density distributions on configuration space. Our starting
point in both cases was the Liouville equation for the evolution of the density. The key
points emerging from this study may be summarised as follows:

• There is overlap between the hydrodynamical formulation and the Bohm interpreta-
tion of quantum mechanics, with the latter going beyond the former in its derivation
of deterministic particle trajectories X(t) from the hydrodynamical fields: Ẋ(t) =
j̄(x, t)/ρ̄(x, t)|x=X(t) = p̄(X(t))/m. The latter right-most expression is the classical
particle kinematic relation which motivates the deterministic particle model.

• In both classical and quantum mechanics, an internal stress term in the configuration
space force balance equation accounts for the difference between the dynamics of the
position dependent mean momentum p̄ and the dynamics of the individual particle
momentum in a hydrodynamical model.
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• One pure state condition (not generally true in classical mechanics) results in the
hierarchy of hydrodynamical moments of the density distribution being closed by the
expression of the momentum dispersion (variance) in terms of only the density ρ̄(x, t).
This momentum dispersion is the source of the internal stress term in the configuration
space force balance equation.

• A second pure state condition, ∇×p̄ = 0 (also not generally true in classical mechanics
except in 1-dimension) allows the mean momentum to be expressed as the gradient
of a ‘potential’: p̄ = ∇S. The force balance equation can then be expressed as the
spatial gradient of a modified Hamilton-Jacobi energy conservation equation, in which
the internal stress is represented by an internal energy (quantum potential) derived
from the momentum dispersion.

• The derivation of the Schrödinger equation from the probability conservation equation
and the modified Hamilton-Jacobi equation requires, in addition to the pure state
conditions, a particular inclusion of the potential S as a component in the complex
field describing the evolution on configuration space.

Our general conclusion is that, on account of the pure state conditions, a quantum sys-
tem has less complexity than the corresponding classical ensemble. In classical mechanics,
we do not have pure states and so there is generally not closure of the hierarchy of hydro-
dynamical moments of the distribution density [48]. Moreover, since generally p̄ �= ∇S in
classical mechanics, a Hamilton-Jacobi equation for the mean momentum dynamics cannot
be extracted, so we must stop at the mean force balance equation. This blocks both the
derivation of a ‘classical’ Schrödinger equation and the concept of an internal energy for the
configuration space dynamics of classical distributions in general. The quantum potential
thus emerges as an essentially quantum entity, not only because it is proportional to � but
also on structural grounds.

Finally, we remark that the pure state conditions are such that a causal interpretation
emerges which, for configuration space at least [43], can also be formulated on phase space
both as a brand of Hamiltonian mechanics (including the quantum potential) and with a
density distribution f(q, p̄, t) = ρ̄(q, t)δ(p̄ −∇S) which obeys Liouville’s equation.



Chapter 4

REAL AND IMAGINARY
DYNAMICS IN THE BOHM
INTERPRETATION

In this chapter we explore the dynamics of real and imaginary momenta in the Bohm causal
interpretation of quantum mechanics. In doing so, we extend the ontology of the existing
interpretation and show how it may be said to evolve in two interacting phase spaces. We
thus achieve a more complete representation of the complementary dynamics of the real
and imaginary parts of the wave function, which hitherto have been under-represented in
the Bohm causal interpretation. This conjugate duality, made explicit in the Schrödinger
equation and its complex conjugate, is a central feature of quantum mechanics, and it affords
rich insights into the dynamics of the Bohm causal interpretation and how they differ from
classical mechanics.

As a prelude to this chapter, we first explore briefly the meaning of momentum and
energy in relation to form in the space-time domain. In this way, we aim to widen our
conceptual understanding of momentum (in particular) beyond the limited scope of the
familiar kinematic relation between momentum and velocity, and to show how concepts of
real and imaginary momentum (and energy) appear naturally in quantum mechanics.

Our approach continues with a variational principle in the space of Bohm trajectories,
which is in contrast to that in the space of wave functions as described in section 2.1.2. The
wave function is taken as a given solution of the Schrödinger equation and we examine the
properties of quantum trajectories through the principle of least quantum action stated in
equation (2.24). We find that, in addition to the well-known quantum potential, Q(q, t),
which affects the dynamics of the real momentum, there is a complementary quantum
potential, U(q, t), that may be said to control the dynamics of the imaginary momentum.
These potentials are generically referred to as internal potentials. We also make a connection
with and extend the concept of quantum stress introduced of Takabayasi [46].

Next, we provide an alternative derivation of the real and imaginary momentum rate
equations on a Bohm trajectory by using the equations of the Bohm interpretation. This
serves to confirm our initial approach and to extend its interpretation. Examination of the
momentum rate equations for Bohm trajectories leads us to examine their connection with
the concepts of diffusion and osmosis in the stochastic interpretation, as discussed by Bohm
and Hiley [50, 13].

By appealing to the symmetry of the real and imaginary momentum rate equations, we
are then drawn to consider complex external potentials and, in particular, to examine the
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role of the imaginary part of an external potential in the Bohm interpretation. A stochastic
model of particle production and absorption (associated with the imaginary part of the
external potential) is presented and then implemented for a one-dimensional system in a
complex potential. This provides insight into the interaction of real and imaginary momenta,
potentials (internal and external) and forces for a Bohm trajectory. In particular, this ‘whole
life-cycle’ model of particle trajectories offers an explanation of why Bohm trajectories have
a spatial density proportional to that of the wave function.

Finally, we briefly contrast our approach and interpretation with the intrinsic spin model
of Recami and Salesi [26], before drawing some conclusions.

4.1 Orientation: Concepts of momentum and energy

The laws of conservation of momentum and energy play an important and familiar role
in facilitating the analysis of the kinematics and dynamics of bodies under the influences
of forces and fields. These conservation laws, which follow respectively from the time and
space integrals of Newton’s third and second laws of motion [51, Chapter 1], are essential
principles of ‘accountancy’ in the physical world. Though well-used, momentum and energy
are, nevertheless, more abstract and less well-understood concepts than those of force, space
and time, from which they are derived. In classical mechanics [51, p.203] and in quantum
mechanics (see [32, pp.108-111] and [52, p.17-8]), global translation symmetries of a sys-
tem in space and time are intimately connected with the conservation of momentum and
energy, which are themselves the respective generators of such translations. Implicit in this
link, between symmetries and conservation laws, is a complementary (or dual or conjugate)
relationship between space-time and momentum-energy. This conjugacy is also present in
the theory of relativity, as the duality between the space-time and the momentum-energy
4-vectors, both of which transform in accordance with the Lorentz-Einstein transforma-
tions [53, p.213], [54, p.52].

In contrast to the global role of momentum and energy conservation laws, this section
explores the role of momentum and energy in relation to ‘form’ at a local level in the space-
time domain. Our approach interprets momentum and energy as local attributes of a ‘field’
in both classical and quantum mechanics, so setting aside the view of them, in classical
mechanics, as properties of a particle. In this way, we emphasise the roles of momentum
and energy as respective local measures of the rates of spatial contrast and temporal change
in a system.

4.1.1 Form, contrast and change

Not to be confused with exterior or polynomial forms in mathematics, we take ‘form’ to be
a description of the spatial contrasts and temporal changes between the parts of a system
and between the system and its environment or frame of reference. These contrasts and
changes allow identification of those parts of the system whose form is invariant under
transformations or which are common to groups of systems and can therefore become part
of the language of describing and classifying the system. Often, form is given with respect
to a frame of reference, especially if the system can be ‘moved’ without losing its identity.
‘Contrast’ and ‘change’ with respect to the descriptive frame are central to the identification
of form. If there is neither contrast nor change with respect to a frame of description, there
is no form, i.e. nothing is identified.
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Mathematically, one can represent the form or state of a system as a function on space-
time or any other domain. Change (or contrast) is then locally represented by derivatives
of the state function with respect to the coordinates of the frame of reference. If we take
the action, A(q, t), in mechanics (whether classical or quantum) on some domain as the
representative of the form or state of a system, then the first derivatives of the action,
with respect to the independent space-time coordinates, are local measures of contrast and
change in the system. Thus,

dA = ∇A · dq +
∂A
∂t

, (4.1)

where A = S in the classical mechanics, and A = SQ in quantum mechanics. Drawing
on Hamilton’s principle in classical mechanics, and its proposed extension to quantum
mechanics (see section 2.1), the spatial and temporal derivatives of the action in (4.1) are
identified as

p = ∇A
H = −∂A

∂t
, (4.2)

along any space-time trajectory. The Hamilton-Jacobi equation of mechanics follows imme-
diately from these equations. The extremal action principle leads, in classical mechanics,
to Hamilton’s equations of motion on phase space, so selecting subsets of trajectories which
satisfy Newton’s laws of motion.

We see, therefore, that the momentum-space and energy-time derivative relations ex-
pressed in equation (4.2) are independent of Newton’s laws of motion. They are more
general, and provide a local and precise expression of the notions of momentum and energy
as measures of spatial contrast and temporal change in a system. This expression is based
on the idea that the ‘action’ function represents the form or state of a system.

The momentum-space and energy-time conjugate relations with respect to action were
established theoretically in connection with the least action principle in both classical me-
chanics and optics. The subsequent discovery of the Einstein-de-Broglie relations

p = �k
E = �ω, (4.3)

and their confirmation (in experiments on the photo-electric effect, Compton scattering
and the Davisson-Germer diffraction of electrons) [55], placed this conjugacy at the heart
of quantum mechanics, while also identifying both a fundamental action scale � and the
quantisation of energy and momentum. Equations (4.3) are consistent with the concept
of momentum and energy as derivatives of a real-valued action. Here, we are extending
that notion (though not the Einstein-de-Broglie relations themselves) to a complex-valued
action.

4.1.2 Implications for quantum ontology

In this and later chapters, we shall work with a complex quantum action SQ(x, t) (see
section 2.2.2). Its spatial and temporal derivatives, namely the local momentum p = ∇SQ

and energy H = ∂SQ

∂t , are therefore correspondingly complex. What are the implications of
this extended notion in a classically based ontology for quantum mechanics?
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The time and space integrals respectively of Newton’s third and second laws of motion
connect momentum and energy to the notion of force F through the relations

p =
∫

Fdt

H = −
∫

F · dq, (4.4)

along a space-time trajectory of motion. This implies that momentum (energy) also mea-
sures the integral over time (space) of the effort exerted by the environment upon a system,
as it travels along a trajectory of motion towards its current state. Thus, momentum and
energy may also be regarded as a global measures, and Newton’s third and second laws
imply their conservation under certain circumstances in classical mechanics.

In quantum mechanics, the use of a complex action (and thus of complex momentum
and energy) implies that if we adopt equations (4.4), or their derivative forms

dp

dt
= F

∇H = −F, (4.5)

as part of the ontology, complex forces (and thus complex potentials - both internal and
external) may also form part of the description of the quantum motion.

Such a dynamical ontology is predicated on the existence of a space-time trajectory,
whose kinematics are defined but, a priori, independent of the aforementioned notions of
energy and momentum. In classical mechanics, the status of local momentum as a variable
coordinate which is independent of position leads automatically, in the extremal action
principle, to the Hamilton’s equation which defines the trajectory kinematics. In Cartesian
coordinate systems, this is the familiar (though rather special) relation p = mq̇. In quantum
mechanics, the local (complex) momentum is not independent of position and so, as we shall
see in the next section, the extremal action principle does not define the kinematics of a
space-time trajectory. The classical kinematic relation (p = mq̇), cannot necessarily or
arbitrarily be adopted for this purpose. Rather, trajectory kinematics must be sought
elsewhere.

4.2 Momentum equations of motion from the principle of

least quantum action

4.2.1 General equation of motion for the quantum momentum

The postulated principle of least quantum action in equation (2.24) may be written in
modified form as

δSQ = δ

∫ t2

t1

pQ · q̇ − HQdt = 0. (4.6)

Recall from section 2.2.2 that, on account of their derivation from the wave function, pQ =
pQ(q, t) and HQ = HQ(q, t). Thus, the trajectory of pQ, in particular, cannot be varied
independently from that of q. This is in distinction to classical mechanics, where the
independent variation of the momentum trajectory is responsible for defining the Hamilton
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equation for q̇ and thus the kinematic relation between the momentum and velocity of a
trajectory. In implementing the above principle, we are therefore limited to variations δq(t)
in the trajectory.

Taking an arbitrary variation δq, which is fixed at the start and end times, the least
quantum action principle gives the following equation of motion

˙(pQ)j =
∑N

i=1
q̇i

∂(pQ)i

∂qj
− ∂HQ

∂qj
(4.7)

for the jth component of the complex momentum. This differs from the classical form by
the addition of the term containing the components of q̇. q̇ remains undetermined by this
principle and so must be obtained by other means.

The above result shows how, in general, trajectories of the Bohm interpretation do not
have the symplectic structure of Hamilton’s equations, and it so gives us the first indication
that such trajectories will not be invariant under canonical transformations of the operators
in quantum mechanics.

4.2.2 The quantum momentum equations of motion for Hamiltonians of

standard form

Here, we evaluate the quantum momentum equation of motion for quantum Hamiltonian
operators of the form

Ĥ =
p̂2

2m
+ V (q̂, t). (4.8)

From the definition of HQ in equations (2.27),

HQ =
Ĥψ

ψ
=

1
2m

p̂2ψ

ψ
+ V (q, t). (4.9)

From equation (2.29), the momentum operator is a spatial derivative and so, using the
definition of pQ,

p̂2ψ = (p̂ · (pQψ)) = ((p̂ · pQ)ψ + p2
Qψ). (4.10)

The quantum energy function is therefore

HQ =
1

2m

(−i�∇q · pQ + p2
Q

)
+ V, (4.11)

which separates into the real and imaginary parts

H� =
1

2m

(
p2
� − p2

� + �∇q · p�
)

+ V (4.12)

and

H� =
1

2m
(2p� · p� − �∇q · p�) . (4.13)

The quantum potential of the Bohm interpretation is identified in equation (4.12) as

Q =
1

2m

(
�∇q · p� − p2

�
)

= − �
2

2m

∇q
2R

R
, (4.14)
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which, in this q-representation, is wholly determined by p�. Substituting equations (4.12)
and (4.13) into the real and imaginary parts of equation (4.7), we obtain

˙(p�)j =
∑N

i=1

(
q̇i − (p�)i

m

)
∂(p�)i

∂qj
−

∑N

i=1

(
�

2m

∂2

∂qj∂qi
− (p�)i

m

∂

∂qj

)
(p�)i − ∂V

∂qj

(4.15)

and

˙(p�)j =
∑N

i=1

(
q̇i − (p�)i

m

)
∂(p�)i

∂qj
+

∑N

i=1

(
�

2m

∂2

∂qj∂qi
− (p�)i

m

∂

∂qj

)
(p�)i. (4.16)

The second term of equation (4.15) is easily recognised as the negative spatial derivative
of the quantum potential in equation (4.14). Although the second term of equation (4.16)
is not easily recognised as such, we may assign it to the negative spatial derivative of the
complementary quantum potential U . Thus, we may write

∂Q

∂qj
=

∑N

i=1

(
�

2m

∂2

∂qj∂qi
− (p�)i

m

∂

∂qj

)
(p�)i

∂U

∂qj
= −

∑N

i=1

(
�

2m

∂2

∂qj∂qi
− (p�)i

m

∂

∂qj

)
(p�)i. (4.17)

The quantum potentials Q and U can thus be said to regulate the dynamics of respectively
the real and imaginary components of the quantum momentum, the former of which is also
regulated by the external potential V. Moreover, were we to consider a complex external
potential V +iW , the structure of the real and imaginary momentum rate equations suggests
that an additional term, −∂W/∂qj , would appear on the right hand side of equation (4.16).
We pursue this point in the next section.

As observed previously, q̇ remains undefined by the principle of least quantum action.
However, if it is chosen to make the first term of both equations (4.15) and (4.16) zero
then both these equations are cast into the form of Newton’s second law of motion thereby
re-enforcing the meaning of the quantum potential Q and its complement U as the source of
the internal dynamics. (In the coordinate representation, this choice of q̇ coincides with that
obtained by the more general method of deriving q̇ from the probability density current.)
Moreover, aside from the gradient of the external potential, equations (4.15) and (4.16) then
show a remarkable symmetry that is suggestive of mutual forces of action and reaction gov-
erning the internal dynamics of a quantum system. The quantum potentials both contain
the terms (p�)i/m which may be seen as spatially dispersive velocities convecting momen-
tum between the real and imaginary momentum domains. The second derivative terms,
on the other hand, can be interpreted as momentum dispersion or, correspondingly, spatial
localisation terms. It appears then that the gradients in the quantum potentials (i.e. the
apparent quantum forces) arise from the mutual exchange of momentum between the two
momentum domains, and that they represent the nett effect of the opposing forces of spatial
localisation and dispersion. This interpretation is discussed further in section 4.4.3.

4.3 Internal stresses

An alternative expression of the momentum rate model, in terms of the internal stresses
generated by the process of momentum exchange, may be obtained by referring to the work
of Takabayasi [46], who examines a formulation of quantum mechanics on phase space and
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its connection with the Bohm interpretation. In adopting a relation for the conservation of
momentum (his equation (5.11)) Takabayasi identifies the ‘quantum stress’, which we may
express in terms of the imaginary momentum as

σik =
�

2

4m
ρ

∂2 ln ρ

∂qi∂qk
= − �

2m
ρ
∂(pIm)k

∂qi
, (4.18)

so that

∑N

k=1

∂σik

∂qk
= −ρ

∂Q

∂qi
. (4.19)

Following the symmetry between equations (4.15) and (4.16), we also define a new comple-
mentary stress

υik =
�

2m
ρ
∂(pRe)k

∂qi
. (4.20)

so that

∑N

k=1

∂υik

∂qk
= −ρ

∂U

∂qi
. (4.21)

The above expressions may be used to express equations (4.15) and (4.16) in terms of the
forces generated in each of the two momentum domains by the presence of the other. In
passing, we note that by multiplying both equations (4.15) and (4.16) by ρ they become
expressions for the respective momentum density currents.

4.4 Alternative derivation of the momentum equations of

motion

In this section, by examining the total derivative of the momentum on Bohm trajecto-
ries, we provide an alternative derivation of the momentum rate equations in the Bohm
interpretation. This approach not only confirms but also extends the insights of the last
section.

We also extend our analysis to Hamiltonians with complex potentials of the form V +iW
(for real V and W ) and explore, for the first time, the effect of the imaginary potential iW
upon Bohm trajectories. A more detailed consideration of the imaginary potential and its
implementation in the Bohm interpretation is given in section 4.6.

4.4.1 Expressing the Bohm formulation in terms of real and imaginary

momenta

In the following sub-sections, we work with the Hamiltonian

H =
p2

2m
+ V (q, t) + iW (q, t), (4.22)
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for which the polar decomposition of the wave function leads from the Schrödinger equation
to the following real

∂S

∂t
+

(∇S)2

2m
+ Q + V = 0 (4.23)

and imaginary

∂ρ

∂t
+ ∇ ·

(
ρ∇S

m

)
=

2ρW

�
(4.24)

parts. The imaginary part of the potential, W , thus appears in a ‘source’ term in the
probability conservation equation (4.24). This equation was converted from an energy
balance equation into its conservation of probability form by multiplying through by 2ρ/�.
Casting equation (4.24) back into the form of an energy equation, taking the gradient of
both equation (4.23) and the converted equation (4.24), and then expressing them in terms
of the real and imaginary parts of the momentum, we obtain

∂p�
∂t

= −∇
(p� · p�

2m

)
− ∇

2m
(�∇ · p� − p� · p�) −∇V (4.25)

and

∂p�
∂t

= −∇
(p� · p�

2m

)
+

∇
2m

(�∇ · p� − p� · p�) −∇W, (4.26)

which are used in the following subsections.

4.4.2 Momentum rate equations on a Bohm trajectory

The total derivative of the jth component of quantum momentum on a trajectory with
velocity q̇ is

( ˙pQ)j = ∇(pQ)j · q̇ +
∂(pQ)j

∂t
. (4.27)

Taking the real and imaginary parts of this equation and using the results (4.25) and (4.26)
respectively we obtain

(ṗ�)j =
∑N

i=1

(
q̇i − (p�)i

m

)
∂(p�)i

∂qj
−

∑N

i=1

(
�

2m

∂2

∂qj∂qi
− (p�)i

m

∂

∂qj

)
(p�)i − ∂V

∂qj

(4.28)

and

(ṗ�)j =
∑N

i=1

(
q̇i − (p�)i

m

)
∂(p�)i

∂qj
+

∑N

i=1

(
�

2m

∂2

∂qj∂qi
− (p�)i

m

∂

∂qj

)
(p�)i − ∂W

∂qj
.

(4.29)

Equations (4.28) and (4.29) are respectively identical to equations (4.15) and (4.16) except
for the additional term −∇W in the latter; this was anticipated in section 4.2.2, whose
results are therefore confirmed by this alternative analysis.

In obtaining the left-most sums in equations (4.28) and (4.29), we have used the condi-
tion ∇ × pQ = 0, i.e. pQ is irrotational, which means that ∂(pQ)i/∂qj = ∂(pQ)j/∂qi. This



§4.4 Alternative derivation of the momentum equations of motion 39

condition is satisfied by pQ because it is defined in terms of the gradient of the quantum
action SQ, which is a scalar complex function. We observe that it was unnecessary explic-
itly to use the irrotational property of pQ in the derivation of section 4.2.2, which used the
principle of least action. Adopting the kinematic relation q̇i = (p�)i/m and making further
use of the irrotational condition on pQ, equations (4.28) and (4.29) simplify to

(ṗ�)j = −
∑N

i=1

(
�

2m

∂2

∂qi
2 − (p�)i

m

∂

∂qi

)
(p�)j − ∂V

∂qj
(4.30)

and

(ṗ�)j =
∑N

i=1

(
�

2m

∂2

∂qi
2 − (p�)i

m

∂

∂qi

)
(p�)j − ∂W

∂qj
. (4.31)

Comparing these equations with equations (4.15) and (4.16) shows that our interpretation
is now simplified. The action of the velocity operator (in the large brackets), which balances
the diffusion and convection of each momentum component, couples the real and imaginary
momentum domains. Moreover, equations (4.30) and (4.31) show that the processes of
localisation and dispersion for the real and imaginary domains of momentum are in opposite
senses.

4.4.3 An example and a connection with the stochastic interpretation of

Bohm and Hiley

In Figure 4.1, for the n = 2 eigenstate of the one-dimensional quantum harmonic oscillator
(QHO), we plot the two force terms occurring in the first internal (quantum) force term
in equation (4.30). Recall that in this case p� = 0. For reference, the density ρ and the
imaginary part of the momentum p� are also plotted. In this figure, we refer to the first of
the internal force terms as the localising force, whereas the latter second term is referred
to as the dispersive force. Except near the edges of the domain of the QHO, these forces
are in opposition, and their nett effect is the force arising from the gradient of the quantum
potential. From the definition p� = −�∇ρ/2ρ (in section 2.2.2) and from figure 4.1, it is
clear that the dispersive velocity p�/m is directed away from peaks and towards minima of
the density. Since p� = 0, equation (4.30) shows that the internal forces precisely balance
the external force. On the other hand, equation (4.31) shows that p� is constant along a
Bohm trajectory in the absence of an imaginary external potential, as in this case.

We now investigate a connection with the work of Bohm and Hiley [13, pp 196-201], who,
in discussing a stochastic interpretation of quantum theory, conjecture a balance between
the action of an ‘osmotic’ velocity D∇ρ/ρ and a ‘diffusion’ current −D∇ρ, which results in
Bohm trajectories being distributed in accordance with the density of the wave function. It
is implicit in the work of Bohm and Hiley that D is positive. This is consistent with the use of
the term ‘osmotic’ and with the use of the term ‘diffusion’, the latter of which is normally
associated with irreversible processes. The use of such a concept in describing quantum
systems, which are essentially reversible, seems disconcerting, but it is nonetheless taken as
the basis of the stochastic interpretation of Bohm and Hiley. See also [50]. This conceptual
conflict is perhaps manifested in the need for us to make the diffusion coefficient negative
in order to make a strong connection with our work here. Were we to set the diffusion
coefficient D = −�/2m, p�/m would then have precisely the form of the Bohm and Hiley
‘osmotic’ velocity. Such an assignment of D would then also be consistent with the first term
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Figure 4.1: Internal forces for the n=2 eigenstate of the QHO (m = 1, � = 1, V = x2/2):
black = density, green = p�, red = localising force, blue = dispersive force. (Units: arbi-
trary.)
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in the operator bracket of equations (4.30) and (4.31) being regarded as a ‘negative’ diffusion
term. Alternatively, we could retain the concept of (‘positive’) diffusion and regard p�/m
as a negative osmotic velocity. Either way, the fit is conceptually uncomfortable. For this
reason, we prefer to use the terms spatial localisation and dispersion to describe the first and
second terms of the bracket in equations (4.30) and (4.31). The latter descriptions are also
more consistent with earlier work in [1], where the quantum potential is expressed, albeit
slightly differently, as the sum of momentum dispersion and spatial localisation energies.

4.5 Momentum dynamics of an imaginary trajectory

The analysis of the real and imaginary momentum rate equations has suggested the pres-
ence of a dispersive velocity, p�/m, convecting momentum between the real and imaginary
momentum domains. The same velocity may be derived from an imaginary current operator
in the form 〈q|J�|q〉/〈q|ρ|q〉, as discussed in Chapter 5, and therefore has similar founda-
tions to the well known Bohm trajectory velocity p�/m. We therefore briefly examine the
momentum dynamics for imaginary trajectories.

The equations for the imaginary trajectory dynamics are obtained merely by substituting
p�/m for q̇ in the equations of section 4.4.2. The total derivative of the jth component of
quantum momentum on a trajectory with velocity p�/m is

( ˙pQ)j = ∇(pQ)j ·
p�
m

+
∂(pQ)j

∂t
. (4.32)

The real and imaginary parts of this equation are then
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and

(ṗ�)j =
∑N
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∂(p�)j

∂qi
+
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∂qi
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∂qi
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(p�)j − ∂W

∂qj
.

(4.34)

Equations (4.33) and (4.34) respectively differ from equations (4.30) and (4.31) only in
the first term in each case. This spatial acceleration term arises from the convection of
momentum by the difference between the dispersive velocity and the drift velocity. The
internal and external force terms are the same as for the ‘real’ Bohm trajectory.

For the quantum harmonic oscillator example discussed in section 4.4.3, p� = 0, so the
real force balance equation is the same as for the ‘real’ Bohm trajectory, retaining only
the right-most convective term. The imaginary force balance equation (4.34), on the other
hand, retains only part of the left-most convective term, so taking the form of the classical
Lagrange equation ṗ = ∂L/∂q. Thus, in this case, the imaginary trajectory experiences a
nett imaginary force in distinction to the real trajectory, for which it is zero.

The ontology for imaginary trajectories is not as clear as that for real (Bohm) trajec-
tories, whose density is always proportional to the density of the wave function, if initially
chosen to be so, and whose flow is that of the density current of the wave function. In
this context, we mention the recent work of John [56] who boldly takes the ‘kinematic step’
and exemplifies trajectories in a complex spatial plane obtained from the integration of the



42 REAL AND IMAGINARY DYNAMICS IN THE BOHM INTERPRETATION §4.6

complex velocity (p� + ip�)/m. In this case, the ‘kinematic step’ forces the introduction
of a complex spatial domain in order to accommodate the complexity of the wave function.
John neither provides a role nor an ontology for the imaginary part of the trajectory, be-
yond saying that it utilises more of the information contained in the wave function than
does the standard de Broglie-Bohm formulation. Whilst the work in this chapter identifies
the role of the imaginary velocity p�/m in the complex momentum rate equations, further
work, not pursued here, is required to determine whether there is a clearer interpretation
for ‘imaginary trajectories’, beyond being integrals of dispersive convection velocities. It is
far from clear that explanatory power is gained by taking the imaginary velocity out of the
context of the equations in which it appears and, by integration, mapping it along with the
real velocity, onto the complex spatial plane.

4.6 The role of complex external potentials in the Bohm in-

terpretation

Classical mechanics provides some understanding of the role of real external potentials but
very little insight into the role of imaginary external potentials. Even in the case of real
potentials, classical understanding cannot be imported directly into quantum mechanics;
a different ontology is required within which the role of the imaginary potential also is
explained. In this section, we explore that ontology for the Bohm causal interpretation
with the help of the insights provided by equations (4.30) and (4.31), and we contrast the
roles of the real and imaginary parts of a complex external potential.

4.6.1 The real external potential

A real potential may be regarded as a source or sink of the real momentum and thus of phase
gradient. Consider, for example, a free particle tunnelling through a thin potential barrier
of height greater than the total energy of an incident wave. We refer to equations (4.30)
and (4.31). Prior to incidence, the particle has constant real momentum so equation (4.31) is
null and the gradient of the quantum potential and the external potential in equation (4.30)
is zero. At the edge of the barrier, the gradient of the change in the external potential
induces a change in real momentum so that equation (4.31) becomes active inducing a
non-zero imaginary momentum also. The outcome from this interaction is probabilistic,
inducing either elastic scattering from or tunnelling into the barrier, depending upon the
height of the barrier relative to the total energy of the particle. At this point, both the real
and imaginary internal potential terms are active, before again becoming inactive within
the barrier or in the reflected region. For the tunnelling outcome in this example, the
momentum becomes purely imaginary and constant inside the barrier; the gradient of the
logarithm of the density is therefore constant and so the density decays exponentially. At the
other edge of the barrier, the potential gradient again activates equations (4.30) and (4.31)
and the momentum becomes purely real again, and so the gradient of the density is zero
and the particle propagates freely again. In this situation, the gradients of the real external
potential act to transfer the momentum from being purely real to purely imaginary and
vice-versa.



§4.6 The role of complex external potentials in the Bohm interpretation 43

The above analysis illustrates how, in quantum mechanics, it is the freedom of the mo-
mentum to become complex that affords two channels or possibilities (reflection or transmis-
sion) at the barrier, subject to the constraint of energy conservation. This is in distinction
to classical mechanics, where only one possibility satisfies energy conservation. We have
seen how the gradient of the real external potential can act as a sink and a source of phase
gradient, triggering choice between the real and imaginary scattering channels. Interaction
between these channels is mediated by the real and imaginary internal potentials, which
are absent from classical mechanics. The symmetry of equations (4.30) and (4.31) suggests
that the imaginary external potential should act in an analogous way.

4.6.2 The imaginary external potential

In section 4.4, the imaginary part of the external potential, W , appears as a ‘source’ or
‘sink’ term in the probability conservation equation (4.24). Correspondingly, the spatial
derivative of the imaginary potential W acts as an external source or sink for the total
time derivative of the imaginary component of the momentum in equation (4.31). The
latter describes the rate of change of the gradient of the probability density experienced
by a Bohm trajectory. Acting thus as a source or sink of the probability density, the
imaginary external potential can represent the physical processes of particle absorption or
production. This is a well established interpretation. Complex potentials are a feature of
nuclear scattering theory and have been measured from nuclear scattering data. In [57,
pp.316-324], the optical model of nuclear scattering is discussed, and a simple description
is given of the attenuation of a travelling wave caused by the imaginary part of a complex
potential. A more detailed analytical discussion of the role of the complex potential is given
in [58], which also examines the analogous role of the complex refractive index in classical
electromagnetic wave theory.

From equation (4.31), the imaginary potential absorbs or generates imaginary momen-
tum, so creating or destroying density gradient. In a similar way to the real external poten-
tial, the imaginary external potential stimulates scattering between the real and imaginary
momentum channels, which is actually mediated by the real and imaginary internal poten-
tials in equations (4.30) and (4.31). Thus, even in a purely imaginary external potential
in the form of an absorber, the phase of the wave function changes as a result of the non-
zero internal potentials. Therefore, as for a real scattering potential, we expect a purely
imaginary ( absorbing) external potential also to generate interference in its scattering field.
This is what is experimentally observed [57, pp.316-324]. This outcome reflects the com-
plementarity between the two components of the momentum equations (4.30) and (4.31).
The absorptive role of the imaginary potential can be made more explicit by expanding
the complex momentum for a small imaginary potential, W. One then obtains the mean
free path for a particle to be removed from a beam as �p�/(Wm), and the mean time as
�/W [57, pp.322-323]. This effects are absent in a purely real potential, for which there is
always particle conservation.

The production or absorption of density gradient by the imaginary external potential
has modelling implications for the Bohm causal interpretation. In the Bohm interpretation
of quantum mechanics, the evolution is represented by a set of discrete trajectories, so a
trajectory is either completely created or completely destroyed by the action of the imag-
inary external potential. This suggests that the effect of the imaginary potential could be
modelled as a stochastic source or sink of trajectories in a local region of space-time. We
briefly discuss this approach in section 4.6.3.
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4.6.3 Modelling trajectory absorption and production in the Bohm in-

terpretation

In order to model the effect of the imaginary component of a complex external potential,
we now develop a stochastic mechanism for production and absorption. Our starting point
is equation (4.24), from which we observe that that time reversed absorption is production
and vice-versa.

A framework is required for destroying and creating trajectories in the presence of an
external potential with an imaginary part. By the creation of a trajectory, we mean its
initiation at a time t1, say, and by its destruction, we mean its termination at a time t2 > t1.
Such a trajectory therefore said to exist in space-time for a time t, where t1 ≤ t ≤ t2. In
the method sketched below and before the trajectories are computed, the space-time region
of interest is tessellated by cells. The probability of production or absorption in each cell is
then determined from the product of its space-time volume and the magnitude of the term
(2ρW )/�. In this way, trajectories may be created and destroyed probabilistically using the
imaginary part of the potential, while their integration proceeds in the usual way during
their ‘lifetime’.

First, we define a 1-d lattice function

fj : (aminj , amaxj , naj) → {aminj +
kj

naj
(amaxj − aminj), kj = 0...naj}, (4.35)

amaxj , aminj ∈ R and naj ∈ Z. This allows us to define a cartesian lattice of any dimension
J + 1 through the action of f0

∏J
j=1 ⊗ fj , where j = 0 labels the time dimension. We label

the cells by the set of maximal coordinates {kj , j = 0...J |kj ∈ 1...naj}. Assigned to each
cell is a real event number

∆ε =
2ρW

�
∆V min

(∣∣∣∣∆qi

q̇i

∣∣∣∣
{i=1..J}

)
(4.36)

which uses the cell space volume ∆V =
∏J

j=1∆qj and the minimum dimension crossing
time in the cell, i.e. the time it takes to pass through the cell. q̇ = ∇S/m is determined
from the pre-determined solution of the Schrödinger equation. The integer part of ∆ε rep-
resents the number of trajectory (production or absorption) events that certainly occur in
the cell; the fractional part represents a single random event of probability equal to that
fraction. Negative values of ∆ε correspond to absorption and positive values to production
of particles, and these polarities are determined by the polarity of W. This lattice of event
numbers is then used by the trajectory integration routine to initiate and terminate inte-
gration of Bohm trajectories. The sum of all positive (negative) event numbers estimates
the total number of trajectories to be initiated (terminated) within the space-time domain,
in addition to those entering (leaving) the domain boundaries in accordance with boundary
conditions. Within a cell the initial space-time point for a new trajectory is a random vari-
able. During its ‘lifetime’, each trajectory is integrated in the usual way and, when entering
a negative valued cell, is terminated either deterministically or randomly depending on the
integer or fractional part respectively of a negative event number. After each event, the
magnitude of the event number is decremented to the next lowest integer value and finally
to zero.

Clearly, the use of a lattice of cells, over each of which the absorption or production
of probability density is assumed constant, is an approximation whose accuracy depends
on the spacing of the lattice. More accurate and numerically efficient schemes could be
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developed. Nonetheless, in principle, the model extends the ontology of the Bohm causal
interpretation, by explicitly describing sources and sinks through the use of imaginary po-
tentials, as an alternative to the use of boundary conditions to describe their effects. As
discussed previously, the real part of the potential accounts for elastic scattering around
and tunnelling through objects.

A realisation of the above approach to modelling the effects of complex potentials in the
Bohm interpretation is provided in the next section.

4.7 Complex momenta and complex potentials exemplified

In this section, we examine the real and imaginary parts of momentum, the internal potential
and the forces on a Bohm trajectory for a complex external potential. We then provide the
first example of a space-time plot of Bohm trajectories in a complex potential. In doing so,
we gain insight into why particles in the Bohm interpretation have a density proportional
to that of the wave function.

4.7.1 The example potential: a super-symmetric partner of the quantum

harmonic oscillator

Drawing on the work of Cannata, Junker and Trost [59], we investigate a complex potential
obtained by the method of Darboux transformation. (See [60] for further background and
examples.) The potential exemplified here is a (so called) super-symmetric partner V2 =
V + iW of the quantum harmonic oscillator (QHO) potential V1 = 1

2x2, such that the
eigenvalue spectrum of V2 contains that of the QHO. For a particular form of V2, there
exists a further real eigenvalue ε below the eigenspectrum E1 = {1/2, 3/2, 5/2, ...} of the
QHO. We take this lowest energy state, of eigenvalue ε = −1/2, as our example. In this
case, the potential V2 is defined as

V2(x, β) =
(

u(x, β)
u′(x, β)

)2

− 1
2
x2 − 1 (4.37)

where u′ = ∂u/∂x,

u(x, β) = (1 +
1
2
β
√

(π)erf(x)) exp (
1
2
x2), (4.38)

and β is a complex parameter which, for the avoidance of singularities, is excluded from
the region of the real line between 2/

√
(π) and −2/

√
(π). The eigenfunction for this lowest

eigenvalue ε = −1/2 is then

ψ(x, β) =
C

u(x, β)
, (4.39)

where C is a normalising constant. (Details of the derivation of the general form of V2 and
its full spectrum of eigenfunctions are given in [59]). Here we are working with a system
of mass m = 1 and set � = 1.) We take for our example the particular parameter value
β = (1 + 0.5i).
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4.7.2 Analysis of solution

The density ρ(x, β) = ‖ψ(x, β)‖2 and the real and imaginary parts of the complex potential
V2(x, β) = V (x, β) + iW (x, β) are shown in Figure 4.2. In equation (4.24), the term 2ρW

�

appears as a source or sink (of probability per unit space-time volume), which, as described
in section 4.6.3, acts as a particle production or absorption term in the Bohm interpreta-
tion. This ‘source’ term also is plotted in Figure 4.2, where it is clear that the domain
of the solution is divided into a region of particle production and a region of absorption.
Comparison of the energy ε = −1/2 with the real part of the external potential shows that
in the region of production, the classical real momentum is negative. In fact, there is no
production in the region of positive ‘classical momentum’, suggesting an entirely negative
real momentum. This expectation is confirmed in Figure 4.3, which shows the real and
imaginary components of the momentum. Recall that the imaginary momentum is pro-
portional to the negative slope of the logarithmic density. It is notable that, owing to the
presence of the imaginary component of V2, not only is the real momentum finite, whereas
in a purely real bounding external potential it is zero, but also it is finite in the region
where the total energy ε is less than the real component of V2. In Figure 4.4, we observe
that internal forces (real and imaginary) act respectively to compensate for the external
forces (real and imaginary). The real and imaginary parts of the sum of the internal and
external forces respective act to change the real and imaginary parts of the momentum on a
Bohm trajectory. In particular, the total real force accelerates the produced particles away
from the region of production towards the region of absorption, where it decelerates them
and so increases their chance of absorption. This behaviour is demonstrated in Figure 4.5,
which shows the Bohm trajectories on the space-time domain for this 1D example. The
trajectories were generated using the algorithm described in section 4.6.3. In the region of
positive imaginary component W of the external potential, the trajectories are stochasti-
cally initiated in proportion to the rate 2ρW

�
per unit space-time volume. Correspondingly,

in the region of negative 2ρW
�

, trajectories are absorbed stochastically at a proportionate
rate. Figure 4.5 shows that some trajectories pass through the region of high absorption,
and then asymptotically approach a state of rest. The production and absorption of the
trajectories is consistent with the source density profile, and the density of trajectories cut-
ting a space-line at any time is consistent with the wave function density profile, although
the former is clearly a stochastic function of time.

4.7.3 The distribution of Bohm trajectories: a question answered

In the absence of an imaginary component of the external potential within the domain of
interest, Bohm trajectories are initiated with, and thereafter retain, a density distribution
which is the same as the density of the wave function. The ontology of the trajectories, as
those of particles guided by the external and internal potentials, then raises the question
of why such particles should initially be distributed according to the density of the wave
function. This question has been the source of considerable discussion in the literature.
See [13, Ch.9] and [50] and references therein. The example studied in this section shows
how the presence of an imaginary component of the external potential affords a description
of the ‘whole life-cycle’ of such particles. The modelling of their creation and absorption
by the imaginary part of the complex potential allows a more complete ontology, in which
the trajectories naturally have the density of the wave function as a consequence of their
production (and absorption) density in space-time.

If the sources (and sinks) of particles are not within the domain of representation, their
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Figure 4.2: Complex potential, V2, for a super-symmetric partner of the quantum harmonic
oscillator: density ρ (black), energy ε (black-dash), real part V (x, β) (red) and imaginary
part W (x, β) (red-dash) of the complex potential V2(x, β), and source density 2ρW

�
(blue)

for β = (1 + 0.5i) and ε = −1
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Figure 4.3: Complex momentum for the V2 potential: density ρ (black), the real part pRe

(red) and imaginary part pIm (red-dash) of the complex momentum. β = (1 + 0.5i) and
ε = −1
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Figure 4.4: Forces of the V2 potential: density ρ (black), real external force −∇V (red) and
imaginary external force −∇W (red-dash), real internal force −∇Q (green) and imaginary
internal force −∇U (green-dash), real total force −∇(V + Q) (blue) and imaginary total
force −∇(U + W ) (blue-dash). β = (1 + 0.5i) and ε = −1
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Figure 4.5: Bohm trajectories of the V2 potential: density ρ (grey), the source density 2ρW
�

(grey-dash) and space-time trajectories (red). β = (1 + 0.5i) and ε = −1
2 .
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trajectories will persist in that domain. One must then represent the effect of remote
sources (and sinks) by giving the particles an initial statistical spatial distribution which
is consistent with the density of the initial wave function. In such cases, the boundary
conditions on the domain must account for the presence of remote sources and sinks.

The question of why Bohm particles have a density proportional to the density of the
wave function can therefore be answered without recourse to stochastic models of the equi-
librium between internal diffusive and osmotic flows, such as those discussed in [13, Ch.9].

4.7.4 Modelling sources and detectors

The use of complex potentials in the Bohm interpretation opens the possibility of better
modelling of sources and detectors, and of their effects in quantum systems. Referring to
figure 4.5, the V2 potential may be considered as a much simplified and stylised source
and detector system. Questions relating to detection time and location would appear to
be better understood in a Bohm causal model with a complex potential than in one with
only a real external potential. The use of complex potentials in these and other ways is not
pursued further here, but it is clearly an interesting topic for further research.

4.8 Complex velocity and the intrinsic spin model

In sections 4.2 and 4.4, we have seen how, in the equations of motion for the real and imag-
inary parts of the quantum momentum, the ‘drift’ velocity v� = p�/m and the ‘dispersive’
velocity v� = p�/m, play different roles in the evolution of a quantum system. Notably,
however, neither a complex velocity v� + iv� comprising the drift and dispersive velocities,
nor any other complex velocity, appears in the analysis of the quantum equations of motion.

In a more mechanical and prescriptive approach, the intrinsic spin model, developed by
Recami and Salesi [26] and subsequently generalised by Esposito [27] (see section 2.1.2),
insists that the velocities v� = p�/m and v� = p�/m be combined1. In particular, it
imposes the combination rule v = v� − v� ∧ (s/�), s being an arbitrary constant vector,
such that the divergence of the density current J = ρv is unchanged by the presence of
v�. This form ensures that probability continues to be conserved. Furthermore, observing
that the two velocities separately contribute kinetic energy terms to the Lagrangian in
equation (2.18), Esposito imposes the constraint that the combined velocity v shall itself
contribute the same total kinetic energy. This imposes constraints on s that give it the
properties of a spin vector. The kinetic energy 1

2m(v� ∧ (s/�))2 is then said to be the
internal spin energy and is found to be the source of the quantum potential, while 1

2m(v�)2

is identified as the kinetic energy associated with the centre of mass velocity v�.
The above intrinsic spin model provides an interesting, though somewhat arbitrary,

ontology for the quantum potential, and it does so by combining the real and imaginary ve-
locities in a particular way on a real vector space. In this chapter we have shown, without
recourse to their combination, that these two velocities can also be understood as com-
plementary dynamical ‘flows’ in the context of the momentum rate equations of a Bohm
trajectory.

A more rigorous analysis of spin in the Bohm interpretation has been carried through
in the relativistic case of the Dirac particle by Bohm and Hiley [13]. However, rather than

1Note that Esposito actually works with velocities vB = v� and vS = −v�/�, and uses natural units in
which � = 1.
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associating the quantum potential with an intrinsic spin, they associate the actual spin with
a component of the density current, as is more natural.

4.9 Conclusions

In this chapter, we have explored the real and imaginary dynamics of the Bohm causal
interpretation. While, traditionally, the Bohm interpretation has emphasised the central
role played by the real component of the momentum, p�, and by the quantum potential, we
have sought, through analysis of the forces on a Bohm trajectory, to place the imaginary
component of momentum p� on an equal footing with its real partner. This is consistent
with both momenta being derived from the logarithmic spatial derivative of the (generally)
complex wave function. This approach has led us to the idea that quantum dynamics occur
on two coupled (real and imaginary momentum) phase spaces, and it has provided a more
complete causal description of the complementary dynamics of the real and imaginary parts
of the wave function.

We summarise the key points arising from this chapter as follows:

• A variational principle in the space of Bohm trajectories leads to a pair of complemen-
tary rate of equations for the real and imaginary parts of the trajectory momentum,
while leaving the trajectory velocity undetermined. By setting q̇ = p�/m, the mo-
mentum rate equations are simplified into the form of Newton’s second law of motion.
As expected, the same results are obtained from an analysis of the total derivative of
the complex momentum along a Bohm trajectory.

• The imaginary momentum rate equation has an ‘internal potential’ gradient term
which precisely complements the corresponding quantum potential gradient in the
real momentum rate equation. We refer to both these potentials as internal potentials
and observe that their gradients comprise the balance between the forces of spatial
localisation and dispersion. Their complementary structure is responsible for the
mutual exchange of momentum between the real and imaginary momentum domains.
An imaginary internal stress term has also been identified to complement the real
internal stress term identified in previous work by Takabayasi.

• The momentum rate equations contain an imaginary velocity term p�/m which com-
plements the ‘drift’ velocity p�/m. A connection with respectively the osmotic and
diffusion velocities of the stochastic interpretation of quantum mechanics was explored,
but it was found to be inconsistent with our approach. It is concluded that, as yet,
imaginary trajectories cannot be interpreted beyond being integrals of the dispersive
velocity p�/m appearing in the momentum rate equations.

• The use of the momentum rate equations has informed an analysis of scattering from
a (real) potential step higher than the total energy. Both equations are activated by
the real potential gradient, which produces momentum transfer between the real and
the imaginary momentum domains. The freedom for the momentum to be complex
allows the two options of reflection and transmission. A reality constraint would
enforce reflection.

• The symmetry of the momentum rate equations reveals the role of the imaginary part
of an external potential in the Bohm interpretation. In particular, the imaginary
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part of the external potential acts as a source or sink of probability density, so its
gradient directly affects the rate of change of imaginary momentum. In the Bohm
interpretation, the imaginary potential acts as a source or sink for trajectories. The
momentum rate equations show how, even in the absence of a real external potential,
an imaginary external potential still gives rise to a complex internal potential and
thus to interference effects.

• A model for the explicit inclusion of the effects of an imaginary component of the
external potential in the Bohm interpretation has been described and then applied to a
system with a 1D complex external potential. Examination of the potentials, momenta
and trajectories in this model provides insight into the real and imaginary dynamics
of the Bohm interpretation. In particular, the whole life-cycle trajectory model (from
production to absorption) can explain why Bohm trajectories are naturally distributed
according to the density of the wave function. The use of complex potentials in this
way may provide better integrated modelling of source and detector effects in quantum
systems.

• The work of John in integrating and mapping both real and imaginary velocities
onto a trajectory in the complex spatial plane, while of interest, seems not to add
explanatory power to the Bohm causal interpretation. On the other hand, Recami
and Esposito, in seeking a physical explanation of the quantum potential in terms of
spin, select a particular combination of the real and imaginary velocity components
to do so. In this chapter, these velocities and their roles have emerged naturally from
an analysis of the momentum rate or force equations of a Bohm trajectory.

This chapter has shown how the explanatory power and understanding of the Bohm
interpretation can be extended through an examination of the dynamics of the real and
imaginary components of the complex momentum of a trajectory. The complex nature of
the quantum internal potential, and the modelling and effects of a complex external potential
in the Bohm interpretation, have been shown for the first time. It is believed that these
new insights may be useful in modelling quantum effects in semiconductor devices [61, 62].
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Chapter 5

DENSITY CURRENTS IN
CLASSICAL AND QUANTUM
MECHANICS

The aim of this chapter is to define and explore the use of density currents in both classical
and quantum mechanics. Our interest arises from the role of the density current in repre-
senting the evolution of a classical ensemble or a quantum system by the flow of its density.
From the density current can be defined a velocity and thus trajectories which describe the
time evolution of a system.

Our motivation is two-fold:

1. Firstly, by adopting the relation q̇ = J/ρ, q̇ is defined as the spatial ‘flow’ or velocity
in a system without recourse to the kinematic Hamilton’s equation, for which strictly
there is no basis in quantum mechanics. Moreover, with appropriate initial conditions,
as in the Bohm interpretation, the trajectories of the flow derived from the density
current have a density that is always that of the standard quantum probability density.

2. Secondly, we require density current operators and their bracket relations which are
invariant under symplectic transformations, so that the density current can be de-
fined and have consistent meaning in all symplectically related representations. This
is necessary for an investigation of how the trajectories and ontology of the Bohm
interpretation transform under symplectic transformations between representations.

Thus, our particular objective, for both classical and quantum mechanics, is to prove the
bracket relations for the probability density currents which were introduced in section 2.7.
In doing so, we are led, in quantum mechanics, to new definitions of the density current
operators in terms of the density, position and momentum operators. An important property
of these definitions is that they apply to Hamiltonians of the most general polynomial forms
in the q and p operators. This is necessary, since even Hamiltonians that are homogeneous
polynomials in p and q in the coordinate representation become, in general, inhomogeneous
polynomials under symplectic transformations.

In the following sections, firstly, we explore the link between currents and velocities and
their use in the Bohm interpretation, giving some attention to the apparently privileged role
of the coordinate representation. Secondly, we derive the density current bracket relations
for classical mechanics as a model for the quantum case. We then introduce the concept
of symbolic differentiation for operators, in order to define the quantum current operators.
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The author’s development of the density current operators for inhomogeneous polynomial
Hamiltonians was first representation based and was found to require sums over cyclically
permuted products of the density, position and momentum operators. It was after seeing
these cyclically permuted products that B. J. Hiley drew the author’s attention to the early
work of Born and Jordan [63] on symbolic differentiation. Use of the latter enabled the
author to establish a representation independent proof of the consistency of the definition
of the density current operators and their sought after bracket relations. After presenting
this proof, we establish the symplectic covariance of the density currents and their bracket
relations. We then show that for Hamiltonians that are homogeneous polynomials in the
position and momentum operators, the density current operators defined in this chapter can
be expressed as the real part of a complex density current operator. We finish the chapter
with a summary of its key points.

5.1 Density currents and velocities

Of fundamental interest in the Bohm interpretation of quantum mechanics is the definition
of a velocity from which a trajectory through a space may be obtained by integration with
respect to time.

In the following sub-sections, we compare the definitions of trajectory velocity which
are based respectively on Hamilton’s kinematic relation and on the density current; we
also discuss the special role played by the coordinate representation in the Bohm causal
interpretation.

5.1.1 The guidance condition and the kinematic relation

In the non-relativistic case of the coordinate representation, we may appeal to the Bohm
guidance condition p = ∇S (suggested by the Hamilton-Jacobi equation (2.16)) and to the
kinematic relation v = p/m (derived from Hamilton’s kinematic equation), and thereby
obtain the velocity of the trajectory. However, quantum mechanics cannot be represented
uniquely on phase space and in particular, momentum and position cannot be regarded as
independent variables; so, as discussed in section 4.2.1, there is no basis for using the kine-
matic Hamilton’s equation. While the kinematic relation, p = mv, happens to be satisfied
by the velocity and momentum in the coordinate representation of the Bohm interpreta-
tion, it does not hold generally. The latter is notably the case in other representations, with
which we are concerned, and also in the relativistic limit of the Dirac particle [13, p.218],
for which the velocity and momentum are not in the same direction.

Thus, the use of the guidance relation and the classical kinematic relation is not suffi-
ciently general for our purposes. In this book, we do not presume a relation between the
velocity of a trajectory at a given point in space-time and its momentum at that point. In
particular, we require that the definitions of velocity and momentum are not only mutually
independent but also are independent of the choice of representation. For the momentum,
we take the representation independent definition to be −i�∇ψ/ψ, the real part of which
is the Bohm guidance condition. In the following, we give a representation independent
definition of the trajectory velocity based on the density current.
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5.1.2 The density currents and trajectory velocities

A consistent approach to defining the trajectory velocity is obtained by appealing to the
conservation of probability equation (2.15), which may be written in the form

∂ρ

∂t
+ ∇q · j = 0, (5.1)

where q is a general coordinate and j is the density current. In the spatial coordinate
representation, j = ρ∇xS

m , which is consistent with the definition of a probability density
current as the product of a density and a ‘flow’ velocity, i.e. j = ρv. Thus, given j and ρ,
trajectories of the probability density flow can be obtained as integrals of the flow velocity
v = j/ρ. Moreover, if at any time the density of such trajectories is ρ, then equation (5.1)
guarantees that it will always be so. This approach provides a clear interpretation for the
trajectories, for which the definition of velocity is independent of the representation and
of the definition of momentum. The use of a kinematic Hamilton’s equation is therefore
avoided.

In classical mechanics, this approach has no advantage on phase space, in which the
velocity of a particle is defined by the kinematic Hamilton’s equation. On the other hand,
the ‘flow’ velocity may be used on configuration space to define trajectories that are repre-
sentative of the ensemble evolution rather than of individual particle evolution. In quantum
mechanics, without a basis for using the kinematic Hamilton’s equation, the velocity derived
from the density current alone has a clearly defined meaning, which applies to all represen-
tations and may therefore be regarded as the primary definition of trajectory velocity.

A requirement of the derivation of the trajectory velocity from the density current is
that the density is positive definite, otherwise the meaning of the velocity is lost. This
requirement is certainly met in non-relativistic quantum mechanics, for which 〈q|ρ|q〉 =
〈q|ψ〉〈ψ|q〉 in the case of a pure state. It is also met in the relativistic limit, where the
existence of a conserved current follows from the Dirac equation. In particular, j = ψ†αψ
satisfies equation (5.1), where ρ = j0 = ψ†ψ is positive definite. (See [13, p.272] ). However,
the density is not positive definite in the case of boson fields, and so an alternative approach
to the Bohm interpretation is then required. (See [13, Chapter 11].)

5.1.3 Trajectories versus streamlines

Following Holland [19, p.121], we now clarify a sometimes over-looked but important dis-
tinction between the definition of streamlines and the meaning of trajectories given by the
time integral of v(q, t) as defined above. Streamlines are defined as the solution to the
equations

dq1

v1(q, t)
=

dq2

v2(q, t)
=

dq3

v3(q, t)
(5.2)

and are defined in space at a given instant of time. Tangents to streamlines give the
directions of the velocities throughout space at this instant of time. On the other hand,
the time integral trajectories of v(q, t) exist in space-time and their spatial tangents are
functions of time. In short, streamlines provide a ‘snapshot’, whereas trajectories provide
a history of the velocity field flow in time. Figures 5.1 and 5.2 illustrate this distinction
for a time-dependent velocity field in two spatial dimensions. In the special case of a
time-independent velocity field, the spatial projection of trajectories coincides with the
time-independent configuration of streamlines.
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Figure 5.1: Space-time comparison of trajectories (black) and streamlines (in colour) for the
2-D time-dependent velocity field (vx(y, t) = (y2+1) cos (αt), vy(x, t) = −(x2+1) cos (2αt)),
with α = 2.
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Figure 5.2: Spatial comparison of trajectories (projected in black) and streamlines (in
colour) for the 2-D time-dependent velocity field (vx(y, t) = (y2 + 1) cos (αt), vy(x, t) =
−(x2 + 1) cos (2αt)), with α = 2.
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5.1.4 The special status of the coordinate representation

In the special case of the coordinate representation, the velocities obtained respectively
from the density current and from the application of Hamilton’s kinematic relation to the
guidance condition are identical. It is this identity that lends to the Bohm interpretation
its causal ontology of a particle whose dynamics are determined by both the classical and
the quantum potential, and yet whose possible trajectories have the density of the wave
function. In other representations, while the interpretation of the trajectories as the flow of
the probability density is retained, the kinematic velocity and the density current velocity
are not necessarily identical, so the density current trajectories are no longer necessarily
consistent with the ontology of a particle subject to the dynamics of the classical and
quantum potentials. The coordinate representation therefore appears to be special for the
Bohm interpretation, not merely because space-time is the preferred frame of reference for
our experience of the world, but also because it supports the model of a particle moving
under the influence of classical and quantum potentials, while also retaining the connection
with the probabilistic interpretation of the wave function.

The apparently privileged status of the coordinate representation was challenged by
Epstein [14] who, soon after the publication of the Bohm causal interpretation of quan-
tum mechanics, suggested that a causal interpretation might exist in other representations.
Bohm [17] accepted this possibility, with the reservation that it did not seem to lead to
an acceptable causal interpretation. The matter has also been discussed by Stone [18],
who recognised the existence of infinitely many representations and provided examples to
dispense with the argument, occasionally given, that the coordinate representation is priv-
ileged because it provides the simplest form of the equations. Holland [19] takes the stance
that unitary invariance of the quantum formalism has no bearing on the problem of whether
a causal interpretation is possible or on which space it is most appropriate to develop it.
Rather, Holland postulates (without dogma) that the position representation is naturally
preferred in seeking a space-time causal interpretation.

In the discussions of the aforementioned authors, it is notable that no explicit mention is
made of the coincidence of the kinematic and density current velocities as a possible ground
for choosing a preferred representation. We shall return to the question of ontology and
representation in Chapter 9 of this book.

5.2 Probability density currents in classical mechanics

We now examine the distinction between currents in phase space and those in a projected
sub-space of phase space such as the coordinate representation. This classical analysis
provides a basis for understanding the nature of density currents in quantum mechanics.

5.2.1 Defining classical density currents on phase space

We first construct a classical phase space as the cartesian product of the space of coordinates
and the space of their conjugate momenta for a system of N degrees of freedom. Let
the density of an ensemble of particles on that phase space be ρ(q, p) | q, p ∈ RN . The
differential volume in this phase space is dVqp =

∏N
i=1dqidpi and we define two differential

phase space areas dAqj and dApj such that dAqjdqj = dVqp and dApjdpj = dVqp, for each
degree of freedom j. Geometrically, each of these differential areas has its normal parallel to
the direction of its subscript. The phase space density currents for the ith degree freedom
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of an ensemble of particles on the classical phase space are then defined as

jqi = ρ(q, p)q̇i

jpi = ρ(q, p)ṗi. (5.3)

Thus, jqidAqi is the (signed) number of particles passing per unit time through the dif-
ferential area dAqi in the direction of its normal, i.e. of qi, and similarly for the p-space
currents.

With the above definitions, the q and p space current vectors can now be written as

jq = ρq̇ = ρ∇pH

jp = ρṗ = −ρ∇qH. (5.4)

5.2.2 Classical density current bracket relations on phase space

The derivatives of the q and p current vectors in their respective sub-spaces are

∇q · jq = ∇qρ · ∇pH + ρ∇2
qpH (5.5)

and

∇p · jp = −∇pρ · ∇qH − ρ∇2
pqH, (5.6)

which when added give

∇q · jq + ∇p · jp = ∇qρ · ∇pH −∇pρ · ∇qH + ρ∇2
qpH − ρ∇2

pqH. (5.7)

We now use the identities

∇q · jq = {jq, p}
∇p · jp = −{jp, q}, (5.8)

in which we have defined the Poisson bracket of two vector quantities a and b as

{a, b} =
∑N

i=1
{ai, bi}. (5.9)

We also impose the physically natural (integrability) condition

∇2
qpH = ∇2

pqH. (5.10)

Thus, equation (5.7) becomes the bracket relation

{jq, p} − {jp, q} = {ρ, H}, (5.11)

so underwriting its use in the Liouville equation in section 2.7.1. This Poisson bracket
relation is preserved under symplectic transformations of the (q, p) phase space, and acts
as a model for the development of the quantum density current operators.
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5.2.3 Density current projections - a connection with quantum mechanics

The classical ensemble may be projected into any sub-space of phase space. Of particular
interest, in this book, is the relationship between projected motions in N -dimensional sub-
spaces whose 2N -dimensional phase spaces are related by symplectic transformations. We
observe that any of these projections is a representation of the original phase space dynamics.

The phase space currents defined in the previous section are to be distinguished from
currents projected into the coordinate or any other N -dimensional sub-space of phase space.
This distinction is important and helpful in understanding the classical analogue of quantum
(Bohm) trajectories. We take, as an example, the particular projection of the Liouville
equation (2.62) from phase space into the coordinate representation. Such a projection may
be obtained by the integration

∫
dNp over the complementary momentum sub-space;∫

dNp
∂ρ

∂t
+

∫
dNp{jq, p} −

∫
dNp{jp, q} = 0. (5.12)

On using the identities (5.8) and assuming that the integral over the boundary of the
momentum sub-space is zero, equation (5.12) projects into the coordinate sub-space as the
conservation of probability equation

∂ρ̄

∂t
+ ∇q · j̄q = 0, (5.13)

where the projected density current in position space is

j̄q(q) =
∫

dNpjq(q, p). (5.14)

Since this projection integrates the ‘signed’ phase space density currents over all momenta,
it is clear that the projected current density is a ‘nett’ current through its normal plane
in the N -dimensional sub-space of the projection. We may now retrieve the velocity of
the ‘flow’ associated with j̄ by formally applying the definition of current in (5.3) to the
projected sub-space

ū(q) =
j̄q

ρ̄
. (5.15)

Thus, explicitly

ū(q) =
∫

dNpρ(q, p)q̇∫
dNpρ(q, p)

. (5.16)

j̄q and ū(q) (not jq and q̇) are the classical analogues of the density current and the trajectory
velocity in the Bohm interpretation of quantum mechanics.

5.2.4 Projected dynamics - the internal potential

The above analysis leads naturally to the expectation that the Hamilton-Jacobi equation
for the dynamics of the projected motion of the classical ensemble contains, in addition to
the external potential, an ‘internal’ potential which accounts for the effects of the projec-
tion. That this internal potential can be regarded as the classical analogue of the quantum
potential is discussed by Muga and Sala in [42]. In the quantum case, the Wigner density
is used and, for the linear and quadratic potentials only, the quantum and classical internal
potentials have the same form, but otherwise they generally differ. The role of the quantum
potential in this context is also discussed by the author in [1], and the general concept of
internal energies is treated in some depth in Chapter 3 of this book.
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5.3 Born-Jordan symbolic differentiation

Here, as a basis for defining density current operators in quantum mechanics, we define
Born-Jordan symbolic differentiation [63] and examine some of its properties.

5.3.1 Definition

Consider the product z = x1x2x3. The symbolic total differential is defined as

d̃z = x2x3d̃x1 + x3x1d̃x2 + x1x2d̃x3 (5.17)

and is obtained by cycling all the factors in the product sequentially and taking the dif-
ferential of the right-most factor in each case. Note that terms consisting of powers must
be expanded as the product of individual factors. Formally writing the symbolic total
differential as

d̃z =
∂̃z

∂̃x1

d̃x1 +
∂̃z

∂̃x2

d̃x2 +
∂̃z

∂̃x3

d̃x3, (5.18)

we clearly identify the symbolic partial derivatives. In an obvious extension of the notation
we define the symbolic vector gradient operator as ∇̃.

It is obvious that the symbolic total derivative of a product of factors is invariant with
respect to cyclic rearrangement of the all the factors. However, (and importantly for the
uniqueness of the density current operators defined in terms of the symbolic partial deriva-
tives,) the symbolic total derivative does change under cycling of a sub-group of the group
of factors or under any other change in the adjacency order in any of the factors. Finally,
the symbolic total differential of a product is not a differential in the normal sense, since

d(AB) �= dA(B) + (A)dB, (5.19)

and so it cannot be expressed in terms of the Born-Jordan derivatives of sub-products of
the factors.

5.3.2 The effects of cyclic invariance

A consequence of the cyclic invariance property is that if, for an arbitrary Hamiltonian
function H(q, p), equations of motion were to be defined in the form

˜̇q =
∂̃H

∂̃p

˜̇p = − ∂̃H

∂̃q
, (5.20)

the class of Hamiltonians consisting of different cyclic permutations of the same combina-
tions of operators q and p would have the same equations of motion for q and p. Although
this property is similar to classical mechanics, the resulting operator equations do not, in
general, have the classical form. In distinction to this, the Heisenberg equations of motion

q̇ =
1
i�

[q, H]−

ṗ =
1
i�

[p, H]− (5.21)
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respect the operator ordering in the Hamiltonian and so give unique equations of motion to
each cyclic permutation of the operators in the Hamiltonian. In the case of Hamiltonians
consisting of only homogeneous polynomials in q and p, the equations of motion obtained
using Born-Jordan symbolic differentiation have the same form as the Heisenberg-Hamilton
equations of motion and Hamilton’s classical equations of motion. While it often occurs in
the coordinate representation, transformations into other representations will, in general,
break this equivalence of form by giving rise to Hamiltonians which are inhomogeneous
polynomials in q and p.

However, the equations for the density currents based upon the Born-Jordan derivatives,
as given in equations (2.60), are unique to a given Hamiltonian function. As discussed in
the previous section, this is because the symbolic partial derivatives of ρH(q, p) are not
invariant to cycling of the factors H(q, p). Thus, cyclically equivalent Hamiltonians do not,
in this case, produce the same symbolic derivatives for the density current operators. This
uniqueness property guarantees that quantum trajectories generated from the probability
density currents can uniquely represent the evolution of quantum systems and distinguish
cyclically equivalent Hamiltonians.

5.4 Probability density current operators in quantum me-

chanics

5.4.1 Definition of quantum density current operators

Using the Poisson bracket to commutator bracket correspondence

1
i�

[, ] ↔ {, } (5.22)

and the analogy of the classical density current bracket relation, we identify the expected
bracket relation in quantum mechanics as

[Jq, p] − [Jp, q] = [ρ, H], (5.23)

which was introduced in section 2.7.2. This relation is invariant under symplectic transfor-
mations, and it is taken as a condition that must be satisfied by a consistent definition of
density current operators.

The general forms for the density current operators which satisfy equation (5.23) are

Jq = ∇̃p (ρH)
Jp = −∇̃q (ρH) , (5.24)

where the ∇̃ signifies the Born-Jordan form of symbolic differentiation [63]. These definitions
are analogous (but not identically similar) to the classical definitions of the density currents.

An important condition on the definitions of the quantum current operators is that
they apply to Hamiltonians of the most general polynomial forms in the q and p operators.
This is necessary, since, as indicated in the previous section, even Hamiltonians that are
homogeneous polynomials in p and q in the coordinate representation become, in general,
inhomogeneous polynomials under symplectic transformations.
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5.4.2 Proof of the quantum density current operator bracket relation

For any specific polynomial form H = H(q, p), it is easy to establish that the density current
bracket relation (5.23) is satisfied on a case by case basis. However, we now give a general
proof of these relations for the current operators. The proof is based on the approach of
Born and Jordan for generalised polynomial forms in q and p, but it is modified here to
include the role of the density operator. The proof is given for a single degree of freedom
but trivially generalises to many (uncoupled) degrees of freedom.

The most general polynomial form for the Hamiltonian may be written as

H =
N∑

n=1

anhn (q, p) , (5.25)

where an is a constant coefficient and

hn =
kn∏
j=1

(psjqrj ) , (5.26)

which generally is not Hermitian. (We retain this generality for this proof, although a
Hermitian H could be secured by replacing hn by (hn + h†

n)/2 in equation (5.25).) For the
proof, we focus on the product of the density operator with a representative term in the
polynomial Hamiltonian, namely

w = ρ
k∏

j=1

(psjqrj ) , (5.27)

in which the index n of the coefficients has been dropped. Using the abbreviation

ζl =
l−1∏
j=1

(psjqrj ) ρ
k∏

j=l+1

(psjqrj ) , (5.28)

it can be shown that the Born-Jordan matrix derivatives of w are

∂̃w

∂̃q
=

k∑
l=1

rl∑
m=1

qm−1ζlp
slqrl−m

∂̃w

∂̃p
=

k∑
l=1

sl∑
m=1

pm−1qrlζlp
sl−m. (5.29)

By using these relations, we obtain the brackets

[
∂̃w

∂̃q
, q] =

k∑
l=1

(ζlp
slqrl − qrlζlp

sl)

[
∂̃w

∂̃p
, p] =

k∑
l=1

(qrlζlp
sl − pslqrlζl) , (5.30)

whose sum is

[
∂̃w

∂̃q
, q] + [

∂̃w

∂̃p
, p] =

k∑
l=1

[ζl, p
slqrl ]. (5.31)
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On writing zj = psjqrj , we obtain

ζl =
l−1∏
j=1

zjρ
k∏

j=l+1

zj (5.32)

and so

[
∂̃w

∂̃q
, q] + [

∂̃w

∂̃p
, p] =

k∑
l=1


l−1∏

j=1

zjρ
k∏

j=l

zj −
l∏

j=1

zjρ
k∏

j=l+1

zj


 , (5.33)

which, since the second member of each term cancels the first member of the following term,
reduces to

[−Jh
p , q] + [Jh

q , p] = [ρ, h], (5.34)

where

h =
k∏

j=l

zj (5.35)

is a general polynomial term in the Hamiltonian and

Jh
p = − ∂̃w

∂̃q

Jh
q =

∂̃w

∂̃p
(5.36)

are the density currents associated with that term. Since the Hamiltonian H is a linear
combination of such terms, we have therefore proved the required result that, for any
polynomial H = H(q, p),

[Jq, p] − [Jp, q] = [ρ, H] (5.37)

where

Jq =
∂̃ρH

∂̃p

Jp = − ∂̃ρH

∂̃q
(5.38)

or, in many degrees of freedom,

Jq = ∇̃p (ρH)
Jp = −∇̃q (ρH) . (5.39)

5.5 Symplectic covariance

We now show the sense in which both the classical and quantum density currents, as respec-
tively defined in equations (5.4) and (5.39), are symplectically covariant. The symplectic
covariance (i.e. the invariance under symplectic transformations) of the density current op-
erators and their bracket relations is important for their consistent definition and meaning
in all symplectically related representations. This enables the transformation properties of
trajectories and their use in the Bohm interpretation to be investigated.
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5.5.1 Symplectic covariance of density current definitions

In classical mechanics the density currents may be defined by the differential relation

ρdH = −jpdq + jqdp, (5.40)

while in quantum mechanics, we have

d̃(ρH) = −Jpd̃q + Jqd̃p. (5.41)

These equations clearly have the same structure, so it is sufficient to demonstrate their
symplectic covariance by working with the quantum case. (In working with the total dif-
ferential, we have neglected the differentials with respect to any dependencies that are not
subject to symplectic transformation.)

Let JT
z = (Jq, Jp) and d̃z

T
= (d̃q, d̃p) be two row vector functions on a 2n-dimensional

phase space which is partitioned into its q and p sub-spaces. Equation (5.41) can be written
as

d̃(ρH) = JT
z ωd̃z, (5.42)

where

ω =
(

0n×n 1n×n

−1n×n 0n×n

)
. (5.43)

Any matrix S satisfying ST ωS = ω is a symplectic matrix. (See equation (2.47)). Thus,
we may also write equation (5.42) as

d̃(ρH) = JT
z ST ωSd̃z. (5.44)

Now, if S is a symplectic transformation of the phase space so that d̃z′ = Sd̃z, then in the
transformed space also,

d̃(ρH) = JT
z′ωd̃z

′
, (5.45)

if, correspondingly, Jz′ = SJz. Thus, the differential expression for the density currents is
invariant to symplectic transformations of the phase space, if the phase space currents also
transform symplectically. Moreover, the symbolic derivative expressions for the phase space
current operators are also invariant under symplectic transformations. The same derivation
and conclusion follow through for classical mechanics.

5.5.2 Symplectic covariance of density current bracket relations

The quantum case

We now show that the form of equation (5.23) is also invariant under symplectic transfor-
mations. This we need do only for the left hand side of this equation as the right hand side
does not explicitly refer to the phase space variables. Using the above vector notation for
the phase space currents and operators, expansion of the brackets shows that

[Jq, p] − [Jp, q] = JT
z ωz + zT ωJz. (5.46)

However, for a symplectic matrix S, ST ωS = ω and so

JT
z ωz + zT ωJz = JT

z ST ωSz + zT ST ωSJz = JT
z′ωz′ + z′T ωJz′ . (5.47)

Thus, the form of [Jq, p] − [Jp, q] is indeed symplectically covariant, so establishing the
symplectic covariance of equation (5.23) as required.
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The classical case

The symplectic covariance of the classical current brackets follows from the demonstrable
symplectic covariance of the Poisson bracket of any two functions f and g on phase space.
We define ∇T

z = (∇T
q ,∇T

p ). Moreover, if S is a symplectic matrix such that dz′ = Sdz, then
SωST = ω and (ST )−1∇z = ∇z′ . The Poisson bracket may then be written as

{f, g} = ∇T
z fω∇zg = ∇T

z fS−1SωST (ST )−1∇zg = ∇T
z′f

′ω∇z′g
′ = {f ′, g′}, (5.48)

where f ′(q′, p′) = f(q(q′, p′), p(q′, p′)). This result demonstrates the symplectic covariance
of the Poisson bracket and thus of the classical current bracket equation (5.11).

5.6 Real and imaginary current operators

We now exploit a feature of Hamiltonians that are homogeneous polynomials in the opera-
tors q and p. Such Hamiltonians, which are a sub-class of the general form (5.25), may be
expressed as

H =
∑M

m=1
ampsm +

∑N

n=1
bnqrn (5.49)

in which the coefficients {am} and {bn} may in general be complex but are normally real.
We work in one degree of freedom for convenience but without loss of generality of our
result for higher degrees of freedom. For such Hamiltonians, the current derivative for each
(Hermitian) monomial term has an obvious symmetric structure, which allows it easily
to be expressed in terms of half the sum of another operator and its Hermitian adjoint.
The density current derivative therefore has real diagonal matrix elements, and so we call
it the real current derivative operator associated with a particular monomial term. This
immediately leads us to identify the corresponding ‘imaginary’ current derivative operator,
and thereby to define a complex current operator.

5.6.1 Decomposition of the real current derivative

We consider the density current operator arising from a term pk in (5.49). Results for qrn

terms are obtained by an obvious interchange of symbols. By the linearity of H in these
terms, our analysis can then be applied directly to H.

The Born-Jordan derivative of ρpk (which we also refer to as the density current deriva-
tive of pk) is

∂̃p

(
ρpk

)
=

∑k

j=1
pk−jρpj−1, (5.50)

in which the terms may be assembled into pairs consisting of reflections of the powers of
the p-operators through ρ with the addition, in the case of odd integer valued k, of a self-
symmetric term. Writing ρ = |ψ〉〈ψ| in the Dirac notation, and recognising that for our
choice of H the monomial terms are Hermitian, we see that diagonal matrix elements of the
members of the reflection pairs are complex conjugates of each other; a self-symmetric term
having a real such matrix element. The diagonal elements of the Born-Jordan derivative
of ρpk are therefore real, and so we refer to it as a real operator. We can now write this
operator as half the sum of an operator and its Hermitian adjoint

∂̃�
p

(
ρpk

)
=

1
2

(
∂̃C

p

(
ρpk

)
+ ˜

∂C†
p

(
ρpk

))
, (5.51)
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where

∂̃C
p

(
ρpk

)
= 2

∑<(k+1)/2

j=1
pk−jρpj−1 + p(k−1)/2ρp(k−1)/2δk,odd (5.52)

and

˜
∂C†

p

(
ρpk

)
= 2

∑k

j>(k+1)/2
pk−jρpj−1 + p(k−1)/2ρp(k−1)/2δk,odd. (5.53)

We have dropped the Hermitian adjoint superscript (†) on the right of the latter equation
as, crucially, all the operators are Hermitian in this case. In the case when the coefficients
{am} are real, the density current derivative (5.51) multiplied by its associated coefficient
in H defines the real current operator for that term in H. Summing over all such terms in
the Hamiltonian gives the real current operator J�

q .

5.6.2 Identification of the imaginary current derivative

The equation for the imaginary current operator is derived from the complement of equa-
tion (5.51)

∂̃�
p

(
ρpk

)
=

1
2i

(
∂̃C

p

(
ρpk

)
− ˜

∂C†
p

(
ρpk

))
, (5.54)

where we have divided through by i so that diagonal matrix elements of this operator are
real. Substituting equations (5.52) and (5.53) into this equation, we find that

∂̃�
p

(
ρpk

)
=

1
i

∑k

j=1
pk−jρpj−1σkj , (5.55)

where the anti-symmetry term is σkj = sign(k + 1 − 2j) and sign(0) = 0, thus removing
self-symmetric terms in the sum. In the case when the coefficients {am} are real, the density
current derivative ∂̃�

p

(
ρpk

)
multiplied by its associated coefficient in H defines the imaginary

current operator for that term in H. The sum over all such terms in the Hamiltonian is the
imaginary current operator J�

q .

5.6.3 Complex current derivative and other representations

Summing over the complex current derivatives (5.52) multiplied by their respective coef-
ficients {ak} from H, we obtain the complex current operator JC

q = J�
q + iJ�

q for this
Hamiltonian. This result follows in a similar way for the p-domain current JC

p and its real
and imaginary parts. These results hold in all symplectically related representations, since
the Hermitian property of an operator, upon which the results depend, is preserved by
symplectic transformations.

In any representation, a pair of complex current-based velocities can therefore be defined
as 〈q|JC

q |q〉/〈q|ρ|q〉 and 〈p|JC
p |p〉/〈p|ρ|p〉. In particular, for a Hamiltonian with a normal

kinetic energy term in the spatial x-representation, 〈x|JC
x |x〉/〈x|ρ|x〉 = p�/m + ip�/m; the

real and imaginary parts of which both appear in the complex momentum rate equations
developed in Chapter 4.
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5.6.4 Extending the definition of real and imaginary current derivatives

The definition of the real current derivative forms the basis of establishing the density cur-
rent operator commutation relations (5.37). Further research would pursue corresponding
relations for the definition of the imaginary current operator, although in this case we would
not expect to be guided by classical mechanics.

Finally in this section, we note that in general, if H is not Hermitian, the density current
operators derived from equations (5.39) will have neither a symmetric structure nor real
matrix elements, and so the method of decomposition employed above would not apply.
The examination of methods for dealing with such non-Hermitian Hamiltonians is left for
future work.

5.7 Summary

In this chapter, we have examined closely the definition and properties of density currents.
The motivation has been to find a representation invariant definition and interpretation for
Bohm trajectories. The key points may be summarised as follows:

• The concept of a density current can be used to obtain a representation invariant
definition of the Bohm trajectory velocity. This definition is independent of the kine-
matic relation between momentum and velocity, which holds only for normal form
Hamiltonians in the coordinate representation.

• Classical expressions and bracket relations for the q and p density currents have been
derived in terms of the density and Hamiltonian functions. The classical results are
analogues for the corresponding expressions and bracket relations for density current
operators in quantum mechanics, which are based on the use of Born-Jordan symbolic
differentiation. A proof has established the veracity of the density current bracket
relations in quantum mechanics, for any polynomial form H(q, p) of the Hamiltonian.

• Crucially, the density current definitions and bracket relations are proved to be sym-
plectically covariant. This is central to having a consistent definition for Bohm tra-
jectories across all symplectically related representations.

• For Hamiltonians which are homogeneous polynomials in the operators q and p, the
definition of density current adopted in this chapter may be expressed as the real part
of a complex current operator JC . In this case, a complex velocity, 〈q|JC |q〉/〈q|ρ|q〉,
can be defined, from which both real and imaginary trajectories can be derived. (An
analysis of the dynamics of both types of trajectory is given in Chapter 4, within the
context of the extended Bohm interpretation.)

That the density current operators defined in this chapter can be expressed as the
real component of a complex current operator, in the case of homogeneous Hamiltonians,
suggests that there may be a more general definition of quantum density current operators
in terms of symbolic derivatives. This would be a topic for further investigation.





Chapter 6

CANONICAL
TRANSFORMATIONS OF THE
CLASSICAL ACTION: THE
GENERALISED LEGENDRE
TRANSFORM

In this chapter, we examine and generalised Legendre transformations of the classical action,
which occur when canonical transformations are made on phase space. Generalised Legendre
transformation is the stationary phase limit of generalised Fourier transformation, which is
discussed in the next chapter. Both types of transformation are half-space realisations of the
symplectic group of transformations on phase space. Our motivation is to lay foundations for
distinguishing and relating canonical transformations in classical and quantum mechanics,
and also to understand better the classical limit of canonical transformations of the Bohm
interpretation of quantum mechanics.

Legendre transformation is used in thermodynamics, classical mechanics and Hamilto-
nian optics to transform between different sets of independent variables (representations).
Thus, in thermodynamics, different energies (internal, enthalpic, Helmholtz and Gibbs) are
expressed as functions of different pairs of independent variables (pressure, entropy, specific
volume and temperature), and are related by Legendre transformations. In classical mechan-
ics, Legendre transformation connects the Lagrangian and Hamiltonian formulations, and
also relates different representations of the generating function [30]. Similarly, in Hamilto-
nian optics, alternative forms of the characteristic function (optical distance) are connected
by Legendre transformation [64]. In this chapter, our interest is in the generalisation of
the Legendre transformation, primarily for use in mechanics and optics. Representation
changing transformations, such as the above, are said to be ‘passive’.

Legendre transformation can also play an ‘active’ role. A large class of hyperbolic
conservation laws can be integrated as Legendre transforms of the initial conditions. In
this case, it is not necessary to integrate numerically the partial differential equation up to
some time t; one can transform directly from the initial conditions, and find the solution
at time t, without computing the solutions at intermediate times. There also exists a
numerical version of the Legendre Transform, which can be used when the initial conditions
are realized on discrete points in one dimension [65]. By analogy with the Fast Fourier
Transform, this transformation is called a “Fast Legendre Transform”. We shall discuss the
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active role of Legendre transformation in relation to classical mechanics.
We first review the conventional Legendre transform, distinguishing between its invo-

lutive and evolutive forms, and, in the latter case, drawing on the work of Alonso and
Forbes [66]. The evolutive form is the focus of attention in this chapter. We then give a
definition of the generalised Legendre transform (GLT). To the knowledge of the author,
this is the first such definition, which includes the fractional Legendre transform (FLT) in-
troduced by Alonso and Forbes [66, 67] in their work on the geometric optics limit of wave
optics. Legendre transformation from one half-space to another hinges on a stationarity
condition and so it is a point transformation. This observation is the key to understanding
both the distinction between the GLT and the generalised Fourier transform (GFT), and
the difference between canonical transformations in classical and quantum mechanics.

Next, we lift generalised Legendre transformation onto phase space by defining tangent
spaces to its original and transformed domains. We show that, under very weak conditions
on a GLT, infinitesimal changes of phase space coordinate in the transformed space are
symplectic transformations of corresponding changes in the original phase space. This local
result becomes global in the linear case, i.e. when the generating function of the GLT is at
most of degree 2 in the original and transformed coordinates. For such a transformation,
we call the transformed function the quadratic Legendre transform (QLT) of the original
function. For that case, we show how the coefficients of the generating function are sim-
ply related to the matrix elements of the corresponding linear symplectic transformation.
Equivalence classes of GLTs for a given symplectic map are then constructed, and are found
to correspond to constant translations in the tangent spaces i.e. to Galilean invariance. The
GLT-symplectic correspondence is also demonstrated for the inverse GLT. The involutive
form of the GLT is shown not to correspond to a symplectic transformation in phase space,
except under very special conditions. We then present some general properties of GLTs,
and ask whether GLTs can be used to form a group which is homomorphic to the symplec-
tic group, in a way that mirrors the homomorphism between metaplectic and symplectic
groups. After discussing the differences between active and passive forms of the GLT, we
provide three examples of its use, including propagation of an ensemble through a focal
point. Finally, we make some concluding remarks.

6.1 The conventional Legendre transform

The conventional Legendre transform transforms functions on a vector space to functions
on a dual space. We immediately make a distinction between the Legendre-Fenchel trans-
form [65], used in convex analysis, and the Legendre transform [28] which is the focus of
attention here. The Legendre-Fenchel transform is defined by the map

y → sup (yx − f(x)), (6.1)

where f(x) is a convex function. Where its exists, this transform is unique, for the supremum
operator picks out the global extremum. (In the case of non-convex functions it can be
defined on a bounded domain but can be a trivial transformation of f on the boundary of
the domain.) On the other hand, the Legendre transform of the function f is defined by
the map

y → extrema(yx − f(x)). (6.2)

Although Arnold [28] defines the transform for convex functions, we do not impose that
constraint here. Where it exists, the Legendre transform is not necessarily unique, by the
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nature of the extrema operator, which picks out all local extrema. In the case of convex
functions, the Legendre-Fenchel and the Legendre transform have a common solution, even
though the latter may also have other solutions.

Operationally, the Legendre transform is derived from the extrem(um)(a) of

G∗
c(y, x) = yx − f(x), (6.3)

as determined by the condition that

∂G∗
c (y, x)
∂x

= y − df

dx
= 0. (6.4)

By solving this equation for x = Xc(y) and then substituting into G∗
c(y, x), one obtains the

Legendre transform of f as

Lf(y) = Fc(y) = G∗
c(y, Xc(y)). (6.5)

If there is more than one solution x = Xc(y), then the Legendre transform is multi-valued.
As defined above, the Legendre transform has the property of involution: its square is the
identity. For this reason we refer to this as the involutive form of the Legendre transform.

In contrast, we derive the evolutive form of the Legendre transform from the ex-
trem(um)(a) of the function

Gc(y, x) = f(x) − yx. (6.6)

The sign on the function f(x) (rather than on the generator yx) distinguishes the evolutive
form from the involutive form of the Legendre transform. The properties of the evolutive
Legendre transform (LT) and its more general form, the fractional Legendre transform
(FLT), are presented in Alonso and Forbes [66]. (Hereafter, the use of abbreviations will
imply an evolutive transform, unless otherwise stated.) The evolutive form has been adopted
as the basis of the generalisation presented in this chapter, because it allows an important
connection to be made with the symplectic group of transformations. The involutive form
of the Legendre transform does not correspond to a symplectic transformation.

The involutive Legendre transform finds application as the transform between the La-
grangian and Hamiltonian formulation of classical mechanics, and between the generating
functions of canonical transformations of the same [30]. In thermodynamics both forms of
the Legendre transform are used to transform between the Maxwell relations in thermo-
dynamics. In these contexts the transform is often carried out implicitly by working with
the differential form of equation (6.3), when the derivative of the Legendre transform of a
function is of direct significance.

Whereas the LT connects a discrete set of representations of a function, the FLT, pro-
vides connection between a continuous set of representations. It can be interpreted as a
rotation in phase space, and can be applied to both geometric optics and classical mechanics.
In the following sections, we describe a generalisation of the work of Alonso and Forbes.

Finally, we note that the term ‘generalised Legendre transform’ has been used in the
theory of non-linear lattices [68, 69]. In that context, use is made of the involutive form
and the generalisation refers to the simultaneous transformation of both the absolute and
the relative velocities in a lattice into the corresponding generalised momenta. We also
draw attention to the term ‘partial Legendre transform’, which refers to the application of a
Legendre transform to some but not all degrees of freedom in a system. Such generalisations
of the Legendre transform are distinct from that described below, although they could be
combined with it.
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6.2 The generalised Legendre transform

We now go beyond the work of Alonso and Forbes [66] to define the generalised (evolu-
tive) Legendre transform (GLT). While the analysis is expressed in terms of the passive
representation changing role of the GLT, it applies equally to the active role of the GLT.
The assignment of such roles, though helpful in our context, is formally unnecessary for
the exploration of the properties of the GLT. As a basis for understanding the effect of
Legendre transformation upon the Hamilton-Jacobi formulation of classical mechanics, we
also construct phase spaces using the tangent spaces of representations connected by the
GLT.

The GLT of a function S(q, t), with respect to q, is obtained by defining a function

Gg

(
q′, q, t

)
= S (q, t) + g

(
q′, q

)
(6.7)

with q∈Q and q′∈Q′, where Q and Q′ are two real vector spaces of dimension n. A stationary
point of Gg with respect to q is then found by solving1

∂Gg (q′, q, t)
∂q

=
∂S (q, t)

∂q
+

∂g (q′, q)
∂q

= 0, (6.8)

for q = Qt(q′), and then substituting into Gg (q′, q, t) to give the GLT of S as

LgS
(
q′, t

)
= S′

g

(
q′, t

)
= Gg

(
q′, Qt(q′), t

)
. (6.9)

If there is more than one solution, q = Qt(q′), then the GLT is multi-valued. At this stage,
the only condition upon the generating function g is that it has non-zero mixed second order
partial derivatives with respect to components of q and q′, so guaranteeing the existence of
a finite mapping between their respective domains. Such a condition ensures that the GLT
is well-defined. We also observe that the stationary point q = Qt(q′) is a function of t only
if ∂S

∂q is a function of t. Thus, for functions S(q, t) = W (q) + T (t), the stationary point
Q(q′) is independent of t. For convenience, in the rest of this section we will assume that
indeed S(q, t) = W (q) + T (t).

The GLT may be presented differently when the transformation of the derivatives of S
is of particular interest. The vectors p∈P and p′∈P ′, where P and P ′ are the respective
tangent spaces to Q and Q′, are defined by

p =
∂S

∂q

p′ =
∂S′

∂q′
. (6.10)

The phase space manifolds associated with the two representations connected by the GLT
can then be defined as Z = Q⊗P and Z ′ = Q′ ⊗P ′. The equations of the transformation
between Z and Z ′ are

p = −∂g (q′, q)
∂q

, (6.11)

which is the Legendre extremum or stationarity condition (6.8), and

p′ =
∂g (q′, q)

∂q′
, (6.12)

1Here and hereafter, we use the notation ∂f
∂q

for the vector of components ∂f
∂qi

, i = 1, ..., n, where q∈Q, a

real vector space of dimension n.
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which is obtained from equation (6.9) under the extremum condition. By definition, p = p(q)
and p′ = p′(q′). Under the GLT Lg : Q → Q′, the transformation Sg : Z → Z ′, between
the phase space manifolds can be described as follows. p = p(q) is known. Given q′, (6.11)
determines q, which can then be used to determine p′ = p′(q′) from (6.12). This latter may
be integrated to determine S′ up to a constant using (6.10), as an alternative to using (6.9).

The local form of the transformation Sg : Z → Z ′, is easily determined from (6.11)
and (6.12) as

δpi = − ∂2g

∂qj∂qi
δqj − ∂2g

∂q′j∂qi
δq′j

δp′i =
∂2g

∂qj∂q′i
δqj +

∂2g

∂q′j∂q′i
δq′j , (6.13)

where the suffices label the degrees of freedom, and summing over repeated indices is im-
plicit. These equations may be expressed in matrix form as

δp = aδq + bδq′

δp′ = cδq + dδq′, (6.14)

with obvious identification of the matrices a, b, c and d from equation (6.13). By solving
for the transformed variables, the matrix form of the transformation Sg : Z → Z ′ is found
to be (

δq′

δp′

)
=

( −b−1a b−1

(c − db−1a) db−1

) (
δq
δp

)
. (6.15)

If g(q′, q) is of no higher than degree 2, then the transformation matrix is linear and the
infinitesimals may be removed making the transformation global.

In the following section, we examine the conditions under which the GLT corresponds
to a symplectic transformation between the phase spaces Z and Z ′.

6.3 The generalised Legendre transform and the symplectic

group

Recall from section 2.4 that a symplectic transformation Ss : Z → Z ′, which is represented
by the block matrix form

Ss =
(

A B
C D

)
, (6.16)

is symplectic if and only if the blocks satisfy any of the three sets of equivalent conditions

ABT , CDT symmetric, ADT − BCT = I

AT C, DT B symmetric, AT D − CT B = I

DCT , ABT symmetric, DAT − CBT = I. (6.17)

In turn, these conditions imply that the matrices a, b, c and d must satisfy the conditions

a = aT , d = dT , c = −bT , (6.18)
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which guarantee that equation (6.15) represents a symplectic transformation. Relating these
conditions to the second order derivatives of g(q′, q) through equations (6.13) and (6.14),
we find that they are all satisfied under the very weak condition on g(q′, q) that

∂2g

∂η∂ζ
=

∂2g

∂ζ∂η
, (6.19)

where η, ζ ∈ {q′1, ..., q′n, q1, ..., qn}. Clearly, for the symplectic transformation to be finite,
b must have a finite inverse. However, this is merely a more rigorous statement of the
condition, given in section 6.2, for the existence of a well-defined GLT. (In passing, we note
that in physical applications, the off-diagonal blocks of the symplectic matrix (6.16) must
include factors to accommodate dimensional differences between q and p, or alternatively
the latter should be pre-scaled to common units. This is assumed to be the case in this
chapter.)

We have therefore established that to any well-defined GLT Lg : Q → Q′, as defined in
section (6.2) and subject to the condition (6.19), there corresponds a symplectic transfor-
mation Sg : Z → Z ′ between the two phase space manifolds Z and Z ′, which are associated
with the two domains Q and Q′ connected by Lg. This result is a generalisation of the
work of Alonso and Forbes [66, 67], and it has potential applications in classical mechanics,
optics and thermodynamics. In the work of this book, its particular relevance is to classical
mechanics.

The symplectic transformations generated by a GLT will, in general, be non-linear, with
matrix elements which are non-linear functions of q. This is in distinction to the better
known special cases of Legendre transforms and fractional Legendre transforms [28, 66],
whose corresponding symplectic transforms are represented by linear matrices. The latter
have constant elements derived from GLT generating functions g(q′, q) of at most degree 2
in q′ and q.

6.4 Equivalence class of generalised Legendre transforma-

tions for a given symplectic transformation

Whilst, as shown in section 6.3, a unique symplectic transformation can be derived for a
given GLT, the converse does not apply. In this section, we show that to any symplectic
transformation there corresponds an equivalence class of GLTs. The set of all GLTs is
therefore partitioned into equivalence classes, each corresponding to a different symplectic
transformation.

To construct the equivalence class of GLTs corresponding to the symplectic matrix Ss,
we identify its coordinate and momentum space partitions with those of the GLT transfor-
mation matrix given in (6.15), so

Ss =
(

S11 S12

S21 S22

)
=

( −b−1a b−1

(c − db−1a) db−1

)
. (6.20)

From this identification, and that of the matrices a, b, c and d in equations (6.13) and (6.14),
the second order partial derivatives of the GLT generating function g(q′, q) are found to be

∂2g

∂q∂q
= −a = S12

−1S11,
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∂2g

∂q′∂q
= −b = −S12

−1,

∂2g

∂q∂q′
= c = S21 − S22S12

−1S11,

∂2g

∂q′∂q′
= d = S22S12

−1. (6.21)

In the above, the suffices of the individual components of q and q′ in the partitions have
been dropped but they are implied. Thus, all second and higher order derivatives of g(q′, q)
are determined from the symplectic matrix Sg. Suppose that, from these derivatives, we
construct the centre function g0(q′, q) whose zeroth and first order derivatives are all zero.
The above equations will then also be satisfied by

g(q′, q) = g0(q′, q) + α′q′ + αq + β, (6.22)

where β is a constant, and α′ and α are constant matrices of dimension n × n. These
matrices parameterise the equivalence class of GLTs which correspond to the symplectic
transformation represented by Ss.

The above result can also be used, conversely, to determine for a known function gk(q′, q),
all the other the members of the equivalence class of the symplectic matrix Sk. In this case,
the centre function, gk

0 (q′, q), may be constructed by subtracting from gk(q′, q) the zeroth
and first order derivative terms in the Taylor series for gk(q′, q). The Sk-equivalence class
for gk(q′, q) is then obtained by using the result (6.22).

Applying the dual vector relations (6.11) and (6.12) to (6.22), we obtain a geometric
interpretation of the equivalence class of GLTs: Each class, corresponding to a given sym-
plectic transformation, consists of all the mappings Z → Z ′ between phase space manifolds
that are translated in the p and p′ domains by the arbitrary constants −α and α′ respec-
tively. The GLTs in a given equivalence class nevertheless result in different functional
forms S′ (q′). The constant β is an additive constant in S′ (q′), having no effect on the
mapping Z → Z ′.

We observe that, in principle, the identification in (6.20) could also be made for any ma-
trix S̄k which is not symplectic. However, by definition, the condition (6.19) would then not
be satisfied by the members of the corresponding equivalence class of GLT transformation
functions. In particular, the centre function ḡk

0 (q′, q) and thus all the members of this class
would have discontinuous mixed partial derivatives, at least at the point of identification.

6.5 Identifying the generators of a general linear symplectic

transformation

In sections 6.2 and 6.3 it was observed that, if the generating function g(q′, q) is quadratic
in form, the elements of the corresponding symplectic matrix are independent of q and
q′, and so the symplectic transformation is linear. In this case, we refer to the GLT as
a quadratic Legendre transform (QLT). We shall show that, if the general expression for
such a generating function is written in a certain useful form, its coefficients have a direct
and simple correspondence with the elements of the corresponding symplectic matrix. This
is an important case for our investigation of the transformation properties of the Bohm
interpretation of quantum mechanics.
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Let the generating function for the general linear symplectic case be written as

g(q′, q) =
1
2
(q′T DB−1q′ − 2qT B−1q′ + qT B−1Aq), (6.23)

in which q and q′ are vectors and the coefficients A, B, D are real matrices independent of
q and q′. (This form also appears as the exponent of the kernel of the metaplectic integral
transformation [4, 35, 31, 5].) We emphasise that, without any further constraints on the
coefficients, the GLT (more specifically the QLT) using this generator will correspond to a
linear symplectic transformation. In particular, by evaluating the second order derivatives
of g(q′, q) for all components on the left-hand side of equations (6.21) and by using the
results in equation (6.20), we find that the block partitions of the symplectic matrix are

S11 =
1
2
B(B−1A + (B−1A)T ),

S12 = B,

S21 = −(B−1)T +
1
2
(DB−1 + (DB−1)T )B

1
2
(B−1A + (B−1A)T ),

S22 =
1
2
(DB−1 + (DB−1)T )B. (6.24)

Now suppose that the QLT matrix coefficients satisfy the symplectic conditions (6.17).
It then follows easily that B−1A is symmetric and, after some algebra, that DB−1 is also
symmetric. The equations (6.24) then simplify, so that the symplectic matrix corresponding
to the QLT generated by g(q′, q) in equation (6.23) is

Sg =
(

A B
C D

)
, (6.25)

where C = −(B−1)T +(B−1)T
DT A, which is consistent with the third set of the conditions

(6.17). This is a particularly useful result, for it means that the form of the (central) QLT
corresponding to a given linear symplectic transformation can immediately be written down
from the block matrices of the symplectic matrix. Moreover, any homogeneous quadratic
generator can easily be cast into the form of equation (6.23), so enabling the corresponding
symplectic matrix to be identified.

We may also express the generator g in the form

g(q′, q) =
1
2
(q′T Pq′ − 2qT Lq′ + qT Qq). (6.26)

P, L, Q (P, Q symmetric and L invertible) can therefore be expressed directly in terms of the
matrices A, B, C in equation (6.23) and vice-versa. The corresponding symplectic matrix
then becomes

Sg =
(

L−1Q L−1

PL−1QLT PL−1

)
. (6.27)

This leads us to the important result that any symplectic matrix Sg can be uniquely written
as a product

Sg = v−P mLJv−Q, (6.28)

where

vP =
(

I 0
−P I

)
,
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mL =
(

L−1 0
0 LT

)
,

J =
(

0 I
−I 0

)
. (6.29)

Here, vP represents the (nilpotent) ‘lens’ or gauge sub-group, mL the (Abelian) confocal or
contact sub-group, and J is the symplectic metric matrix, which is also a member of the
rotation sub-group of Sp(n). We will find in the next chapter, that these generators and the
relation (6.28) have corresponding elements in the covering metaplectic group Mp(n) [5].

Finally, we note that, in accordance with section 6.4, the same symplectic transforma-
tion will be generated if α′q′ + αq + β is added to equation (6.23) in the manner of equa-
tion (6.22). Evaluation of the corresponding generalised Legendre transform shows that
such a generating function corresponds to a symplectic transformation and a translation
zS,α,α′ = (Bα, Dα + α′) in phase space. This implies that to any symplectic transforma-
tion S one may associate an arbitrary phase space translation, thus identifying a particular
member of the equivalence class of S. This brings us to the inhomogeneous (or affine) sym-
plectic group ISp(n), which is the product of the group of translations in phase space and
the group of symplectic transformations. ISp(n) therefore includes all symplectic trans-
formations and their equivalence classes as defined in section (6.4). Formally, one writes
ISp(n) � Sp(n) × R2n. Clearly, Sp(n) is a sub-group of ISp(n).

6.6 Inversion and involution of the generalised Legendre trans-

form

In this section, we define the inverse of the evolutive GLT and show that it corresponds to
a symplectic transformation, which is the inverse of that of the evolutive GLT. In contrast,
we also show that the involutive GLT does not correspond to a symplectic transformation,
and that its square is the identity.

6.6.1 The inverse of the evolutive form

From equation (6.9), the GLT of a function S(q, t) is

S′ (q′, t) = Gg

(
q′, Qt(q′), t

)
= S(Qt(q′), t) + g

(
q′, Qt(q′)

)
, (6.30)

where q = Qt(q′) is a solution of the GLT condition as defined in equation (6.8). In
accordance with equations (6.11) and (6.12), the vectors in the respective tangent spaces
to Q and Q′ are

p = −∂g (q′, q)
∂q

|q′=Qt
−1(q) (6.31)

and

p′ =
∂g (q′, q)

∂q′
|q=Qt(q′) . (6.32)

Now define the inverse GLT (IGLT) ĽgS
′(q, t) of S′(q′, t) as the stationary value of the

function

Ǧg

(
q′, q, t

)
= S′(q′, t) − g

(
q′, q

)
(6.33)
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with respect to q′. We confirm this definition by showing that the IGLT of S′(q′, t) as
defined by (6.30) is indeed S(q, t). The defining function for ĽgS

′ is therefore

Ǧg

(
q′, q, t

)
= S(Qt(q′), t) + g

(
q′, Qt(q′)

) − g
(
q′, q

)
. (6.34)

The stationarity condition ∂Ǧg(q′,q,t)
∂q′ = 0 gives

∂g (q′, q)
∂q′

|q=Qt(q′)=
∂g (q′, q)

∂q′
, (6.35)

where use has been made of the stationarity condition of the GLT given by equation (6.8).
The solution of equation (6.35) gives the stationarity condition of the IGLT as q′ = Qt

−1(q).
Under this condition, equation (6.34) gives

ĽgS
′(q, t) = ĽgLgS(q, t) = Ǧg

(
Qt

−1(q), q, t
)

= S(q, t) (6.36)

as the IGLT of S′(q′, t), thus confirming the definition of the IGLT at equation (6.33).
For the IGLT the vectors in the respective tangent spaces to Q′ and Q, under the

stationarity condition q′ = Qt
−1(q), are

p′ =
∂g (q′, q)

∂q′
|q=Qt(q′) (6.37)

and

p = −∂g (q′, q)
∂q

|q′=Qt
−1(q), (6.38)

which are the reverse respectively of those for the GLT in equations (6.31) and (6.32). Thus,
under the IGLT Ľg : Q′ → Q, the corresponding symplectic transformation Šg : Z ′ → Z is
the inverse of that for the GLT, i.e. Šg = S−1

g .

6.6.2 The involutive form

First, we show that the involutive form of the GLT does not correspond to a symplectic
transformation in phase space (except under very special conditions); we then show that its
square is the identity. We draw upon the approach of section 6.6.1.

The involutive GLT L∗
gS(q′, t) of S(q, t) is

S′ (q′, t) = G∗
g

(
q′, Q∗

t (q
′), t

)
= g

(
q′, Q∗

t (q
′)
) − S(Q∗

t (q
′), t), (6.39)

where q = Q∗
t (q

′) is the stationarity condition. Under this condition, the vectors in the
respective tangent spaces to Q and Q′ are found to be

p =
∂g (q′, q)

∂q
|q′=Q∗

t
−1(q) (6.40)

and

p′ =
∂g (q′, q)

∂q′
|q=Q∗

t (q′), (6.41)

in which only the sign of the former equation differs from that of the evolutive GLT. This
difference in sign means that the corresponding phase space mapping S∗

g : Z → Z ′ is
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not symplectic. This is easily seen by following this sign change through the analysis of
equations (6.13) to (6.19). In particular, the condition on g(q′, q) for the involutive GLT to
correspond to a symplectic transformation is found to be that

∂2g

∂η∂ζ
= − ∂2g

∂ζ∂η
, (6.42)

where η, ζ ∈ {q′1, ..., q′n, q1, ..., qn}. This condition holds if the mixed partial derivatives of
g are either zero (i.e. there is no transformation) or discontinuous (which is pathological
and highly unphysical). Thus, the involutive GLT does not correspond to a symplectic
transformation in phase space, except under these very special constraints.

To demonstrate the involutive nature of L∗
g, we apply it again to S′ = L∗

gS as given
by equation (6.39) and so show that L∗

gL∗
gS = S. Thus, the defining function for L∗

gL∗
g

is

Gg
∗∗ (

q′, q, t
)

= g
(
q′, q

) − (
g

(
q′, Q∗

t (q
′)
) − S(Q∗

t (q
′), t)

)
(6.43)

The stationarity condition ∂Gg
∗∗(q′,q,t)
∂q′ = 0 gives

∂g (q′, q)
∂q′

=
∂g (q′, q)

∂q′
|q=Q∗

t (q′), (6.44)

where use has been made of the stationarity condition for equation (6.39). The solution
of equation (6.44) gives the stationarity condition q′ = Q∗

t
−1(q) of equation (6.43), under

which the latter becomes

L∗
gS

′(q, t) = L∗
gL∗

gS(q, t) = Gg
∗∗

(
Q∗

t
−1(q), q, t

)
= S(q, t), (6.45)

thus showing that L∗
gL∗

g = 1, and confirming the involutive nature of L∗
g.

6.7 Some properties of the generalised Legendre transform

The properties discussed in the following sub-sections provide insight into the GLT and its
generating function.

6.7.1 Initial function non-uniqueness

Equation (6.7) is unchanged if it is written in the form

Gg

(
q′, q, t

)
= S̃ (q, t) + g̃

(
q′, q

)
, (6.46)

with

S̃ (q, t) = (S (q, t) + f (q))
g̃

(
q′, q

)
=

(
g

(
q′, q

) − f (q)
)
. (6.47)

In particular, the solution of (6.8), q = Qt (q′), the GLT S′ (q′, t), and the transformed
tangent space vector p′ = p′(q′) defined by (6.12) are all unchanged. The GLT generated
by (6.46), for any function f (q), therefore has the same transformed function, S′, and the
same tangent vector, p′ = p′(q′), in the transformed domain as does the case f (q) ≡ 0.
However, the symplectic map, Sg̃ : Z → Z ′, depends upon g̃ (q′, q) and so upon f (q).
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Thus, subject to the conditions on g for a well-defined GLT (see equation (6.19) and
following text), any function S̃ = S+f may be transformed under a GLT Lg−f : Q → Q′, to
a common function S′ defined as the GLT of S under g. Equally, under the corresponding
symplectic transform Sg−f : Z → Z ′, the tangent, p̃ = p̃(q) of S̃ = S + f , maps to a
common tangent vector, p′ = p′(q′), in the Z ′ domain defined by the GLT of S under g.
(This property is distinct from the non-uniquess of the Hamilton-Jacobi function for a given
Hamiltonian and trajectory in classical mechanics. See [19, p.36].)

6.7.2 Function invariance

We now examine the conditions under which a function equals its GLT. From equation (6.9),

S′ (q′, t) = Gg

(
q′, Qt(q′), t

)
= S(Qt(q′), t) + g

(
q′, Qt(q′)

)
, (6.48)

where q = Qt(q′) is a solution of the GLT condition as given in equation (6.8). The condition
S(q, t) = S′(q′, t) is obtained if g (q′, Qt(q′)) = 0, i.e. the trajectory q = Qt(q′) is on the
surface defined by g (q′, q) = 0. By a similar analysis, S and S′ differ only by a constant K,
if the same trajectory, q = Qt(q′), is on the surface defined by g (q′, q) = K.

6.7.3 Tangent invariance

From equations (6.11) and (6.12), the tangent vector is preserved under a GLT, i.e. p(q, t) =
p′(q′, t), if

∂g (q′, q)
∂q

+
∂g (q′, q)

∂q′
= 0 (6.49)

along the trajectory q = Qt(q′) of the GLT in the 2n dimensional space Q⊗Q′. Recall that,
in general, the trajectory of the GLT depends upon the forms of both S(q, t) and g (q′, q).

6.8 The generalised Legendre group?

In the previous sections, we found that there is a mapping between the set of generalised
Legendre transforms Lg, with generators g(q′, q) of quadratic or higher degree in q′ and
q, and the real symplectic group of transformations. We are led to ask whether, with the
definition of a binary operation (e.g. Lg2 ◦ Lg1 = Lg2◦′g1), the set of GLTs, G, also forms
a group (G, ◦), which could be said to be homomorphic to the symplectic group. This
possibility is hinted at by Alonso and Forbes [66], for the case of the fractional Legendre
transform (FLT), but it is not rigorously pursued there. To attempt an answer to this
question, it is necessary to show associativity under the binary operation and to demonstrate
the existence of the inverse (see section 6.6.1) and identity GLTs. While issues regarding the
possible multi-valuedness of the GLT would need to be addressed, the physical interpretation
of the action of the GLT suggests that this may be possible. If so, the point-to-point
transformations of the generalised Legendre group might then be said to be a realisation of
the symplectic group, in parallel with its realisation through the integral transformations of
the metaplectic group. Indeed, as we will show in Chapter 7, the stationary phase limit of
a metaplectic transform is obtained by using precisely the extremum condition that defines
the QLT. In this book, we will not pursue further the question of a generalised Legendre
group but instead leave it to be investigated elsewhere.
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6.9 Active and passive transformations

As described in the introduction to this chapter, generalised Legendre transformation may
play an active role (transforming a function within a given representation) or a passive role
(transforming a function between representations). Here, we clarify this distinction in the
context of classical mechanics.

6.9.1 Passive generalised Legendre transformation

Sections 6.2 and 6.3 introduced the GLT in its passive role of transforming a function
between different spatial representations. Thus, for example, the classical action S(q, t) at
the space-time point (q, t) is transformed from the q-representation to the q′-representation
by the action of the time-independent GLT generating function g(q′, q). The symplectic
structure of the evolution with respect to time in the original representation is thereby
preserved (locally or even globally) in the new representation.

In principle, it is possible to transform the action from the t-domain to a different tem-
poral domain t′ under the action of a GLT generator u(t′, t), say. Consideration of this
temporal form of passive GLT transformation is less common than the spatial form; the
symplectic (canonical) constraint of preserving Poisson brackets, which the GLT automati-
cally implies, applies to the q, p variables rather than to the t, E variables. Such space-time
asymmetry in the use of the passive GLT is not pursued further here.

6.9.2 Active generalised Legendre transformation

Let S(q, t) be the action of a classical system at the space-time point (q, t). Let the gener-
ating function of the motion be g(q, t, q0, t0) from some point (q0, t0). Then, the action at
the point (q, t) is the GLT of the action at (q0, t0). We show this as follows.

The action at the point (q, t), given the action at (q0, t0), is defined as

G(q, t, q0, t0) = S0(q0, t0) + g(q, t, q0, t0). (6.50)

However, for a classical trajectory, this action is an extremum with respect to variations in
the point (q0, t0). This corresponds to taking the GLT of S0(q0, t0). Thus, following through
the procedure for the GLT with respect to variations in q0, as described in section 6.2, we
obtain the tangent-space equations at the extremum condition as

p0 =
∂S0

∂q0
= − ∂g

∂q0

p =
∂S

∂q
=

∂g

∂q
, (6.51)

and so perform an active transformation from the action S0(q0, t0) to the action S(q, t)
between the fixed times t0 and t. In the process, the GLT gives the point-to-point mapping
q = Q−1(q0) between the space end-points.

Similarly, taking the GLT with respect to variations in t0, the tangent-time equations
at the extremum condition are

H0 = −∂S0

∂t0
=

∂g

∂t0

H = −∂S

∂t
= −∂g

∂t
, (6.52)
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in which the definitions of H0 and H are consistent with those of the Hamilton-Jacobi
equation of classical mechanics and with g being the generator of motion under a Hamil-
tonian H(q, p, t). This is an active transformation from the action S0(q0, t0) to the action
S(q, t) between the positions q and q0. The GLT condition gives the point-to-point mapping
t = T−1(t0) between the time end-points.

6.10 Applications of the generalised Legendre transform

We now give three examples of the action of the GLT; namely, for the simple harmonic
oscillator, the linear potential and an ensemble of particles propagating freely through a
focal point. In each case, we explicitly connect the GLT to the corresponding symplectic
transformation in phase space. In the last of the three examples, we also contrast the active
and passive roles of the GLT.

These examples each correspond to linear (and therefore global) symplectic maps. Al-
though this restriction has been adopted for convenience, it is not necessary in principle.
Generating functions of higher degree than the quadratic degree exemplified here produce
transformations that are only locally symplectic.

6.10.1 The simple harmonic oscillator

We consider the Hamiltonian H = (p2 + q2)/2 of a unit mass in a potential of unit natural
angular frequency. The evolution of the action S(q, t) is given by the GLT corresponding
to the generator of the motion

g(q, t, q0, t0) =
1
2
(q2 + q0

2)
cos (t)
sin (t)

− qq0

sin (t)
(6.53)

between the two fixed times t0 = 0 and t. Here, the argument t0 has been dropped from the
right-hand side of equation. This generator is a solution of the corresponding Hamilton-
Jacobi equation. The extremum conditions of the GLT yield the pair

p0 = − ∂g

∂q0
= −q0

cos (t)
sin (t)

+
q

sin (t)

p =
∂g

∂q
= q

cos (t)
sin (t)

− q0

sin (t)
, (6.54)

which, when rearranged, can be expressed as(
q
p

)
=

(
cos (t) sin (t)
− sin (t) cos (t)

) (
q0

p0

)
. (6.55)

This is a global symplectic map from the initial conditions (q0, p0) to the state (q, p) at
time t, by which the motion describes a circle clockwise in phase space as a function of
time. In this case, the GLT gives a direct mapping of an initial condition S0(q0) of the
Hamilton-Jacobi equation to a solution S(q, t) at time t.

In this example, the GLT is considered as an active transformation. It can also be
viewed as a passive transformation from the q0 domain to the q domain, or as a rotation
of a cartesian representation of the phase space through an anti-clockwise angle t. A fixed
point in the q0 domain then appears to rotate clockwise in the phase space (q, p).
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6.10.2 The linear potential

We now consider the Hamiltonian H = p2/2− aq of a unit mass in a constant force field of
magnitude a. The evolution of the action S(q, t) is given by the active GLT corresponding
to the generator of the motion

g(q, t, q0, t0) =
(q − q0)

2

2t
+ at

(q + q0)
2

− a2t3

24
(6.56)

between the two fixed times t and t0 = 0. Here, as in section 6.10.1, the argument t0 has
been dropped from the right-hand side of equation. This generator also is a solution of the
corresponding Hamilton-Jacobi equation. Analysing the extremum conditions on the GLT,
as in the previous section, we obtain the phase-space transformation equation(

q
p

)
=

(
1 t
0 1

) (
q0

p0

)
+

(
at2/2

at

)
. (6.57)

Here, the initial conditions (q0, p0) undergo a symplectic transformation, which corresponds
to a constant velocity translation, i.e. free propagation. The result is then added to the
state of a particle being accelerated from rest at the origin by the constant force a. Globally,
equation (6.57) is an inhomogeneous symplectic transformation, since it includes transla-
tions of the q, p components. On the other hand, the motion has local symplectic covariance
for fixed t.

It is not natural to view this GLT as a passive transformation from the q0 domain to the
q domain, for it is not a globally symplectic transformation. In our comparative work with
the Bohm interpretation of quantum mechanics, we wish to work in representations which
are related by linear (and thus global) symplectic transformations, in order to preserve the
linear canonical structure of the evolution in phase space.

6.10.3 Free propagation of an ensemble of particles through a caustic

Using an active GLT, we illustrate an ensemble of classical trajectories propagating freely
through a focal point (caustic) in coordinate space, where the action is shown to be singular
and through which it undergoes a change of sign. A passive GLT (actually an FLT) is then
used to transform the singularity out of the domain of interest by making a change of
representation.

We define the initial ensemble to have a uniform density on the line p0 = −aq0 in
phase space, where q > 0. The corresponding action is S0(q0) = −1

2aq2
0. The symplectic

transformation for the free propagation is(
q
p

)
=

(
1 t/m
0 1

) (
q0

p0

)
, (6.58)

where m is the particle mass, and from which the free propagation generator is obtained as

g(q, q0, t) =
m

2t
(q − q0)

2. (6.59)

The GLT of the initial (t = 0) action is an extremum of the function

G(q, q0, t) = S0(q0) + g(q, q0, t), (6.60)
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Figure 6.1: Classical action S(q, t) for free propagation through a caustic. The action
changes sign on passing through the singularity at time t = 1. Lines indicate contours of
S(q, t).

and is found from the condition that ∂G/∂q0 = 0. This condition defines both the trajectory
of the transformation and the transformed action as

q(q0, t) = q0(1 − (at)/m)

S(q, t) = − aq2

2(1 − (at)/m)
. (6.61)

As expected, the momentum p = p0 is found to be invariant under the transformation.
Equation (6.61) shows that the action is singular at t = m/a. We now illustrate this
example for a = m = 1. Figures 6.1 and 6.2 respectively show the action function and the
trajectories for the evolution of the ensemble. The phase space manifold and caustic plane
for the evolution are shown in figure 6.3. In this free propagation case, the contours of
constant momentum on the manifold are also ensemble trajectories. This figure also shows
that, under a change of representation by a rotation of the phase space coordinates, the
caustic could be removed from the time domain of interest. This change of representation
can be achieved by applying a passive GLT to the action S(q, t). In particular, we choose
a fractional Legendre transformation whose corresponding symplectic map is(

q′

p′

)
=

(
cos (θ) sin (θ)
− sin (θ) cos (θ)

) (
q
p

)
, (6.62)

and whose generating function is therefore

g(q′, q, θ) =
1
2

(q′2 + q2)
sin (θ)

cos (θ) − q′q
sin (θ)

. (6.63)

The passive GLT of S(q, t) is then the extremum of

G(q′, q, θ) = S(q, t) + g(q′, q, θ) (6.64)
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Figure 6.2: Classical trajectories for free propagation through a caustic.
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Figure 6.3: Phase space manifold and caustic plane for free propagation through a caustic.
Contours of the manifold are phase space trajectories in this case.
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Figure 6.4: Classical action S′(q′, t), in the θ = −π/3 representation, for free propagation
through a caustic. In this representation the caustic occurs at time t > 2. Lines indicate
contours of S′(q′, t).

with respect to q, and yields transformed action

S′(q′, t) = −1
2
q′2

(a cos (θ) + (1 − (at)/m) sin (θ))
(−a sin (θ) + (1 − (at)/m) cos (θ))

(6.65)

in the q′ domain. Choosing θ = −π/4 is sufficient to move the caustic to the t = 2 edge
of the domain t ∈ [0, 2]. Figures 6.4 and 6.5 respectively show the action S′(q′, t) and the
ensemble trajectories in the θ = −π/3 representation, in which the caustic is outside the
domain t ∈ [0, 2]. In fact, as equation (6.65) shows, in the θ = π/2 (i.e. the momentum)
representation the source of the caustic is no longer present, and the trajectories are lines
of constant momentum.

This example illustrates the ‘active’ and ‘passive’ roles of the GLT, and shows how a
caustic may be either displaced from the domain of interest or even removed by a suitable
choice of representation. The latter technique has been used to eliminate the errors that arise
at caustics during the semi-geometrical estimation of wave propagators in optics [66, 67].
Hamilton’s formulation of geometric optics, of course, has the same symplectic structure as
classical mechanics.

6.11 Conclusions

In this chapter, we have introduced and exemplified the properties of generalised Legendre
transformation, demonstrating its connection with the symplectic group of transformations
on classical phase space.

The key points in this chapter are summarised as follows:

• The generalised Legendre transformation is a generalisation of the evolutive form of
the Legendre transformation, and it is a point-to-point map of a function from one
domain to another. The GLT mapping is derived from an extremum condition, and
so it may be multi-valued.

• The action of the GLT may be lifted into phase space by conjoining the coordinate and
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Figure 6.5: Classical trajectories, in the θ = −π/3 representation, for free propagation
through a caustic.

tangent space transformations which link the original and transformed domains. Un-
der very weak conditions, it is found that to every GLT there corresponds a symplectic
transformation on phase space.

• Associated with any symplectic transformation, there is an equivalence class of gen-
eralised Legendre transformations whose members are related by arbitrary constant
translations in phase space. Each class may be represented by a ‘central’ GLT of
quadratic or higher degree for which these translations are zero.

• For a general linear symplectic map, the coefficients of the generator of the corre-
sponding ‘central’ quadratic Legendre transform may be expressed in terms of the
block-matrices from its symplectic matrix.

• A GLT can be used to perform a ‘passive’ change of representation. Alternatively, a
GLT can be used to perform an ‘active’ map from an initial state to a final state, so
representing the evolution of a system, often with respect to time. In particular, it is
an active GLT that propagates the action in classical mechanics or the characteristic
function in Hamiltonian optics. In its passive form, a GLT can be used to avoid rep-
resentation dependent singularities, as exemplified in the case of a classical ensemble
propagating freely through a focal point.

• We have suggested that the connection between generalised Legendre transformations
and the symplectic group is analogous to the homomorphism between the metaplectic
group and the symplectic group. This suggestion is supported by the direct corre-
spondence between the stationary phase limit of the metaplectic (quadratic Fourier)
transform and the extremum condition of the quadratic Legendre transform.
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There is further work to be done, particularly in investigating whether generalised Leg-
endre transformations can be comprised into a group. A successful outcome would open
up the possibility of decomposing such a generalised Legendre group into sub-groups to
parallel the decomposition of the symplectic group [31], and of formally relating it to the
metaplectic group.

The methods presented in this chapter apply particularly to the Hamilton-Jacobi for-
mulations of classical mechanics and to geometric optics. They may be regarded as the
short wavelength analogues of the integral transform methods used in the wave equation
formulations of quantum mechanics and wave optics.



Chapter 7

CANONICAL
TRANSFORMATIONS OF THE
WAVE FUNCTION: THE
METAPLECTIC TRANSFORM

In this chapter, we examine the metaplectic representation of the linear symplectic group,
and so provide methods for studying the Bohm interpretation in different representations.
It may be said that the metaplectic group Mp(n) of quadratic Fourier transformations is to
quantum mechanics what the quadratic Legendre transformations are to classical mechanics,
with parallel correspondences to wave and geometric optics. They respectively define the
transformations of the wave and action functions on coordinate space Rn

q , under symplectic
transformations respectively of the variables and operators (q, p) on a Rn

q ×Rn
p phase space.

The ‘phase space’ transformations of the symplectic group therefore underlie the ‘coordinate
space’ transformations of both the quadratic Legendre transform (QLT) and the quadratic
Fourier transform (QFT), so securing the invariance of the commutator and Poisson bracket
relations in quantum (wave) and in classical (geometric) mechanics (optics) respectively.
The QLT arises from the identification of particular point-to-point trajectories of extremal
action, using a zero derivative condition. On the other hand, the QFT is an integral
transformation over the domain of the initial wave function, which uses an exponential kernel
whose exponent is intimately related to the generator of a quadratic Legendre transform.
This latter correspondence arises from the structural correspondence between the linear
symplectic group and the metaplectic group, rather than from a comparison of large and
small scales of action. Classical and quantum linear canonical transformations are different
representations of the same symplectic ‘flows’ on Rn

q × Rn
p phase space. Thus, while the

action of the symplectic group upon Rn
q×Rn

p is common to quantum and classical mechanics,
it is on Rn

q coordinate space that the distinction and connection between quantum and
classical mechanics can be seen.

Classical and quantum systems lie respectively at the large and small extremes of the
action scale. Comparison of canonical transformations at these extremes of action scale
not only brings out the physical significance of the connection between the QLT and QFT;
it also brings to light the more general connection between the generalised Fourier trans-
form (GFT) (defined later in this chapter) and the generalised Legendre transform (GLT)
as presented in Chapter 6. In particular, if the initial wave function is expressed in po-
lar form, the stationary phase limit of the GFT is found to correspond precisely with the
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extremum condition of a GLT. This correspondence is central to understanding the relation-
ship between classical and quantum mechanics and to the derivation of the semi-classical
wave function. Both the connection between the GFT and the GLT across different action
scales, and the correspondence between the general group of symplectic transformations
Symp(n) and the GLT, suggest that the GFT might represent a more general group than
the metaplectic group, and that it might therefore be a basis for establishing a group ho-
momorphism1, which would extend beyond that between the linear transformation groups
Mp(n) and Sp(n). However, a general such homomorphism remains elusive [5].

The chapter is organised as follows. After examining the background to the metaplec-
tic group and the quadratic Fourier transform, we distinguish between active and passive
transformations. This leads into a discussion of scaling and of the use of unit-less rep-
resentations; a parameter of action scale is identified to distinguish between the classical
(large scale) limit and the quantum (small scale) limit. An examination of the large scale
limit of integral transformations of the wave function then leads to the identification of the
generalised Fourier transform and its connection to the generalised Legendre transform via
the symplectic group. The homomorphism between the symplectic and metaplectic groups
in the small scale limit is then examined in some detail, with special reference to the Bohm
interpretation. Finally, in a reference to the work of de Gosson [5], the transport of wave-
forms by a Bohmian flow on phase space is briefly examined. The chapter closes with a
summary of its key points.

7.1 Background

Formally, the metaplectic group Mp(n) is a double covering of the symplectic group Sp(n),
which can be realised as a group of unitary operators on L2(Rn). Our aim in this section
is to supplement this terse description with some background to Mp(n). The history of the
development and role of the metaplectic group can be sketched in two strands, respectively
residing in the physics and mathematics communities, which only recently have begun to be
drawn together [5]. In the following sub-sections, we draw on the latter reference, wherein
can be found detailed author references not given below. It is emphasised, however, that
the following is not a literature survey; it is merely a sketch of the territory and significance
of the metaplectic group.

7.1.1 Mathematics

In the mathematics community, rigorous constructions of the metaplectic group Mp(n)
emerged in the 1950s through the work of L. van Hove, on connections between canonical
transformations in classical and quantum mechanics, and of I. E. Segal, on dynamical
systems. Its study was then generalised by A. Weil in 1964. In 1965, it appears that V. P.
Maslov made the connection between the metaplectic group and the theory of asymptotic
solutions of partial differential equations - particularly WKB theory. J. Leray then made
use of Mp(n) in his development of Lagrangian Analysis in the 1970s. The latter work has
been continued by de Gosson who also, in his recent book [5], has provided an accessible
introduction to the symplectic and metaplectic groups in mathematics and physics. While
the representation of the linear symplectic group by the metaplectic group is well established,

1Homomorphism: A map, from one algebraic structure to another like structure, linked to the algebraic
operations in the two structures.
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the challenge of determining the ‘metaplectic’ representation of all symplectomorphisms
remains.

7.1.2 Physics

The appearance of Mp(n) in physics (and engineering science) has, until recently, seemed
haphazard and relatively unrecognised. Its first implicit appearance, in the 1820s, was in
the famous integral of Fresnel for calculating the intensity of the interference pattern arising
from the passage of light through two Young’s slits [4]. In 1890, Güoy [70] demonstrated
the rapid change of phase mπ/2 suffered by a focused beam on crossing through a focal
line (m = 1) or a focal point (m = 2). That the inversion of a beam through a focal line
suffers a phase shift of π/2 relative to a plane wave, rather than a phase shift of π - as
perhaps expected from geometric optics, is precisely connected with the double cover of
the symplectic group by the metaplectic group [71, 72]. A more modern demonstration of
the effect is provided in [73]. Thus, the metaplectic structure of wave optics on coordinate
space complements the symplectic structure of Hamilton’s formulation of geometric optics
on optical phase space.

The physical manifestation of the metaplectic group appeared later in mechanics than in
optics. The symplectic structure of Hamilton’s formulation of classical mechanics on phase
space was matched by the symplectic bracket structure of the Heisenberg picture of quantum
mechanics on operator phase space. However, it was within the formulation of quantum
mechanics on coordinate space, namely wave mechanics, that the role of the metaplectic
group in the evolution and transformation of the wave function was much later recognised.
It can be argued [5] that Schrödinger unknowingly discovered the metaplectic representation
of the symplectic group, when he discovered his wave equation, drawing, as he did, upon
Hamilton’s optical-mechanical analogy in the light of de Broglie’s matter waves hypothesis.
Hamilton’s analogy is powerful and pertinent: The underlying homomorphism between the
symplectic and metaplectic groups is reflected in the direct connection between the extremal
action (path length) principle of quadratic Legendre transformations in classical mechanics
(geometric optics) and the stationary phase limit of metaplectic transformations in quantum
mechanics (wave optics).

Since the late 1980s, awareness of the role and significance of the metaplectic group has
gradually increased within the physics community [31, 35]. The fractional Fourier transform
(a member of the metaplectic group) has appeared in the signal analysis of engineering
systems [74, 75] and of wave propagation through optical systems [76, 67, 77], to cite but a
few applications.

7.2 Generalising the Fourier transform: the metaplectic group

7.2.1 The Fourier transform

The unitary Fourier transform (FT),

[Fπ/2ψ](p) =
(

1
2πi

)n/2 ∫
exp (ipx)ψ(x)dnx, (7.1)

is the integral transform analogue of the conventional Legendre transform (LT). (This con-
nection and the choice of factor multiplying the integral are explained later in this chapter.)
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The inverse FT is

[F−π/2ψ](x) =
(

i

2π

)n/2 ∫
exp (−ipx)ψ(p)dnp. (7.2)

The FT is well known for its use in transforming functions from a coordinate space Rn
q to

a conjugate tangent space Rn
p . (Here, we exemplify the FT in the spatial coordinate repre-

sentation, for which q ≡ x.) The FT and the LT are respectively integral and differential
representations of π/2 rotation in the Rn

x × Rn
p phase space; such rotation belongs to the

special orthogonal sub-group of the symplectic group of transformations. The FT and LT
may be connected through the stationary phase limit of the FT. Applications of the FT
and its inverse are diverse and well-known in many fields, including signal processing, wave
optics and the solution of partial differential equations.

7.2.2 The fractional Fourier transform

Namias [78] made a heuristic extension of the FT to the fractional Fourier transform (FrFT).
The FrFT corresponds to rotations {α ∈ 	 | −π ≤ α ≤ π} in the phase space (x, p), and
it is a unitary representation of the special orthogonal sub-group of the symplectic group.
Namias also gave examples of the application of the FrFT to quantum mechanics. The FrFT
was subjected to more formal mathematical analysis by McBride and Kerr in [79]. There,
it was recognised that the operator Fα defined by Namias in terms of its eigenfunctions,

Fα exp (−x2/2)Hn(x) = exp (inα) exp (−x2/2)Hn(x), (7.3)

where Hn(x) is the nth Hermite polynomial, has a period 2π. The group of FrFTs is
therefore a single unitary covering of the rotation sub-group of the symplectic group. (Sig-
nificantly, the eigenfunctions are also those of the quantum harmonic oscillator of unit mass,
unit frequency and unit Planck constant.) Namias derived an integral representation of Fα

as

[Fαψ](y) =
(

exp(iπ/2 − iα))
2π sin (α)

)1/2 ∫
exp

(
i

sin (α)
(yx − 1

2
(y2 + x2) cos (α))

)
ψ(x)dx.

(7.4)

McBride and Kerr [79] made a rigorous study of this form, expressing it in a slightly
different way in order to address the cases when sin α is zero or negative. It is notable that
the symplectic and metaplectic groups are not explicitly mentioned in either of [78] and [79].

We refer to the integral representation (7.4) as the FrFT. (This is to be distinguished
from the less general fractional power Fourier transform (FpFT) Fpπ/2 which is defined for
0 ≤ p ≤ 1.) The correct choice of the phase factor multiplying the integral, which is required
to secure the continuity of the FrFT for all α ∈ 	 and to extend it to the whole of the linear
symplectic group, is closely related to Leray’s work on Lagrangian Analysis and is discussed
in detail by de Gosson in [5]. This leads us to the more general quadratic Fourier transform
(QFT) discussed in the next section. Here, we merely note that for α ∈ 	, the corrected
phase factor is proportional to im, where m (an integer, called the Maslov index) increments
by 1 each time sin (α) passes through zero, so producing a period of 4π and, hence, the
double cover of the symplectic group. In optics applications, sin (α) passing through zero
corresponds to passing through a focal point. One analyses the approach to such zeros by
replacing sin(α) by ±α. The knowledge that α = 0 corresponds to the identity operation
then determines the normalisation of the FrFT.
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It is notable that neither [78] nor [79] refers to the work of J. Leray on Lagrangian
Analysis and neither is mentioned by de Gosson [5], yet both were cited by the signal
processing and optics community in the 1990s.

7.2.3 The quadratic Fourier transform

The extension of the Fourier transform to the full unitary representation of the symplectic
group of linear transformations on a phase space of points (x, p) ∈ Rn

x × Rn
p must cover

not only the rotation sub-group, but also the nilpotent lens (or gauge) and the Abelian
contact (or confocal) transformation sub-groups of the symplectic group [31]. This covering
is developed by Guilleman and Sternberg [4] through a careful study of Hamilton’s for-
mulation of geometric optics, in relation to Fresnel’s integral in the wave theory of optics.
Littlejohn [35] reviews the relationship between the symplectic and metaplectic groups by
analysing the evolution and transformation of wave packets, in phase space and coordinate
space respectively. However, de Gosson [5] develops the connection more rigorously from a
mathematical standpoint, and in a way that is closest to our more heuristic approach here.

The form of the quadratic Fourier transform (QFT) emerges from the observation that
the argument of the exponential kernel under the integral of the FT or the FrFT is (propor-
tional to) the generator of the corresponding LT or FLT. By extending this correspondence
to the one between the QLT and the QFT, the latter is understood to be

[Fg,mψ](y) =
(

1
2πi

)n/2

im
√

(|detB−1|)
∫

exp (ig(y, x))ψ(x)dnx, (7.5)

where the generator of the QLT is

g(y, x) =
1
2
(yT DB−1y − 2xT B−1y + xT B−1Ax), (7.6)

as defined in equation (6.23). Here, x and y are vectors in Rn. The coefficients A, B, D
are real n × n matrices (independent of x and y) and are block partition matrices from
the corresponding symplectic matrix (6.25). The Maslov index m ∈ {0, 1, 2, 3} is such that
m ∈ {0, 2} if det(B−1) > 0 and m ∈ {1, 3} if det(B−1) < 0. Thus, in the case of the rotation
group, m counts the sequence of the four signs [+,−, +,−] of {sin(α)|α = 0 → 4π} i.e. over
a single period 2π of the QFT. There are therefore two values of m associated with each g.

When g = g(α) is the generator of the rotation group parameterised by α, there is
an important connection between the QFT Fg(α),m and the FrFT Fα. This is derived by
careful comparison of equations (7.5) and (7.4). Thus,

Fg(α),m = exp (−iα/2)F−α. (7.7)

From equation (7.3), it follows that Fg(α),m satisfies the eigenfunction equation

Fg(α),m exp (−x2/2)Hn(x) = exp (−i(n + 1/2)α) exp (−x2/2)Hn(x). (7.8)

It is clear from this equation that, whereas the FrFT Fα has a period of 2π (see equa-
tion (7.3)), the QFT Fg(α),m has a period of 4π corresponding to its double cover of the
(symplectic) rotation sub-group. The α/2 in the exponent of the eigenvalue of equation (7.8)
is at the heart of this double cover.
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7.2.4 The metaplectic group

The metaplectic group Mp(n) is the set of all products

F = Fg1,m1 ... Fgk,mk
(7.9)

of a finite number of quadratic Fourier transforms. Mp(n) is a connected Lie group, and
it has a projection Π : Mp(n) → Sp(n), whose kernel Π−1(I) consists of the two elements
±I ∈ Mp(n).

In the same way that a symplectic group Sp(n) can be generated by a set of symplectic
operators vP , mL and J (see section 6.5), so can the metaplectic group be generated by a
set of corresponding metaplectic operators VP , ML and Fπ/2. Thus,

Fg,m = V−P ML,mFπ/2V−Q (7.10)

where P, L, Q are the coefficient matrices of the generating function

g(y, x) =
1
2
(yT Py − 2xT Ly + xT Qx). (7.11)

P, L, Q can therefore be expressed directly in terms of the matrices A, B, C in equation (7.6)
and vice-versa. Explicitly, the operators V and M are

[ML,mψ](x) = im
√

(|detL|)ψ(Lx)

[VP ψ](x) = exp (− i

2
xT Px)ψ(x), (7.12)

which are unitary for the L2-norm, as is Fπ/2. Thus, all members of Mp(n) are unitary
operators. The reader is referred to [5] for more mathematical detail.

7.3 Active and passive transformations

We now consider the distinction between active and passive metaplectic (and symplectic)
transformations, and are necessarily led to discuss conventions for units in the physical
representation of the transformations.

7.3.1 Active transformations

Active transformations are mappings of a wave function within a given representation.
Formally, using Dirac’s bra(c)ket notation in Hilbert space,

|ψg〉m = Mg,m|ψ〉, (7.13)

in which metaplectic operator Mg,m maps the state |ψ〉 to the state |ψg〉m. Here the
Maslov index m is carried by the ket. In the representation of the operator q̂, this mapping
is expressed as

ψg,m(q) = 〈q̂(q)|ψg〉m = 〈q̂(q)|Mg,m|ψ〉
=

∫
〈q̂(q)|Mg,m|q̂(q′′)〉〈q̂(q′′)|ψ〉dnq′′ = [Fg,mψ](q), (7.14)
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in which the notation |q̂(q′′)〉 makes explicit both the basis-operator q̂ and the particular
eigenvalue q′′ of the ket. Active transformations include, as a sub-set, the Hamiltonian pre-
serving evolutionary maps that correspond to solutions of the time-dependent Schrödinger
equation. Thus, active transformations connect distinct states expressed in the same rep-
resentation basis.

In the physical space, since the units of the q and p components remain unchanged
under an active transformation, only the off-diagonal partitions of the phase space mapping
matrix carry conversion factors between the respective units of the spatial coordinate and
the momentum.

7.3.2 Passive transformations

Passive transformations are mappings of a wave function between different representation
bases. Thus, again in Dirac notation, a change of basis is formally described by

m〈Q̂g| = 〈q̂|Mg,m. (7.15)

So, for linear symplectic transformations of representation, the eigenfunction equation is
transformed through the sequence

q̂|q̂(q)〉 = q|q̂(q)〉
M†

g,mq̂Mg,mM†
g,m|q̂(q)〉 = qM†

g,m|q̂(q)〉
M†

g,mq̂Mg,m|Q̂g(q)〉m = q|Q̂g(q)〉m
Q̂g|Q̂g(q)〉m = q|Q̂g(q)〉m. (7.16)

The operator maps q̂ → Q̂g = M†
g,mq̂Mg,m and p̂ → P̂g = M†

g,mp̂Mg,m correspond to
the symplectic map ẑ → Ẑg = Sg ẑ, where z = (q, p). Notice that the Maslov index m is
cancelled out (and can therefore be dropped) in these operator transformations, so mapping
the double cover of the metaplectic transformation onto a single symplectic transformation.
The wave function in the basis of Q̂g is therefore

φg,m(Q) = m〈Q̂g(Q)|ψ〉 = 〈q̂(Q)|Mg,m|ψ〉
=

∫
〈q̂(Q)|Mg,m|q̂(q′′)〉〈q̂(q′′)|ψ〉dnq′′ = [Fg,mψ](Q). (7.17)

Thus, passive transformations connect different representations of the same state and gen-
erally do not preserve the form of the Hamiltonian; accordingly, they generally do not
represent Schrödinger evolutions.

In physical space, the question of units is more interesting for passive transformations
than for active transformations. Littlejohn [35] introduces passive transformations as those
which do not preserve units in the physical space, and gives as examples a spatial scaling and
a transformation from the coordinate representation to the momentum representation. In
these cases, scaling or unit-conversion factors are implicit in the diagonal or cross-diagonal
block partitions of the symplectic matrix. Under more general linear symplectic maps, the
coordinates Q and P in the transformed phase space are linear combinations of q and p
in the original phase space. Thus, in general, each element of the symplectic matrix in
physical space must contain a unit-conversion factor from the original to the transformed
phase space, in order to avoid adding quantities with different units. However, at the outset,
one must define the units of the output coordinate Q; the units of its conjugate momentum
P may then be defined by the constraint that the product QP has the units of action.
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In general, the choice of output coordinates for a passive transformation in physical
space will be determined by the required domain of measurement or prediction. However,
in this book, we make the simplifying assumption that the units of the output coordinates
are the same as those of the input coordinates, even if measurements or predictions are
made on a domain that is a transformation of one in which the system has previously
evolved [80]. Thus, as in the active case, the output coordinate representation for a passive
transformation will (by design) have the same units (for example space) as the input co-
ordinate representation. While this approach differs from that of Littlejohn [35], it allows
a consistent treatment of active and passive transformations. It also pragmatically sets
aside the conceptual difficulties of trying to visualise and understand what it would be like
physically to experience phenomena in momentum space or any other space symplectically
related to coordinate space. The author has attempted to achieve such visualisation and
understanding, and has come to the conclusion that he, at least, is not equipped to succeed
in the endeavour.

The theoretical representation of physical phenomena may be in any domain, of course,
and, in the next section, we shall choose unitless domains for that purpose.

7.4 Effects of scale

We have defined the operators of the symplectic and metaplectic groups in terms of unitless
variables, and have briefly discussed symplectic matrices in physical domains with units.
We now study how the symplectic group is manifested at different action scales. Although
systems of units are required to make measurements on physical systems, the effects of scale
can be expressed independently of units, so it is appropriate to represent the evolution and
transformation of physical systems in terms of unitless variables.

In this section, we show how constants of scale, which convert between the physical
representation and the unitless representation of symplectic maps, preserve symplectic co-
variance. In the unitless representation, an action scale parameter γ is introduced to express
the action scale of a system as a multiple of the fundamental physical scale of action h. We
bring out the role of the action scale parameter in the Poisson and commutator brackets,
in the Schrödinger equation and its polar form, and in integral transformations of the wave
function. In particular, the action scale parameter connects the action of the symplectic
group in a quantum system to that in the corresponding classical system. Accordingly, in
section 7.5, we shall show how extremes of the action scale parameter connect the GLT in
classical mechanics with the GFT in quantum mechanics.

7.4.1 Scale invariances of the symplectic group

Consider the flow (q, p) → (q′, p′) in the unitless domain Rn × Rn, which is given by the
symplectic map (

q′

p′

)
=

(
A B
C D

) (
q
p

)
. (7.18)

The symplectic conditions on the blocks of the partitioned matrix are given by equa-
tion (2.49). Whether for active or passive maps, the matrix may be considered to be a
function of a flow parameter (such as time, angle, etc.), but it is not necessary to make
this explicit for the present analysis. We now regard the flow (q, p) → (q′, p′) as a unitless
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representation of the flow (q̆, p̆) → (q̆′, p̆′) over a physical domain, whose dimensions and
scale are uniformly characterised by the scalar parameters Q0 and P0. Thus, in the physical
domain, (q̆, p̆) = (qQ0, pP0) for any (q, p), and so the map (7.18) becomes(

q̆′

p̆′

)
=

(
A BQ0/P0

CP0/Q0 D

) (
q̆
p̆

)
. (7.19)

Moreover, the blocks Ă = A, B̆ = BQ0/P0, C̆ = CP0/Q0, D̆ = D of the scaled matrix satisfy
all the conditions given by equation (2.49), so we still have a symplectic transformation in
the physical domain but with scaled off-diagonal partitions.

More generally, the scaling transformation z → z̆ (z = (q, p)T ) may be represented by
z̆ = ςz, where

ς =
(

κq 0
0 κp

)
, (7.20)

with κq and κp diagonal n × n sub-matrices, which are not necessarily multiples of the
identity. The matrix, S̆, in the physical domain is then related to symplectic matrix, S, in
the unitless domain by

z̆′ = ςz′ = ςSz = ςSς−1z̆ = S̆ z̆. (7.21)

The transformation of the symplectic map from the unitless to the physical domain may
then be expressed formally in terms of the inner automorphism

S̆ = ςSς−1. (7.22)

By definition, if ς is a scaling matrix, its determinant will not be unity, and so it cannot
be symplectic. If κq = Q0I and κp = P0I, that is they are both scalar multiples of the
identity, then equation (7.19) is retrieved; so re-emphasising that, for such isotropic scaling,
S̆ is symplectic if S is symplectic.

Even more generally, one may consider transformations to the physical domain that are
neither isotropic nor uniform. In the most general case, q and p are transformed to the
physical domain by κq and κp comprising ς, and q′ and p′ are transformed to the physical
domain by κq′ and κp′ comprising ς ′. So z̆ = ςz and z̆′ = ς ′z′, in which ς and ς ′ are not
necessarily diagonal, and generally ς ′ �= ς. The matrix S̆ in the physical domain is then
related to the symplectic matrix S in the unitless domain by

S̆ = ς ′Sς−1. (7.23)

By again using the symplectic conditions in equation (2.49), it is straightforward to show
that S̆ is symplectic if S is symplectic, if

κqκ
T
p = κq′κ

T
p′ = ΥI, (7.24)

where I = 1n×n, and Υ is a scalar having the units of action. This result shows that
symplectic covariance is assured if i) the action scale of transformation to the physical
domain for the original state is the same as that for the symplectically mapped state,
ii) in each case the same action of transformation is equally shared between all degrees
of freedom, and iii) coordinate and momentum transformations into the physical domain
satisfy a conjugacy relation, i.e. κT

p = Υκ−1
q and κT

p′ = Υκ−1
q′ .

The above analysis has provided insights into the constraints of symplectic covariance
by considering quite general transformations to a physical domain. Subsequently, we shall
restrict our analysis to uniform isotropic transformations, for which κq = κq′ = Q0I and,
correspondingly, κp = κp′ = P0I.
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7.4.2 The action scale parameter

In both quantum and classical mechanics, the action represents the state of a system as
a function of its coordinates and of time. From the action are derived momentum and
energy, and thus a phase space representation. For classical mechanics, the differential
action equation in the physical domain is

dS̆ = p̆dq̆ − H̆dt̆. (7.25)

A similar equation, (2.23), applies for the action SQ in quantum mechanics. By using the
(uniform and isotropic) physical scales S0, Q0, P0, H0 and T0, we may express equation (7.25)
in terms of unitless variables as

S0dS = Q0P0pdq − T0H0Hdt. (7.26)

The scale invariance of the relation (7.25) is guaranteed, if, in equation (7.26), we set

S0 = Q0P0 = T0H0, (7.27)

This equation is a relation between the intrinsic momentum-energy scales, P0, H0, and
the extrinsic coordinate-time scales, Q0, T0; the action scale S0 for a system is expressed in
terms of these scales. (We give examples of the determination of such scales in section 7.4.3.)
Moreover, equation (7.27) satisfies the conditions for symplectic covariance, as discussed in
section 7.4.1.

S0 is a measure of the size of a system, which we express in terms of the unitless
parameter γ as

S0 = γh. (7.28)

Similarly, in the more general notation of equation (7.24), Υ = γh. γ > 0 is a unitless
action scale parameter which, at its extremes [1/2,∞), discriminates between classical and
quantum systems. Thus, while quantum mechanics provides a lower bound, h/2, on the
range of action scales [5, p.121], classical mechanics appears not to furnish a corresponding
upper bound. Planck’s fundamental scale of action, h, is therefore a ‘mark in the sand’ on
the absolute scale of physical action. (In passing, we observe that γ is inversely proportional
to the unitless and real parameter h in the theory of quantum algebras [81], where the
deformation parameter, q, is defined by q = exp (h).)

For convenience, we also make use of the unitless parameter γ, which is defined by the
relation γh = γ�. Thus, γ = 2πγ, and so γ ∈ [π,∞).

7.4.3 Determination of action scale

The action scale is determined from the product of characteristic length and momentum
scales or characteristic energy and time scales. Figure 7.1 shows the different regimes of
action scale, summarises the relations between the different parameter scales and identifies
intrinsic (momentum-energy) and extrinsic (space-time) scale parameters. For a physical
Hamiltonian of the form

H̆ =
p̆2

2m̆
+ V̆ (q̆), (7.29)
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Figure 7.1: Schematic of the different regimes of action scale, summarising the relationships
between the different scale parameters.

a corresponding unitless form is

H =
p2

2m

(
P 2

0

H0m0

)
+

V̆ (Q0q)
H0

. (7.30)

The relation between the momentum, spatial and energy scales may then be chosen both
to cast equation (7.30) into a form convenient for analysis and to satisfy equations (7.27)
and (7.28). Expressions for Q0, P0, T0, H0 in terms of the action scale γ then follow, which
conversely allow γ to be determined from the parameters of the system. By this method a
given system may be located in the (T0, τ0) and (Q0, λ0) spaces depicted in Figure 7.1.

Examples of this approach to scaling and the determination of γ are presented in detail
in Chapter 10. For the quantum harmonic oscillator, setting H0/2 = P 2

0 /(2M0) = V̆ (Q0)
produces a convenient form for the unitless Hamiltonian. A natural time scale is provided
by the angular frequency, i.e. T0 = ω, and the choice H0 = (n + 1/2)hω means that that
γ = (n + 1/2), n = 0, 1, 2, ..., where n counts the eigenstates. In contrast, for the classical
harmonic oscillator, γ = H̆/(hω) has a continuum of values. In the case of a free particle,
the momentum scale may be defined, and the energy scale follows for a given particle mass.
However, the spatial scale must be sought from the environment, e.g. from obstacles such
as slits, in order to define the action scale; if such a scale cannot be found it will not be
possible to discriminate between classical and quantum behaviour.

7.4.4 Scaling the Poisson and commutator brackets

It is easy to show that the Poisson bracket of classical mechanics {q̆, p̆} = {q, p} = 1 is
invariant to the action scale, while the quantum commutator bracket [q̆, p̆] = i� in its
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unitless form [q, p] = i/γ is not. In particular, the commutator bracket is zero at the limit
of γ → ∞. A parallel contrast is observed between the scale invariance of the definition of
classical momentum p = ∂S/∂q and the scale dependence of the Schrödinger representation
of the momentum operator p = − i

γ
∂
∂q . On the other hand, the definition of the Bohm

momentum ∇S is scale invariant.

7.4.5 Scaling the Schrödinger equation

The Schrödinger equation is converted to unitless form by first making the physical scales
explicit, so that

i
�

T0

∂ψ

∂t
= H0Hψ, (7.31)

and then using (7.27) to obtain

i
1
γ

∂ψ

∂t
= Hψ. (7.32)

Here, the unitless Hamiltonian

H =
p2

2m
+ V (q), (7.33)

with p = − i
γ

∂
∂q , has the physical form

H̆ =
(

p̆2

2m̆
+ V̆ (q̆)

)
, (7.34)

with p̆ = −i� ∂
∂q̆ , where

V̆ (q̆) =
P̆0

2

M̆0

V (q̆/Q0). (7.35)

The mass scale M0 is typically the physical mass of the system, and H0 = P̆0
2

M̆0
is the energy

scale. Equations (7.33) and (7.34) hold for both classical and quantum mechanics. We
observe that, aside from the differences of scale, the physical and unitless forms of the
Schrödinger equation are related by the exchange � ↔ 1

γ .

7.4.6 Polar decomposition of the unitless Schrödinger equation

Since the physical and unitless forms of the Schrödinger equation are related by the exchange
� ↔ 1

γ , the polar decomposition of the unitless Schrödinger equation, with ψ = R exp (iγS),
has the same form as the polar decomposition of the physical Schrödinger equation with
ψ̆ = R̆ exp (iS̆/�). Thus, the exchange � ↔ 1

γ also relates the physical and unitless forms
of the equations of the Bohm interpretation. The Bohm equations in unitless form are
therefore

∂S

∂t
+

(∇S)2

2m
+ V (q) + Q(q) = 0 (7.36)
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and

∂ρ

∂t
+ ∇

(
ρ
∇S

m

)
= 0, (7.37)

where the quantum potential is

Q = − 1
2mγ2

∇2R

R
. (7.38)

In the large scale limit γ → ∞, Q → 0 and equation (7.36) then has the form of the classical
Hamilton-Jacobi equation. The form of the probability conservation equation (7.37) is scale
invariant.

7.4.7 The action scale in integral transformations of the wave function

The role of the action scale γ in integral transformations of the wave function may be deter-
mined by ensuring consistency with classical mechanics, and by insisting that, at all action
scales, the transformed wave function depends upon both the generator of the transforma-
tion and the phase of the wave function being transformed. In the following, we identify
the role of γ by considering separately active and passive integral transformations.

The active transformation

In general, an active transformation of the wave function ψ : Rn ×R → C may be written
in the form

ψ′(q′, t′) =
∫

exp (iag̃(q′, t′, q, t))ψ(q, t)dnq, (7.39)

in which g̃ ∈ C, and a is an arbitrary real scaling factor which we will fix in the following
analysis. In any given representation, the transformed wave function is a solution of a
unitless Schrödinger equation, for which the form of the Hamiltonian remains unchanged
during the evolution. So

∫ (
a

γ

∂g̃

∂t′
+ H(q′, p′)

)
exp (iag̃(q′, t′, q, t))ψ(q, t)dnq = 0, (7.40)

in which the initial wave function ψ(q, t) may be an arbitrarily prepared state or the solution
for another Hamiltonian, describing, for example, a measurement process. This condition
is satisfied if g̃ is a solution of

(
∂g̃

∂t′
+ H(q′, p′)

)
exp (iγg̃(q′, t′, q, t)) = 0, (7.41)

where we have chosen a = γ, so bringing this equation into formal correspondence with the
classical Hamilton-Jacobi equation. Were we to define p′C = ∇q′ g̃, then g̃ could be regarded
as a generator of motion in a complex phase space (q′, p′C).
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The passive transformation

We now consider the case of (time-independent) passive transformations between different
symplectically related representations, which may be applied to the wave function at any
time. Such transformations may be expressed as

φ′(q′, t) =
∫

exp (ibg̃(q′, q))ψ(q, t)dnq. (7.42)

Here, the generator g̃ might be labelled by a continuous parameter θ, for example, which
parameterises a group of passive transformations, as time parameterises active transforma-
tions. b is an arbitrary real scaling factor which is determined below.

The choice of the arbitrary parameter b is made, as in the active case, by seeking
correspondence with the classical limit γ → ∞. However, since passive transformations
do not necessarily correspond to a Schrödinger evolution, the determination of b is made
through the use of the polar form ψ = R exp (iγS), so

φ′(q′, t) =
∫

R(q, t) exp (iγ(S(q, t) +
b

γ
g̃(q′, q))dnq. (7.43)

Consider b ∼ γm in the limit γ → ∞: for m > 1, the integral is dominated by bg̃(q′, q)
to the exclusion of S, whereas for m < 1, the converse is true. To retain the relevance of
both S and g̃ in the transformation for γ ∼ 1 and in the limit γ → ∞, we must therefore
choose b ∼ γ. Specifically, we choose b = γ, so achieving consistency with the case of active
transformations.

7.5 Large scale limit of integral transformations of the wave

function

In the previous section, we have seen how the transformation (or evolution) of the wave
function may be expressed as an integral transform of an initial wave function, using a
kernel which is the complex exponential of a ‘generating’ function multiplied by the action
scale parameter γ. We now examine the large scale limit of this integral transform and
show how, by introducing a further factor (the van Vleck determinant of the generating
function) into the integral transform, this limit is the semi-classical wave function, whose
magnitude and phase are respectively transformed by the coordinate and phase mappings
of the corresponding generalised Legendre transform. We also show that the quantum
potential for the large scale wave function is indeed zero. The analysis of this section
applies equally to active and passive transformations.

7.5.1 The large scale limit for the kernel of unit magnitude

We initially consider an integral transformation of a wave function, without explicit param-
eterisation, having a kernel of unit magnitude (and thus) a real generator g

ψ′(q′) =
∫

R(q) exp (iγ(S(q) + g(q′, q)))dnq, (7.44)

which may represent either an active or a passive transformation. Here, we have adopted
the polar form of the wave function. We now examine the large scale γ → ∞ limit of this
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integral transformation and make explicit its correspondence with the generalised Legendre
transformation (GLT).

The large scale limit is obtained by the method of stationary phase. (See [5, p.294]
or [82, p.51], for example.) For convenience, let G(q′, q) = S(q) + g(q′, q), whereupon

ψ′(q′) =
∫

R(q) exp (iγG(q′, q))dnq. (7.45)

The principle of stationary phase (attributed to Stokes and Kelvin), states that the principal
contribution to the integral comes from critical points, at which ∇qG(q′, q) = 0, and from
the boundaries of the integral. To first approximation, the contribution from the critical
points dominates that of the boundaries. Considering one such critical point q = r(q′), and
quadratically expanding G(q′, q) − G(q′, r) = Φ(y = q − r) = yT My, one finds that

limγ→∞ψ′(q′) =
(

2πi

γ

)n
2 1

[Hessqq(G(q′, q))q=r(q′)]
1
2

R(r(q′)) exp (iγG(q′, r(q′))). (7.46)

However, from Chapter 6, S′(q′) = G(q′, r(q′)) is the GLT of S(q) (for the critical point
q = r) and so the large scale limit of the integral becomes

limγ→∞ψ′(q′) =
(

2πi

γ

)n
2 1

[Hessqq(G(q′, q))q=r(q′)]
1
2

R(r(q′)) exp (iγS′(q′)). (7.47)

Thus, we have retrieved a polar form for the transformed wave function in the large scale
limit, which has a simple relation to the initial wave function via the GLT of the phase and
the ‘push-forward’ of the amplitude from the initial (critical point q = r(q′)) to the final
point q′.

7.5.2 Correcting the kernel to obtain semi-classical and metaplectic cor-

respondence

We now address the two factors multiplying the polar form in equation (7.47), and make a
connection not only with the metaplectic transformation but also with the well-established
form of the semi-classical wave function. The Hessian term may be re-expressed using

Hessqq(G(q′, q))
(

dq

dq′

)
= Hessq′q(−g(q′, q)), (7.48)

as evaluated at q = r(q′), and in which

dq

dq′
= det

(
∂qi

∂q′j

)
, 1 ≤ i, j ≤ n, (7.49)

is the Jacobian determinant of the mapping q′ → q. This result is derived by examining
the variation δr of the solution r = r(q′) for a variation δq′, subject to the GLT condition
that δG = 0. In terms of classical mechanics, one examines the sensitivity of changes in the
initial point to those in the end-point of the trajectory. The term

Hessq′q(−g(q′, q)) = det

(
∂pi

∂q′j

)
, 1 ≤ i, j ≤ n, (7.50)
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is called the van Vleck determinant or density, and it measures the sensitivity of changes in
the initial momentum to those in the end-point of the trajectory. Use of this form enables
us to make a direct connection with the metaplectic transformation (7.5). Thus, using the
result (7.48), equation (7.47) may then be written as

limγ→∞ψ′(q′) =
(

2πi

γ

)n
2 1

[Hessq′q(−g(q′, q))q=r(q′)]
1
2

(
dq

dq′

) 1
2

R(r(q′)) exp (iγS′(q′)).

(7.51)

Now, suppose g(q′, q) has the homogeneous quadratic form of equation (7.6). One immedi-
ately sees that the product of the first two terms of equation (7.51) is precisely the reciprocal
of the multiplier of the integral in equation (7.5), when account is taken of the factor γ mul-
tiplying g in the former equation. Let us suppose, therefore, that we had instead defined
the integral transformation (7.45) as

ψ′(q′) =
( γ

2πi

)n
2

∫
[Hessq′q(−g(q′, q))]

1
2 R(q) exp (iγG(q′, q))dnq. (7.52)

The large scale limit of this integral transformation is

limγ→∞ψ′(q′) =
(

dq

dq′

) 1
2

q=r(q′)
R(r(q′)) exp (iγS′(q′)), (7.53)

at the critical condition q = r(q′). It can be seen that this large scale limit corresponds to a
unitary transformation, regardless of whether or not the integral transformation is unitary.

7.5.3 The Morse index

Suppose that the generating function is parameterised by t and t′, i.e. g = g(q′, q, t′, t).
The map q → q′ may then be considered as a map from the initial to the final point of
a trajectory q(t) → q′(t′) in a ‘flow’ on coordinate space. At certain points along such a
trajectory, S′, which is the generalised Legendre transform of the initial action, may not be
well defined. At such points, the Jacobian determinant in (7.53) passes through zero and
changes sign. To account explicitly for this effect, the sign of the Jacobian determinant is
extracted and its root expressed as im. Thus,

limγ→∞ψ′(q′) = im(t′,t)‖
(

dq

dq′

)
‖

1
2

q=r(q′)R(r(q′)) exp (iγS′(q′)). (7.54)

m(t′, t) indexes the sign changes of the Jacobian determinant under the flow from t to t′;
it is called the Morse index and is related to the Maslov index on phase space. The optical
analogue is of a bundle of rays passing through a focal point, where is it is clear that dq
and dq′, respectively on either side of the focal point, are of opposite sign. For points q′

where there are K > 1 critical points qk = rk(q′) of G(q′, q), one obtains a sum over their
contributions to the integral (7.52) so that

ψ′
∞(q′) =

∑
k=1..K

imk‖
(

dq

dq′

)
q=rk(q′)

‖
1
2

R(rk(q′)) exp (iγS′
k(q

′)). (7.55)

Locations q′ having K > 1 critical points correspond to caustics such as focal points in the
trajectories. Equations (7.54) and (7.55) correspond exactly to well-known expressions for
the semi-classical wave function at caustic and non-caustic points respectively [5, 67].
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7.5.4 The generalised Fourier transform

The outcome of the previous sub-sections is that an integral transformation of the form (7.52),
leads to the correct form of the semi-classical wave function in the large scale limit. We
call this integral transform the generalised Fourier transform (GLT), and express it more
generally as

ψ′(q′) =
∫

Gγ(q′, q)ψ(q)dnq, (7.56)

where

Gγ(q′, q) =
( γ

2πi

)n
2

η
1
2
g exp (iγg(q′, q)), (7.57)

and

ηg(q′, q) = Hessq′q(−g(q′, q)) (7.58)

is the van Vleck determinant of g. The case of g(q′, q) quadratic in q and q′, for which
the Hessian is independent of q and q′, corresponds exactly to the metaplectic or quadratic
Fourier transform (7.5), once the Maslov index term is extracted from the square-root of
the Hessian (van Vleck density) term. Moreover, through the large scale limit, we have an
exact correspondence between the generalised Fourier transform (GFT) and the generalised
Legendre transform (GLT). The results of this and previous sub-sections apply to both
active and passive transformations.

7.5.5 The quantum potential for the large scale wave function

Finally, in this section, we consider the active transformation in the large scale limit for any
Hamiltonian and corresponding classical generator g. Formally, the Schrödinger equation
should still apply. In equation (7.53), which applies away from caustics, we define

R′(q′) =
(

dq

dq′

) 1
2

q=r(q′)
R(r(q′)), (7.59)

and then substitute ψγ→∞ = R′(q′) exp (iγS′(q′)) into the Schrödinger equation, as in sec-
tion 7.4.6. It is a general property [5] of a density R′2(q′) satisfying (7.59) that it also
satisfies a continuity equation of the form (7.37) for a flow whose Jacobian determinant is
defined as in equation (7.49). Furthermore, under the GLT with generator g, S′(q′) is a
solution of the Hamilton-Jacobi equation, so the quantum potential in equation (7.36) must
be zero for the large scale wave function. This conclusion is consistent with the large scale
limit of the quantum potential equation (7.38).

7.5.6 Summary of the large scale limit

In this section, we have demonstrated that, in the large scale γ → ∞ limit of the action,
there is a direct connection between the GFT and the GLT. Through the latter, we have
also made an indirect connection between the GFT and symplectic transformations on the
phase space (q, p) ∈ Z; the initial and final momenta, p′ = ∇q′g and p = −∇qg, arising in
the GLT are those of the symplectic map corresponding to the GFT in the γ → ∞ limit. In
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this (often called semi-classical) limit, the initial phase of the wave function is transformed
by the GLT and the amplitude is carried (pushed forward) by the symplectic map generated
by g. We have assumed only that g is real, and have made no reference to its physical source
or meaning.

7.6 Small scale limit of integral transformations of the wave

function

7.6.1 The homomorphism of Sp(n) and Mp(n)

In the γ ∼ 1 small scale limit, the stationary phase method cannot be used to establish a
correspondence between the GLT and the GFT. Rather, this correspondence exists, in part,
as a homomorphism between the linear symplectic group of transformations Sp(n) (arising
from QLTs) and the group, Mp(n), of QFTs [5, p.233]. An extension of such a homomor-
phism to the general group of symplectomorphisms, so making general the correspondence
between the GLT and the GFT, has yet formally to be made [5, p.312]. For this reason,
work in this book is restricted to transformations of the linear symplectic group Sp(n).

The relationship between Mp(n) and Sp(n) is summarised in the following theorem [5,
Theorem 189]:

(1) The mapping Π0 which to Fg,m ∈ Mp(n) associates S ∈ Sp(n) can be extended to a

mapping Π : Mp(n) → Sp(n) such that Π(F ′F) = Π(F ′)Π(F)

(2) The mapping Π is determined by the condition

(q′, p′) = Π(Fg,m)(q, p) ⇔ (p′ = ∇q′g(q′, q), p = −∇qg(q′, q)) (7.60)

(3) Π is surjective and two-to-one, hence Π is a covering mapping and Mp(n) is a dou-
ble cover of Sp(n).

This theorem, whose proof is sketched in [5], establishes the direct correspondence be-
tween Sp(n) and Mp(n) as a homomorphism. However, one can also see, in (2) above, that
the correspondence is made through the use of the generator g, which is not only common
to the QFT and QLT on configuration space but is also the generator of a linear symplectic
map on phase space. The implication of this theorem is that to each Fg,m ∈ Mp(n) there
corresponds an Sg ∈ Sp(n), so that the QFTs of the wave function may be tracked by linear
symplectic maps in phase space. (See section 7.2.4 for the decomposition of Fg,m.)

7.6.2 Active transformations

The theorem of the previous section means that in the small scale γ ∼ 1 limit, as in the
γ → ∞ limit of the GFT, one may associate with a QFT of the wave function the linear
symplectic map on phase space which arises from the corresponding QLT. If the quadratic
generator of the QFT is also the generator of a Hamiltonian flow parameterised by time,
the corresponding symplectic flow on phase space is therefore also a Hamiltonian flow. This
γ ∼ 1 correspondence is not established in general for GFTs of higher order than the QFT,
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and so it is limited to Hamiltonians which are at most quadratic in q and p. For active
transformations (see sub-section 7.3.1), this normally implies a restriction to potentials
which are at most quadratic in q.

The quadratic restriction can be exemplified in the quantum case, i.e. for γ ∼ 1, by
examining the conditions upon Gγ , and therefore upon g, such that ψ′ is a solution of the
Schrödinger equation when g is parameterised by time. From section 7.4.7, the Schrödinger
condition means that (

∂g̃

∂t′
+ H(q′, p′)

)
exp (iγg̃(q′, q)) = 0, (7.61)

where in this case

g̃(q′, q) = g(q′, q) − i

γ
ln

(√
ηg

)
− i

γ
ln

( γ

2πi

)n
2
. (7.62)

For the unitless Hamiltonian H = p2/2m+V (q), in which p = − i
γ∇, equation (7.61) results

in the familiar equations for g and √
ηg, which are

∂g

∂t′
+

(∇q′g)
2m

+ V + Qg = 0, (7.63)

where

Qg = − 1
2mγ2

∇2
q′
√

η
g√

η
g

, (7.64)

and

∂ηg

∂t
+ ∇

(
ηg

∇q′g

m

)
= 0. (7.65)

We emphasise that these are equations for the generator g and its associated density η, even
though they have the same form as those for the amplitude and phase of the wave function
in the Bohm interpretation.

If we insist that the generating function g for the Hamiltonian H is quadratic, then
Qg = 0. Moreover, it is clear from the above that ηg, the van Vleck determinant of g,
satisfies the continuity equation (7.65) as expected. See [5, p.280]. Whilst the condition
Qg = 0 may also be satisfied by certain higher than quadratic forms of g, g quadratic in q′

and q also meets the requirements of unitarity of the transformation. The potential V (q)
correspondingly is limited to be at most quadratic in q. Thus, only for such potentials, is
the γ ∼ 1 correspondence between the GFT and the GLT (i.e. between QFT and QLT)
maintained, both of which are then representations of linear symplectic maps of the phase
space variables (q, p). This example also brings out the key point that the symplectic
flow, which is central to the correspondence between Sp(n) and Mp(n), is to be clearly
distinguished from the Bohmian flow associated with the evolution of the wave function
itself, which in this case is described by the QFT.

If, on the other hand, we relax the above constraints and consider an arbitrary potential
V (q), a solution of equation (7.61) may be sought by a perturbative method in which g̃
is expanded as g̃ =

∑
k=0,1,...(g̃k/γk), with g̃0 the generator for the corresponding classical

Hamiltonian. By collecting coefficients of 1
γk , a sequence of ‘Hamilton-Jacobi’ equations is

obtained, which in principle can be solved iteratively. Such an approach does not necessarily
conform to the constraint that the wave function be expressible in the form of a GFT as
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defined in equation (7.57), and it leads into territory for which the symplectic - metaplectic
correspondence is not yet established. While we do not further pursue the iterative approach
here, it has been used by Davis and Ghandour [83], and by Kim and Lee [84], in more general
investigations of quantum canonical transformations.

Alternatively, were we to insist that the wave function always be expressible in the form
of the GFT, so securing for γ ∼ 1 the connection with the GLT and general symplectic
transformations that holds for γ → ∞, then, as de Gosson shows [5, p.288], the wave
function would need to satisfy a modified Schrödinger equation of the form

i�
∂ψ

∂t
= (Ĥ − Q̂g)ψ (7.66)

where

[Q̂gψ](q′, t′) =
∫

Gγ(q′, q; t′, t)Qg(q′, q; t′, t)ψ(q, t)dnq. (7.67)

This form reduces to the Schrödinger equation for Hamiltonians of no higher than quadratic
degree, for which Qg ≡ 0, but it is not further investigated here.

7.6.3 Passive transformations

The correspondence between Sp(n) and Mp(n) also applies to the action of Sp(n) on the
operator space (q̂ = q, p̂ = i/γ∇) ∈ Ẑ, which acts on the Hilbert space of square inte-
grable functions in the Schrödinger representation [31]. Once again, the focus upon the
symplectic group of transformations is motivated by the preservation of the bracket rela-
tion [q̂, p̂] = i/γ. Littlejohn [35, p.219] provides an explicit derivation of the QFT kernel,
which is the matrix element 〈q̂(Q)|Mg,m|q̂(q′′)〉 of the metaplectic operator Mg,m, as used
in section 7.3.2. Thus, QFTs acting on the space of square integrable functions are also
tracked by symplectic transformations of the operator space Ẑ. However, crucially for our
use of passive transformations, the correspondence between Mp(n) and Sp(n) is even more
intimate. For when the QFT is applied to the operation of a function f(q̂, p̂) upon the wave
function, the operator function transforms in a symplectically covariant manner while the
wave function upon which it then acts is transformed by the corresponding QFT. Thus,

f(q̂, p̂)ψ(q) → Fg,m[f(q̂, p̂)ψ](q′) = f(M†
g,mq̂Mg,m,M†

g,mp̂Mg,m)[Fg,mψ](q′)
=f(q(q̂′, p̂′), p(q̂′, p̂′))[Fg,mψ](q′) = f ′(q̂′, p̂′)[Fg,mψ](q′), (7.68)

where (M†
g,mq̂Mg,m,M†

g,mp̂Mg,m)T = (q̂′, p̂′)T = S(q̂, p̂)T . The implications of (7.68) for
the solution of the Schrödinger equation are that, in examining different representations, one
may either transform the operators symplectically and then solve the Schrödinger equation,
or solve the Schrödinger equation in the original domain and then transform the wave
function using the corresponding QLT. The results are the same. Thus, by applying the
QFT to the Schrödinger equation

i�
∂ψ

∂t
= H(q̂, p̂), ψ (7.69)

it is passively transformed from the q-representation to the q′-representation, in which its
form is therefore

i�
∂φg,m

∂t
= H(q(q̂′, p̂′), p(q̂′, p̂′))φg,m = H ′(q̂′, p̂′)φg,m, (7.70)
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in which φg,m = [Fg,mψ]. This is an important and useful result. For the homomorphism
between Sp(n) and Mp(n) to hold in general, the passive transformation is (at present)
restricted to having a generator of degree at most two. However, there is no such restriction
on the Hamiltonian H, contrary to the case of active symplectic transformations. For, by
definition, the generator of a passive transformation is not necessarily also the generating
function for the Hamiltonian H.

The connection between the result (7.68) and Theorem 189 (in section 7.6.2), and thus
also with the QLT, can be seen by outlining a proof of (7.68). For convenience, we do this
for the case of one degree of freedom. Consider

[Fg,mq̂ψ] = Ag,m

∫
exp (iγg)q̂ψ(q)dq, (7.71)

in which the constant Ag,m embodies all the constant factors of the QFT, including the
constant van Vleck density of the quadratic generator g. In the Schrödinger representation,
q̂ = q, so

[Fg,mq̂ψ] = Ag,m

∫
exp (iγg)qψ(q)dq

= Ag,m

∫
exp (iγg)(Dq′ − Bp′)ψ(q)dq, (7.72)

in which q is expressed in terms of q′, p′ using the linear symplectic map defined by the
matrix [[A, B], [C, D]] and generated by g, as in equation (7.60). Equation (7.72) can then
be written as

[Fg,mq̂ψ] = Ag,m(Dq′ − B
∂g

∂q′
)
∫

exp (iγg)ψ(q)dq

= (Dq′ + B
i

γ

∂

∂q′
)[Fg,mψ](q′), (7.73)

so

[Fg,mq̂ψ] = (Dq̂′ − Bp̂′)[Fg,mψ](q′), (7.74)

in accordance with (7.68). Similar analysis yields

[Fg,mp̂ψ] = (−Cq̂′ − Ap̂′)[Fg,mψ](q′), (7.75)

for which one must also use integration by parts with zero or cancelling boundary conditions.
These results easily extend to similar results for the action of q̂n and p̂n upon the wave
function, and also to terms which are products of powers of q̂ and p̂. The result (7.68) is
then underwritten for f(q̂, p̂) polynomial in q̂ and p̂. Central to this outline proof are the
linearity of the symplectic transformation and its generation by g, the phase of the QFT
kernel.

Both Namias [78] and McBride and Kerr [79] prove results which are a subset of those
in this section and are for the special case of the fractional Fourier transform, for which the
corresponding symplectic transformations belong to the rotation sub-group of Sp(n).
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7.6.4 Correspondence between the quadratic Fourier and Legendre trans-

formations

In the analysis of the previous sections, it can be seen that the symplectic transformation
also arises from the QLT of the real phase S(q, t) of the wave function ψ(q, t), by defining
p = ∇S. The correspondence between the QFT and the QLT is thus made clear for both
active and passive transformations in the small action scale limit γ ∼ 1. We observe that this
correspondence is based upon the mapping condition (7.60) for the homomorphism of Sp(n)
and Mp(n), and it does not imply that the transformed wave function has zero quantum
potential. On the other hand, the large action scale limit γ → ∞ establishes a more general
correspondence between the GFT and the GLT, for the latter of which the transformed
wave function has zero quantum potential, i.e. it is semi-classical. Nonetheless, each of
the QFT-QLT and the GFT-GLT correspondences is underpinned by transformations of
the symplectic group. These correspondences, at both small and large action scales, are

Linear symplectic maps on different action scales
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Figure 7.2: Action of the linear symplectic group upon small and large action systems

summarised for linear symplectic transformations in Figure 7.2, in which correspondences
between the different action scales of mechanics and optics are also shown.

7.7 Wave-form evolution and Bohmian flow on phase space

We now briefly examine an alternative picture of the evolution of the wave function, as a
wave-form in configuration space carried by the Bohmian flow on phase space. In contrast to
the symplectic maps underlying evolution of the wave function, Bohmian flows depend upon
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the initial wave function. Moreover, in the small action-scale limit, only a restricted set of
passive transformations (i.e. changes of representation) of the wave-form can be expressed
in terms of Bohmian flows. These limitations make it preferable to use the homomorphism
between the metaplectic and symplectic groups for the analysis of the Bohm interpretation
in different representations. However, the picture of a wave-form carried by the Bohmian
flow is of considerable interest, especially in its relation to semi-classical mechanics.

7.7.1 Active transformations of the wave-form

In an approach that appeals directly to the form of the semi-classical wave function arrived
at in section 7.5, de Gosson [5, p.181] proposes a view of the evolution of the wave function
as the motion of a ‘wave-form’, ψ

√
dq, in the configuration space of the space-time repre-

sentation. In this approach, equation (7.36) is viewed as the Hamilton-Jacobi equation for
the Bohmian HB = H + Q, where Q is defined in equation (7.38). Thus,

S(q′(t′), t′) = S(q, 0) +
∫ q′,t′

q,0
pdq′′ − HBdt′′, (7.76)

with (q′(t′), p′(t′)) determined from the ‘Bohmian flow’ generated by the Hamilton’s equa-
tions using HB and p′(t′) = ∇q′S(q′(t′), t′). Moreover, the continuity equation (7.37) implies
that R(q′(t′), t′)2dq′ = R(q, 0)2dq, whose square root, when multiplied by exp (iγS(q′(t′), t′)),
yields the form

ψ(q′(t′), t′)
√

dq′(t′) = exp (iγ
∫ q′,t′

q,0
pdq′′ − HBdt′′)ψ(q, 0)

√
dq. (7.77)

The integral is along an extremal of the action, i.e. along a trajectory of the flow generated
by HB. The unitarity of the evolution of ψ is implicit in equation (7.77), and it is from this
equation that the concept of a wave-form in motion arises. It relates the wave-form at one
end of a Bohm trajectory to that at the other end of the trajectory. If the amplitude and
phase of the initial wave function are made explicit in equation (7.77), it can be cast into a
form similar to equation (7.53),

ψ(q′, t′) = R(q(q′))
(

dq′

dq

)− 1
2

exp (iγ[LgBS](q′)), (7.78)

in which the t′ argument of q′ is understood but not explicit. Here, the integral expression for
the evolution of the phase has been replaced by the GLT, LgBS, of the initial phase function
under the generator gB corresponding to HB, which includes the effects of the quantum
potential. Implicit in the GLT is the transformation of the phase along a trajectory of
extremal action, which is itself determined by the GLT. In the γ ∼ 1 limit being considered
here, the Maslov index (see equation (7.53)) is not necessary in equation (7.78), for Bohm
trajectories do not cross, owing to the single-valuedness of the wave function. As in the
γ → ∞ case, the amplitude of the wave function is the push-forward of the initial amplitude,
while the Jacobian determinant ensures the conservation of probability.

The above analysis shows that to the evolution of the wave-form in the (covering) con-
figuration space there corresponds a symplectic flow on the phase space (q, p = ∇S). This
correspondence differs from the correspondence between the QFT and the linear symplec-
tic flow, whose generator is in the kernel of the QFT, and whose association is therefore
independent of the initial wave function. Here, on the other hand, the generator of the
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(symplectic) Bohmian flow is associated with the evolution of the wave function through
the action of the GLT, LgBS. The effects of the initial wave function are included in gB

via Q in HB = H + Q. The mapping from the wave-form to its flow on phase space is
therefore one-way, which also is in distinction to the two-way mapping between the QFT
and its linear symplectic flow.

Finally, we observe that in the γ → ∞ limit Q → 0, so equation (7.78) does indeed
approach equation (7.53). However, the re-introduction of the Morse index is unnecessary
if the phase is derived from a solution of the Schrödinger equation. (See [85] and references
therein, where the author discusses the quantum trajectory method of Floyd, in which
the Bohm equations are explicitly solved for R and S without regard to their Schrödinger
equation ancestry.)

7.7.2 Passive transformations of the wave-form

Do there exist passive transformations of the wave-form which can be expressed in the form
of equation (7.78)? Such transformations would be unitary by design. As described in
section 7.6.3, symplectic covariance is required between the symplectic transformation of
the operators (q̂, p̂) and the transformation of their action upon the wave function. This
constraint ensures not only that the commutator bracket relation is preserved but also that
the transformed wave function is indeed a solution of the transformed Schrödinger equation.

Let the passive transformation of the wave function ψ, having the same form as equa-
tion (7.78), be described as ψ → ψ′ = Bψ. Since B is unitary, B†B = I. Symplectic
covariance under a transformation from the q-representation to the q′-representation re-
quires that B satisfies the equivalent relations

[Bẑψ](q′) = S−1ẑ′[Bψ](q′)
[B†ẑ′ψ′](q) = S ẑ[B†ψ′](q), (7.79)

where ẑ = (q̂, p̂)T and ẑ′ = S ẑ. More formally, these covariance relations can be expressed
as

BẑB† = S−1ẑ′

B†ẑ′B = S ẑ. (7.80)

Assuming that S is a linear symplectic map, a detailed analysis of the symplectic covariance
relations, subject to the condition that the Jacobian determinant does not become negative
(since Bohm trajectories do not cross), shows that they are satisfied by the passive trans-
formation B only if the symplectic maps, generated by gB of LgB , belong to the Abelian
sub-group A, the nil-potent lens sub-group N , or their direct product N ⊗ A. (See sec-
tion 2.4.2.) Notably, therefore, the requirement for the symplectic covariance of B excludes
transformations of the rotation sub-group of Sp(n), which correspond to integral transfor-
mations of the wave function. Thus, it appears that only those passive transformations of
the wave-form which satisfy these quite restrictive conditions can be expressed in the form
of equation (7.78).

7.8 Summary

In this chapter, we have examined how the linear symplectic group of transformations on
phase space underlies the correspondence between the quadratic Fourier transform (QFT)
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and the quadratic Legendre transform (QLT). These transformations have in common the
same quadratic generators. A definition of the generalised Fourier transform (GFT) has
also been given, having as its large scale limit the generalised Legendre transform (GFT)
and thus also having, in this limit, a correspondence with the symplectic group. These
correspondences provide a basis for our subsequent study of the Bohm interpretation in
representations other than the coordinate representation. The following points in particular
emerged in this chapter:

• The Fourier transformation (Legendre transformation) may be generalised to the frac-
tional Fourier transform (fractional Legendre transformation) and further generalised
to the quadratic Fourier transform (quadratic Legendre transform). These transfor-
mations are a double (single) covering of the corresponding linear symplectic trans-
formations on a phase space with a bracket structure. Such a phase space can be a
space of real numbers or a space of operators acting upon square integrable complex
functions.

• Canonical transformations may be divided into two types: (i) Active transformations
map functions within the same representation and include, as a subset, Hamilto-
nian preserving maps that correspond to solutions of the time-dependent Schrödinger
equation. (ii) Passive transformations map functions between different representation
bases, and are not necessarily Hamiltonian preserving maps.

• Constants of scale allow conversion between unitless representations and physical rep-
resentations and, moreover, maintain symplectic covariance. In the unitless repre-
sentation a single parameter of action scale, γ, connects a quantum system to the
corresponding classical system. h is identified as the fundamental scale of action. (As
in the case of � = h

2π , it is frequently convenient to use γ = 2πγ.)

• In the large action scale γ → ∞ limit, there is a correspondence between the GFT and
the GLT for generators of higher than quadratic degree. Under this correspondence
the magnitude of the resulting semi-classical wave function is pushed forward by the
symplectic flow generated by the GLT, while the phase is transformed by the GLT.
The extension of the GFT-GLT correspondence to the small limit γ ∼ 1, for higher
than quadratic generators, remains a challenge.

• In the small scale limit γ ∼ 1, a common quadratic generating function underpins the
correspondence between the QFT and QLT and the homomorphism between Sp(n)
and Mp(n). No such correspondence is known for higher than quadratic generators.
This correspondence applies to Sp(n) on both R-number phase space (q, p) and oper-
ator phase space (q̂, p̂). Of particular significance to subsequent chapters of this book
is that, under the action of the passive QFT, operator functions acting on the wave
function transform in a symplectically covariant way, while the wave function itself
is transformed by the QFT. The form of the Schrödinger equation is unchanged un-
der such transformations, even though, in general, the form of the Hamiltonian itself
changes in a symplectically covariant way.

• The symplectic flow, which is associated with the generator of both the QLT and the
QFT, and which is central to the correspondence between Sp(n) and Mp(n), is to
be clearly distinguished from the Bohmian flow associated with the evolution of the
wave function itself. The former flow is associated with the phase of the kernel of
the integral transformation of the wave function, whereas the latter is associated with
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the phase of the integral transform itself. While all active transformations may be
represented by a Bohmian flow, only passive transformations which are non-integral
transformations of the wave function can be so represented.

While this chapter has examined both active and passive symplectic transformations on
phase space, in subsequent chapters we study the Bohm interpretation in different repre-
sentations and focus upon passive linear symplectic transformations, in both the small and
large action-scale limits. In doing so, we can draw upon the group homomorphism between
Sp(n) and Mp(n) to sustain symplectic covariance of the Schrödinger equation, and upon
the large action-scale limit to identify the quantum potential in different representations.



Chapter 8

TOWARDS AN ALGEBRAIC
SCHRÖDINGER EQUATION

In this chapter, we introduce an algebraic form of the Schrödinger equation, so enabling the
Bohm interpretation of quantum mechanics also to be expressed algebraically. This opens
the way, in Chapter 9, to the use of the density current operators developed in Chapter 5
and to a consistent definition of Bohm trajectories in any representation.

Our initial approach is through an extension to the abstract bra(c)ket notation of
Dirac [32]. First, we examine the representation of bras and kets as vectors acted on
by operators as matrices in a matrix algebra. In this approach, operators are represented
by matrices, whereas states are represented by vectors. We then show how this differ-
ence is overcome by lifting the bras and kets into an algebra of operators, in which they
are distinguished as being right and left ideals of an algebra. Both the vector and ideal
forms for the bras and kets enable the development of an algebraic form of the Schrödinger
equation. The polar decomposition of the latter leads to algebraic forms for the Liouville
equation and the Hamilton-Jacobi equation, which respectively involve the commutator and
anti-commutator of the density and Hamiltonian operators. These two equations are the
algebraic equations for the density and phase operators, and they constitute an algebraic
Bohm formulation which may be projected into any representation. At first, the appearance
of the anti-commutator equation seems novel. However, we show that it has a relatively
unknown antecedent in the phase space formulation of quantum mechanics. We then fol-
low this connection and show, by the application of the Weyl transform, how the algebraic
Bohm equations have precise analogues in the Wigner-Weyl-Moyal phase space formulation.
We conclude the chapter with a summary of key results.

8.1 Standard Dirac Formalism

We take, as our starting point, the standard Dirac formalism. After having defined the
general system for labelling bras and kets, Dirac further develops it in section 20 of [32].
Working in a representation in which the observable A is diagonal, Dirac proceeds with
following points:

i) A ket |ψ〉, whose representative 〈a|ψ〉 = ψ(a) is a definite function, where a is an
eigenvalue of A, may be labelled by ψ(A): |P 〉 = |ψ(A)〉.
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ii) For any arbitrary function f(A)1:

f(A)|ψ〉 = f(A)|ψ(A)〉 = |f(A)ψ(A)〉 (8.1)

In this equation, Dirac argued that since the bar | is movable, it can be dispensed with and
the wave function written in the form ψ(A)〉.

iii) The ket ψ(A)〉 may be considered as the product of the linear operator ψ(A) and
with the standard ket 〉. The standard ket is basis dependent2.

iv) Putting ψ = 1 in the above, it follows that the standard ket is characterised by the
condition that its representative 〈a|〉 is unity over the whole domain of a. (This property
places a constraint on the representation of the eigenvectors of A, given a representation of
〉.)

v) The operator function ψ(A) is called a wave function and, if used alone, is understood
to have a standard ket multiplied into it on the right, so preventing its multiplication by
another operator on the right. This fact distinguishes the wave functions from other operator
functions, which may be multiplied on either the right or the left.

vi) The above developments for kets may also be applied to bras in a dual fashion. If
the labels of a ket involve complex entities, their complex conjugates are used to label the
corresponding bra. The standard bra is the conjugate imaginary of the standard ket.

In (iii) and (v) above, Dirac clearly elucidates the possibility of an algebraic relationship
between a standard ket and the operator that labels it when forming any ket. In the following
section, we give particular emphasis to this algebraic relationship by insisting that the labels
of bras and kets are indeed operator functions and that they relate to the standard bras
and kets in a algebraic way. In emphasis, at least, this is an extension to the operational
use of the Dirac bra(c)ket notation and so we refer to it as the extended Dirac notation.

8.2 Extended Dirac notation

We now show how the Dirac formalism [32] may be extended to connect the operator
algebraic representation to the Hilbert space representation and vice-versa. The role of
the standard bra, standard ket and the bar | are clarified by insisting that their labels are
operators that interact with them algebraically. This in turn clarifies the connection between
the algebraic approach and both the Hilbert space representation of quantum mechanics and
the Wigner-Weyl-Moyal phase space formulation. The properties of this extended notation
are then briefly explored by using a finite and discrete matrix representation of operators.

8.2.1 Operators, standard bras and kets and the inner products

To illustrate the extended Dirac notation, let us take a specific representation of the standard
ket. In particular, let the standard ket 〉 be represented as an N -component column vector
of the form exp (iφ)√

N
[1, 1, 1, ..., 1] in an N -dimensional Hilbert space, where φ is an arbitrary

phase factor. The standard bra 〈 is then its Hermitian conjugate - a row vector. With the
given normalisation, the inner product 〈〉 of the standard bra and ket evaluates to unity
i.e. 〈〉 = 1. If the arbitrary operator function f(A) is represented as an N × N matrix,
then the symbol f(A)〉 represents the product of the operator matrix with the standard

1Here, for simplicity, we consider a function of a single operator A only. A generalisation to a complete
commuting set is possible, but is not required for this discussion.

2Bras and kets are assumed to be in the basis in which the operator A is diagonal.
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ket vector. The inclusion of the bar | resolves this multiplication into the resultant ket
vector |f(A)〉, thereby giving the bar | a specific role in the notation. A dual rule applies
for the distinction between 〈f(A) and 〈f(A)|. Thus, for the product of two operators A
and B, the expressions A|B〉 and |AB〉 have different interpretations, but they refer to the
same vector in Hilbert space. Note that in contrast to the Dirac interpretation presented
above, the operator function in isolation is represented by f(A) not by f(A)〉. In this way,
the standard ket and standard bra are seen as projectors of the operator algebra onto the
Hilbert space.

In the extended Dirac notation, an eigen-ket of an operator A consists of the product
of an operator and the standard ket, which, when resolved, gives the corresponding eigen-
vector. This operator is the idempotent operator Ǎi corresponding to the eigenvector of A
in question. Apart from its clearer operational meaning, the use of Ǎi, rather than a corre-
sponding eigenvalue ai, also avoids ambiguities of labelling that may arise with degenerate
eigenvalues. The idempotent operators have the property that ǍiǍi = Ǎi, and the operator
A can be spectrally decomposed in terms of such ‘eigen-idempotents’ as

A =
N∑

n=1

aiǍi, (8.2)

where ai is the ith eigenvalue of A. In a matrix representation, the eigen-idempotent is the
matrix with zero elements everywhere except at the diagonal location corresponding to the
eigenvector in question3.

The wave operator ψ(A) is diagonal in the basis formed by the eigenvectors of A, so the
resolved ket vector |ψ(A)〉 is the wave vector in Hilbert space whose components are the
values of the wave function at the eigenvalues of the corresponding basis eigenvectors of A.
The wave function can therefore be expressed as

ψ(ai) = 〈Ǎi
†|ψ(A)〉, (8.3)

where the Hermitian conjugate eigen-idempotent Ǎi
† labels the bra 〈Ǎi

†|. This is in con-
trast with the standard Dirac notation, in which eigen-bras and -kets are labelled by the
eigenvalues.

8.2.2 Tensor products: the standard idempotent

Whereas in the standard Dirac notation the standard (bra) ket cannot be acted on from
the (left) right, such action is allowed in the extended Dirac notation, and it forms a tensor
product which projects the standard (bra) ket onto a higher dimensional operator space.
A fundamental example is the standard (non-primitive) idempotent operator formed from
the tensor product of the standard ket and standard bra, 〉〈; in the representation we chose
in section 8.2.1, it is an N ×N matrix operator consisting of a matrix of identical elements
of value 1

N . The more esoteric example of 〉f(A) is an N × N × N tensor, but it does not
have role in the formalism of quantum mechanics.

For pure states, the density operator of quantum mechanics

ρ = ψ〉〈ψ† (8.4)

is an important example of an idempotent operator. It comprises the wave operator, the
standard idempotent operator and the Hermitian conjugate of the wave operator. A matrix
element of the density operator is written as ρij = 〈Ǎi|ρ|Ǎj〉.

3Since ǍiǍj = δij , then {Ǎi, i = 1, .., N} is a set of primitive idempotents if
∑N

n=1 Ǎi = 1.
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8.2.3 Unitary transformations

Under unitary transformations to other representations, standard kets transform in a way
that preserves their inner products. Thus, for a unitary transformation Uθ : 〉 → 〉θ = Uθ〉

〈θ|〉θ = 〈U †
θ|Uθ〉 = 〈|U †

θUθ〉 = 〈U †
θUθ|〉 = 〈|〉 = 1, (8.5)

from which it follows that U †
θUθ = UθU

†
θ = 1.

Under a unitary transformation, the standard idempotent operator transforms in an
obvious way according to Uθ : 〉〈 → 〉θ〈θ = Uθ〉〈U †

θ. The form of this transformation
applies to any operator B, i.e. Uθ : B → Bθ = UθBU †

θ, and it preserves expectation values
and matrix elements. Thus,

〈θψθ
†|Bθ|ψθ〉θ = 〈U †

θUθψ
†U †

θ|UθBU †
θ|UθψU †

θUθ〉
= 〈U †

θUθψ
†U †

θUθ|B|U †
θUθψU †

θUθ〉 = 〈ψ†|B|ψ〉, (8.6)

and similarly

〈θǍθi |Bθ|Ǎθj 〉θ = 〈U †
θUθǍiU

†
θ|UθBU †

θ|UθǍjU
†
θUθ〉 =

〈U †
θUθǍiU

†
θUθ|B|U †

θUθǍjU
†
θUθ〉 = 〈Ǎi|B|Ǎj〉. (8.7)

Of particular note in equation (8.6) is the action of the unitary transformation upon
the wave operator as in ψθ = UθψU †

θ. This appears to contradict Dirac’s dictum [Dirac82,
p80] that ‘Wave functions can be multiplied by operators only on the left’, which is referred
to in item (v) of section 8.1 as part of the standard Dirac formalism. However, there is
no contradiction, for in Dirac’s statement the ‘wave function’ is understood to have the
standard ket multiplied into it on the right, i.e. ψ〉, and it is therefore an element of Hilbert
space. In the extended Dirac notation, the wave operator ψ, which is not an element of
Hilbert space, may be operated upon from the left or the right; it is the standard ket that
is subject to the quantum mechanical constraint of being operated upon only from the
left. (Similar but dual properties apply, of course, to the Hermitian conjugate of the wave
operator and the standard bra.) The distinction between the properties of operators and
standard kets is implicit in the action of the unitary transformation upon the standard ket,
which is expressed above as 〉θ = Uθ〉.

We see from the above that the extended Dirac notation clarifies the process of unitary
transformation by separating the transformation of the wave operator from that of the
standard ket. However, an important corollary is that if the transformation of a ket

χ〉 → Uχ〉 (8.8)

is separated in this way, the respective transformations of the operator and the standard
ket are precisely related, i.e.

χ → UχU † = χ′

〉 → U〉 = 〉′. (8.9)

This correspondence is necessary, since it ensures that Uχ〉 and χ′〉′ are indeed the same
vector in Hilbert space, for then

Uχ〉 = UχU †U〉 = χ′〉′. (8.10)

This expression clearly demonstrates the representation-dependence of the standard ket
(and of course the standard bra).
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8.2.4 Active and passive unitary transformations

The extended Dirac notation is particularly helpful in describing and distinguishing active
and passive unitary transformations. This topic is raised here to complement its use for
symplectic and metaplectic transformations in Chapters 7 and 9.

Under an active unitary transformation, U , the wave ket is transformed in Hilbert space
as

ψ〉 → Uψ〉, (8.11)

while the representation remains unchanged. Thus, the transformed wave function is ex-
pressed as

ψ′(ai) = 〈Ǎi
†|Uψ〉 = 〈Ǎi

†|UψU †U〉 = 〈Ǎi
†|ψ′〉′. (8.12)

The bar | specifies that the unitary transformation is applied to ψ〉 rather than to 〈Ǎi
†.

Under a passive transformation, U , the representation ket is transformed in Hilbert
space as

Ǎi〉 → UǍi〉, (8.13)

while the wave ket remains unchanged. Thus, the wave function, for the same state ψ in
the transformed representation, is

φ(ai
′) = 〈Ǎi

†U †|ψ〉 = 〈U †UǍi
†U †|ψ〉 = 〈′Ǎi

′†|ψ〉. (8.14)

Here, the bar | specifies that the unitary transformation U † applies to the representation
bra 〈Ǎi

† rather than to ψ〉.
As expected, the simultaneous application of an active and a passive transformation

under U leaves the wave function unchanged; for

ψ〉 → Uψ〉
Ǎi〉 → UǍi〉 (8.15)

implies that

〈Ǎi
†|ψ〉 → 〈Ǎi

†U †|Uψ〉 = 〈Ǎi
†|U †Uψ〉 = 〈Ǎi

†|ψ〉. (8.16)

This shows the sense in which a passive transformation may be regarded as the inverse of
an active transformation.

8.2.5 Examples of unitary transformations

The results of the previous sections and the use of the extended Dirac notation are well
illustrated by examples of an active unitary transformation and its complementary passive
transformation. In particular, we consider the action of the basic symplectic transformation
Uπ

2
= ω upon a two-dimensional Hilbert space. The examples are projected into a 2 × 2

matrix representation using the operator π(A) : A → R2 × R2.
First, we articulate the active transformation

ψ〉 → ωψ〉 = ωψω†ω〉 = ψ′〉′. (8.17)
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The standard ket is transformed to

π(〉′) = π(ω〉) =
(

0 1
−1 0

)
1√
2

(
1
1

)
=

1√
2

(
1
−1

)
, (8.18)

whereupon

π(〈〉′) = π(〈ω〉) =
1√
2

(
1 1

) 1√
2

(
1
−1

)
= 0, (8.19)

so demonstrating that ω transforms the ket into a direction orthogonal to the original one.
The wave operator is correspondingly transformed to

π(ψ′) = π(ωψω†) =
(

0 1
−1 0

)√
2

(
ψ1 0
0 ψ2

) (
0 −1
1 0

)
=

√
2

(
ψ2 0
0 ψ1

)
. (8.20)

The projection of the operator ψ′ into a vector in Hilbert space is then

π(ψ′〉′) =
√

2
(

ψ2 0
0 ψ1

)
1√
2

(
1
−1

)
=

(
ψ2

−ψ1

)
, (8.21)

which is easily shown to be orthogonal to π(ψ〉).
In the above, the standard ket and the wave operator were first separately transformed

and then multiplied to yield the transformed wave ket; a process symbolically described
by ωψω†|ω〉. A more direct, though less illustrative method, is first to multiply the wave
operator into the standard ket and then to transform the resulting wave ket; a process
described by ω|ψ〉.

We now articulate the passive transformation

Ǎ2〉 → ωǍ2〉 = ωǍ2ω
†ω〉 = Ǎ2

′〉′ (8.22)

using the direct method symbolically described by ω|Ǎ2〉. The matrix projection of the
eigen-ket is

π(Ǎ2〉) =
√

2
(

0 0
0 1

)
1√
2

(
1
1

)
=

(
0
1

)
, (8.23)

which is transformed under the action of ω to

π(Ǎ2
′〉′) = π(ωǍ2〉) =

(
0 1
−1 0

) (
0
1

)
=

(
1
0

)
. (8.24)

Finally, we use the above results to give the amplitude of the wave function for the
second eigenstate of A in each of the representations connected by the active and passive
ω-transformations. Thus,

ψ(a2) = 〈Ǎ2
†|ψ〉 = ψ2

ψ′(a2) = 〈Ǎ2
†|ψ′〉′ = −ψ1

φ(a2
′) = 〈′ ˇA′

2
†|ψ〉 = ψ1

φ′(a2
′) = 〈′ ˇA′

2
†|ψ′〉′ = ψ2, (8.25)

where, in accordance with equation (8.3), the independent variable of the wave function is,
in this case, the eigenvalue corresponding to the second eigen-idempotent Ǎ2 of A in each
respective representation.
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8.3 Bras and kets as members of ideals in an algebra

In the extended Dirac notation of the preceding section, the algebra of operators represent-
ing the action of ‘process’ was given a matrix representation. However, the ‘form’ or state
of system was represented in a Hilbert space of vectors upon which the operators act. In
this section, we describe how both ‘process’ and ‘form’ can be described within the same
abstract algebra [86]. Hiley has taken these ideas much further than described here, ap-
plying them in the context of Clifford algebras and extending the Heisenberg algebra [87].
The algebraic approach, as a unified method of describing process and form, has its roots
in ideas on the implicate order which were developed by Bohm and Hiley [13, p.363].

In the algebraic approach, the fundamental elements of state - the bras and kets of the
extended Dirac notation - become elements of the right and left ideals of a linear algebra
equipped with an involution, and they are generated by the primitive idempotents of the
algebra, none of which has an inverse. Members of the ideals are used to describe the
state or ‘form’ of a system. The same algebra also contains non-idempotent elements (with
inverses) which are outside the ideals upon which they act; these elements of the algebra
are used as operators to describe the action of ‘process’.

8.3.1 Ideals in a ring

An ideal is a set I of elements of a ring4 R, such that I is a sub-ring of R and for every
a ∈ R and x ∈ I, (1) ax ∈ I and (2) xa ∈ I. If only (1) is satisfied, I is a left ideal and is
denoted IL. If only (2) is satisfied, I is a right ideal and is denoted IR. A representation of
a left ideal would be the sub-ring IL of 2 × 2 matrices with zero right-most column entries
in the ring R of all 2 × 2 matrices. A particular member K of IL would be represented by

Π(K) =
(

1 0
1 0

)
(8.26)

or any scalar multiple of it. Thus, for example

Π(AK) =
(

a b
c d

) (
1 0
1 0

)
=

(
a + c 0
c + d 0

)
= Π(B ∈ IL), (8.27)

in which A is any 2 × 2 matrix. Formally, we may define the left and right ideals of an
algebra A respectively as

IL = {K ∈ A|BK ∈ IL∀B ∈ A}
IR = {K ∈ A|KB ∈ IR∀B ∈ A}. (8.28)

The key point is that under the appropriate action of any element of the algebra, an element
of an ideal is mapped to another member of the same ideal. These definitions make it clear
that elements of the left and right ideals of the algebra A cannot have inverses, otherwise
the resulting unit element KK−1 would be outside the ideal.

4A ring is a set together with two binary operations (normally referred to as multiplication and addition)
and certain axioms: (1) commutative addition (2) associative addition and multiplication (3) there is an
additive identity (4) there is an additive inverse (5) addition and multiplication are distributive. The set of
2 × 2 matrices is a non-commutative ring.
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8.3.2 Primitive idempotents and the generation of the ideals

An idempotent e has the property ee = e and, unless it is the unit operator, it does
not have an inverse e−1. If e−1 exists then e−1e = 1 = e, so e is then also the unit
operator. An idempotent ε is primitive iff there do not exist two idempotents ε1, ε2 such
that ε = ε1 + ε2. More generally, a set of primitive idempotents {εi} has the property that
εiεj = δijεj . Primitive idempotents are therefore independent fixed points of the algebra
and can therefore form the basis of a description of the state of a system.

In the matrix representation of sub-section 8.3.1, we refer to the idempotent e0 repre-
sented by

Π(e0) =
1
2

(
1 1
1 1

)
(8.29)

as the standard idempotent, while the following are representations of primitive idempotents
ε1 and ε2

Π(ε1) =
(

1 0
0 0

)

Π(ε2) =
(

0 0
0 1

)
. (8.30)

The primitive idempotents play an important role as the generators of the minimal right
and left ideals of A. Thus, {Bε1|∀B ∈ A} is a minimal left ideal and {ε1B|∀B ∈ A} is a
minimal right ideal of A. From this definition, it is also clear that each primitive idempotent
generates a different pair of ideals and, once again, that the elements of ideals cannot have
inverses. Such elements can therefore form a basis for a representation of the state of a
system, upon which the non-ideal elements of the algebra act to represent an action or
process of change.

Finally, to make a connection with quantum mechanics and with earlier sections in this
chapter, we define A to be a linear algebra of rank N with an involution ∗ : A → A which
has the same formal properties as Hermitian conjugation in a matrix algebra. It then follows
that I∗L = IR and vice-versa, so that the ideals are involutive.

8.3.3 Lifting bras and kets into an algebra

To make a connection with the standard bra(c)ket and matrix notation of section 8.2, we
lift the column N -vector representation of the standard ket 〉 into an N × N matrix form
by placing it in the first column of an otherwise zero matrix. Thus, in the N = 2 case,

π(〉) =
1√
2

(
1
1

)
→ Π(〉) =

1√
2

(
1 0
1 0

)
. (8.31)

The standard ket 〉 can therefore be regarded as a member of a left ideal of an algebra A.
Similarly is the standard bra 〈 lifted from a row N -vector representation into an N × N
matrix representation by placing it in the first row of the zero matrix. Thus, again in the
N = 2 case,

π(〈) =
1√
2

(
1 1

) → Π(〈) =
1√
2

(
1 1
0 0

)
, (8.32)
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so the standard bra 〈 can be regarded as a member of the right ideal of an algebra A. For
a rank N system, the standard bra and ket have N different ideal representations; the k-th
representation is obtained by placing a row (column) vector representation of a standard
bra (ket) into the k-th row (column) of an otherwise zero N × N matrix. We denote by 〈k
and 〉k the k-th ideal representation of respectively the standard bra and the standard ket.
The N left and right ideals are generated by the N primitive idempotents of the rank N
algebra A. The standard bras and kets, residing respectively in the dual ideals IR and IL

of the algebra, are related by 〈 = 〉†, so elements of standard kets may have the form exp iθ.

8.3.4 Products of bras and kets

Products of bras and kets in the abstract algebra can now be determined by using the
matrix representation of sub-section 8.3.3.

From the properties of ideals, it follows that for any sequence of integers

{l(j) ∈ {1, ..., N}, j = 1, ..., k},
the products of respectively kets and bras in the ideal representations labelled by such
integers are

∏1

j=k
〉l(j) = 〉l(k)〉l(k−1) . . . 〉l(1) =

(
1√
N

)k−1

〉l(1) (8.33)

and

∏k

j=1
〈l(j) = 〈l(1)〈l(2) . . . 〈l(k) =

(
1√
N

)k−1

〈l(1). (8.34)

In the limit k → ∞, both these products remain within their respective left and right ideals,
and their matrix representation approaches the zero matrix. (This result is presented for
interest only and will not be considered further in this book.)

Products between respective members of the left and right ideals can also be determined.
The diagonal inner product is found to be

〈i〉i = Ǎi = εi, (8.35)

so it is the i-th eigen-idempotent defined in sub-section 8.2.1, which is also the i-th primitive
idempotent. On the other hand, the off-diagonal inner product

〈i〉j = Ǎij for i �= j (8.36)

has a matrix with a unity ij-th matrix element but otherwise zero elements, and is nilpotent.
Both the forms (8.35) and (8.36) are in two-sided ideals and correspond to fixed points in
the algebra. This contrasts with the vector representation of section 8.2, for which the
inner product of the standard brackets projects out of the algebra. In passing we note that,
even in the algebraic representation of bras and kets, the symplectic operator, Uπ

2
= ω, still

corresponds to an orthogonal projection, since 〈ω〉 = 0, where all elements of the matrix
Π(0) are zero.

Using the matrix representation of 〈 and 〉, the outer or tensor product (see sub-
section 8.2.2) is found to satisfy

〉i〈j = { e0 i = j
0 i �= j

(8.37)
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where

Π(e0) =
1
N




1 . . . 1
...

...
...

1 . . . 1


 . (8.38)

Here, e0 is the rank N standard idempotent (e0e0 = e0) and so it is a fixed point in
the algebra. This result corresponds exactly with that obtained using the extended Dirac
notation in section 8.2. Though still in the algebra and arising from the outer product of
members of the left and right ideals, the idempotent e0 is not itself a member of either a
left or right ideal. It has a special role in quantum mechanics, enabling the construction of
the density matrix from the wave operator, as described in sub-section 8.2.2. We observe
that the idempotent e0 is independent of the row or column representation k, and that it
can be constructed as

e0 =
1√
N

ΣN
k=1〉k =

1√
N

ΣN
k=1〈k. (8.39)

8.3.5 Elements of state and process in the algebra

The ideal, idempotent and nilpotent elements of the abstract algebra considered above do
not have inverses and are used to describe the state or form of a system. There are other
elements outside the ideals of the algebra which are equipped with inverses. These elements
maybe regarded as the operators of process in a system. One may consider a wave operator
ψ (ψ†) to act upon a ‘form-less’ standard ket (bra) to produce a ket (bra) ψ〉 (〈ψ†) which
is in a left (right) ideal and has the form of a wave function. In this case, the separation of
operator ψ and ket 〉 is unnecessary, for one normally only considers the (algebraic) ket ψ〉
(and its dual 〈ψ†). Operators of process act upon elements of the ideals, within which the
consequent change of state is charted. Thus, under the action of the Hamiltonian operator,
which is a non-ideal member of the algebra, the Schrödinger evolution takes place in a left
ideal and its conjugate right ideal.

8.4 The algebraic Schrödinger equation

The level of abstraction in previous work on the algebraic approach (see references in [2]
has limited its use in the foundations of quantum mechanics. In this section, we develop
a simplified algebraic approach, first by applying the extended Dirac bracket notation and
then by taking left and right ideals of an algebra to be the domain of an algebraic Schrödinger
equation and its conjugate.

8.4.1 Heisenberg versus Schrödinger

Traditionally, the algebraic approach to quantum mechanics has implied the use of the
Heisenberg picture. Here the operators (or elements of the algebra, in this case) are time-
dependent and carry the dynamics of the quantum system. The equations of motion then
have a close structural similarity to Hamilton’s equations of motion in classical mechanics,
with the commutator brackets directly replacing Poisson brackets. The algebraic form of the
Heisenberg picture therefore translates straightforwardly into the phase space formulation
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of quantum mechanics via the Weyl transform of the Wigner-Weyl-Moyal formalism [7, 88,
89, 90, 38, 8].

On the other hand, in its traditional expression, the Schrödinger picture has the time
development entirely tied into a representation dependent wave function, which appears to
exist only in Hilbert space rather than in the algebra. Thus, while being easier to inter-
pret, the Schrödinger picture has not seemed to have the generality of the representation-
independent Heisenberg picture. However, by regarding the wave function as an element
ψ〉 of a left ideal in a linear algebra, the Schrödinger equation can be expressed in alge-
braic form, so making it independent of any representation in Hilbert space. If the wave
function is expressed in polar form as a complex exponential function of a quantum ac-
tion operator, then, from the Schrödinger equation and its conjugate dual, there follow two
equations for the quantum phase operator and the idempotent density operator. These
equations, respectively expressed in terms of the commutator and anti-commutator of the
Hamiltonian and density operators, are the quantum Liouville (conservation of probability)
equation and the quantum phase equation. The anti-commutator form of the quantum
phase equation, which corresponds to the Hamilton-Jacobi equation in classical mechanics,
has rarely appeared in the literature ( [91, p.255] and [92]) in algebraic form prior to [2].
Following publication of [2], Fairlie (in a private communication) drew attention to a simi-
lar form [90, 93] expressed in terms of the cosine bracket in the Wigner-Weyl-Moyal phase
space formulation, though its connection with the classical Hamilton-Jacobi equation had
previously not been recognised. The algebraic commutator and anti-commutator equations
derived from the Schrödinger equation are easily cast into the equivalent classical forms by
replacing the commutator bracket by the Poisson bracket and by replacing symmetrised
operator products by c-number products.

8.4.2 Representation independent Schrödinger equation via the extended

Dirac notation

In this section, we derive the representation independent form of the Schrödinger equation
via projection into an arbitrary representation. In this first approach to an algebraic form
for the Schrödinger equation, use is made of the extended Dirac notation, in which the wave
function is regarded as an operator acting upon a standard ket in a vector space. While
only pure states are treated in this section to simplify the exposition, the more general
treatment of the next section, including mixed states, can also be applied here.

Algebraic Schrödinger picture

By introducing any representation A, with a complete diagonal set of commuting observ-
ables, the wave function may be expressed as ψ(ai, t) = 〈ai|ψ, t〉, where ai are the eigenval-
ues of the algebraic element or operator A. (Well known representations are the space and
momentum representations.) In the A-representation the Schrödinger equation is

i�
∂ψ(ai, t)

∂t
= Hψ(ai, t), (8.40)

where, using the extended Dirac notation of section 8.2,

Hψ(ai, t) = 〈Ǎi|Hψ(A, t)〉
∂ψ(ai, t)

∂t
= 〈Ǎi|∂ψ(A, t)

∂t
〉. (8.41)
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On the right-hand sides of equations (8.41), the wave function is re-cast as a wave operator5,
which is a diagonal operator function of the operator A. Using these equations and dropping
the representation projection of the bra 〈Ǎi|, the Schrödinger equation is obtained in the
representation-free form

i�
∂ψ

∂t
〉 = Hψ〉, (8.42)

which uses the standard ket. Here, as in the following, the operator ψ(A, t) is written as
ψ with the A and t dependence assumed. The purely algebraic form of the Schrödinger
equation,

i�
∂ψ

∂t
= Hψ, (8.43)

is obtained by also removing the standard ket, and similarly the Hermitian conjugate equa-
tion,

−i�
∂ψ†

∂t
= ψ†H†, (8.44)

is obtained by removing the standard bra on which it acts.

The polar form of the wave operator and a non-Hermitian energy operator

We now examine the time derivatives of any operator expressed in polar form, regardless of
whether or not it is a solution of equation (8.43).

Let a wave operator (which has an inverse) be expressed as ψ = exp i
�
SQ where SQ =

S − i� lnR. S and R are the real phase and amplitude operators of the polar form of the
wave operator. All these operators are diagonal in the representation of the ket 〉. Consider
the time derivative

∂ψ

∂t
=

i

�

∂SQ

∂t
ψ (8.45)

and define the non-Hermitian energy operator

E = −∂SQ

∂t
. (8.46)

From equations (8.45) and (8.46) it follows that

i�
∂ψ

∂t
= Eψ, (8.47)

which is a non-Hermitian equation and, although of the same form, is not the algebraic
Schrödinger equation. From this equation are obtained a pair of Hermitian equations ex-
pressed in terms of the density and quantum action operators ρ and SQ. To do this, it
is first necessary to project equation (8.47) into Hilbert space using 〉, since ρ = ψ〉〈ψ† is
formed from the outer product of the ket and bra wave vectors. Then, by also using the
Hermitian conjugate equation, and respectively post- and pre-multiplying by 〈ψ† and ψ〉,
we obtain the conjugate pair

i�
∂ψ

∂t
〉〈ψ† = Eψ〉〈ψ†

5Rather than using the explicit operator notation ψ̂, here and hereafter in this chapter, we use ψ to
denote the wave operator, unless otherwise stated.
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−i�ψ〉〈∂ψ†

∂t
= ψ〉〈ψ†E†. (8.48)

Subtracting the second from the first of these equations gives

∂ρ

∂t
=

Eρ − ρE†

i�
, (8.49)

whereas adding them yields

−(
∂SQ

∂t
ρ + ρ

∂SQ
†

∂t
) = Eρ + ρE†. (8.50)

Equations (8.49) and (8.50) are Hermitian, and their right hand sides are respectively the
precursors of the commutator and anti-commutator brackets, to which we shall later refer.

The above results are purely mathematical in nature; in the following section, physics
is introduced by using them in conjunction with the Schrödinger equation.

The quantum Liouville and quantum phase equations

Assuming now that ψ is a solution of (8.43), (8.47) gives

(H − E)ψ = (H +
∂SQ

∂t
)ψ = 0, (8.51)

which is the quantum equivalent of the Hamilton-Jacobi equation of classical mechanics

∂Scl

∂t
+ H = 0, (8.52)

where Scl is the classical action. It is natural, therefore, to call SQ the quantum action.
The absence of a particular representation in deriving equation (8.51) is a reminder of its
generality and of its scope for describing quantum dynamical systems beyond those that
have a classical analogue.

Equation (8.51) can be expressed in terms of the (Hermitian) density matrix ρ = ψ〉〈ψ†

by applying the standard ket on the right and then post-multiplying by 〈ψ† on the right,
so giving

(H − E)ρ = (H +
∂SQ

∂t
)ρ = 0. (8.53)

Although the Hermitian conjugates of equations (8.51) and (8.53) are easily written down,
these equations are not themselves Hermitian. Hermitian forms are obtained by considering
the commutator and anti-commutator brackets of ρ and H. By adding and subtracting
equation (8.53) and its Hermitian conjugate, and then using equations (8.49) and (8.50),
we obtain the quantum Liouville equation

∂ρ

∂t
=

1
i�

(Hρ − ρH†) (8.54)

and the quantum phase equation

−(
∂SQ

∂t
ρ + ρ

∂SQ
†

∂t
) = (Hρ + ρH†). (8.55)
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These two equations may be expressed in terms of the commutator and anti-commutator
of H and ρ as

∂ρ

∂t
=

1
i�

[H, ρ]′− (8.56)

and

−(
∂SQ

∂t
ρ + ρ

∂SQ
†

∂t
) = [H, ρ]′+, (8.57)

where [ , ]′+
−

= [ , ]+
−

if both arguments of the bracket are Hermitian, as is normally the

case6. Although these results are based on the use of the standard bra and standard ket in
the definition of the density matrix ρ = ψ〉〈ψ†, this definition is representation independent.
Equations (8.56) and (8.57) are therefore representation independent.

Real and imaginary energy operators

The complementary nature of equations (8.56) and (8.57) is also manifest when they are
expressed in terms of the ‘energy’ operators

ER = �
∂lnR

∂t

ES = −∂S

∂t
, (8.58)

where, from equation (8.46),

E = ES + iER. (8.59)

Using these definitions along with equations (8.49) and (8.50), equations (8.56) and (8.57)
respectively become

[ES , ρ]′− + i[ER, ρ]′+ = [H, ρ]′− (8.60)

and

[ES , ρ]′+ + i[ER, ρ]′− = [H, ρ]′+. (8.61)

Equation (8.60) must be divided through by i� to retain the Hermitian form of equa-
tion (8.56).

8.4.3 Algebraic Schrödinger equation on the ideals of an algebra

We now develop the algebraic Schrödinger equation on left and right ideals by starting
with the Heisenberg picture and the primacy of the density matrix rather than the wave
function. Unlike the previous section, the approach is entirely representation-free (even of
an arbitrary representation) and was developed by Hiley and the author in [2].

6Subsequently, we use the definitions [α, β]′+
−

= αβ +
− β†α†. When α and β are Hermitian, [α, β]′+

−
=

[α, β]+
−

, i.e. the normal definition of the commutator and anti-commutator brackets.
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The Heisenberg picture and the Liouville condition

In the Heisenberg approach, the Hamiltonian flow of an invertible operator A ∈ A is

A(0) → A(t) = M(t)−1A(0)M(t), (8.62)

where M(t) = exp[−iHt] and H is the Hamiltonian, and from which is derived the Heisen-
berg equation of motion

dA

dt
=

1
i�

[A, H]− . (8.63)

The Heisenberg time evolution is therefore an inner automorphism in the algebra A. The
equation of motion can be generalised to include the explicit time dependence of A, so that

dA

dt
=

∂A

∂t
+

1
i�

[A, H]− . (8.64)

This equation is representation-free and the time evolution is discussed entirely within the
algebra itself. In order to derive an algebraic equation of state from equation (8.64) we set
A = ρ = ψ〉〈ψ†. In the case of a pure state, this operator is an idempotent element of the
algebra, i.e. ρ = ρ2. If the density operator is assumed to satisfy the Liouville theorem

dρ

dt
= 0, (8.65)

equation (8.64) leads to the quantum Liouville equation

∂ρ

∂t
=

1
i�

[H, ρ]− . (8.66)

The density operator as the outer-product of elements of right and left ideals

In the extended Dirac notation, the density ρ = ψ〉〈ψ† is regarded as the outer-product of a
ket and a bra from a vector space and its dual respectively. However, adopting the algebraic
viewpoint of section 8.3.4, this form is recognised as the outer-product of the elements ψ〉
and 〈ψ† respectively from dual left and right ideals of the algebra. (In the terminology
of section 8.3.4, the (dual) vector space of kets (bras) is lifted into a left (right) ideal IL

(IR) of the algebra). The density operator in this algebra may therefore be more generally
written as ρ = BεεC, where Bε ∈ IL and εC ∈ IR, so accommodating the possibility of
both pure and mixed states. ρ is subject to the physical conditions ρ = ρ∗, Tr(ρ) = 1 and
Tr(A∗Aρ) ≥ 0 ∀A ∈ A.

Substitution of the general form ρ = BεC into the equation of motion (8.66) gives the
equation of motion

i�

(
∂B

∂t

)
εC + i�Bε

(
∂C

∂t

)
= HBεC − BεCH, (8.67)

which relates the elements B and C. Since B and C are operator elements not in the ideals
of A, it can be assumed that there exist B† : B†B = 1 and C† : CC† = 1. Equation (8.67)
can then be transformed to

i�B†
(

∂B

∂t

)
εCC† + i�B†Bε

(
∂C

∂t

)
C† = B†HBεCC† − B†BεCHC†. (8.68)
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After simplification, this equation may be re-arranged into

B†
(

i�
∂B

∂t
− HB

)
ε = −ε

(
i�

∂C

∂t
+ CH

)
C†. (8.69)

Since B(C) is any non-null element of the algebra, equation (8.69) is satisfied by

i�

(
∂B

∂t

)
ε = HBε (8.70)

and

−i�ε

(
∂C

∂t

)
= εCH. (8.71)

Equations (8.70) and (8.71), which are respectively in the left and right ideals of the algebra,
have the same general form as the Schrödinger equation and its conjugate counterpart. (H
is assumed to be Hermitian). For this reason, we call Bε and εC wave operators.

The connection with the Hilbert space formalism is exemplified by choosing the operators
B and C to be functions of the position operator X and of time t. So B(X, t)ε ∈ IL. B(X, t)ε
is then projected into a complex function

η : B(X, t)ε → ψB(x, t), (8.72)

where ψB(x, t) = [B(X, t)ε](x) ∈ L2(x, µ) and x is an eigenvalue of X7. Under this projec-
tion, equation (8.70) becomes the Schrödinger equation

i�
∂ψB(x, t)

∂t
= HψB(x, t). (8.73)

The conjugate equation is derived from the dual projection of εC(X, t) ∈ IR into a complex
function

η∗ : εC(X, t) → ψ∗
C(x, t), (8.74)

where ψ∗
C(x, t) = [εC(X, t)](x) ∈ L2(x, µ). Equation (8.71) then leads to the conjugate

Schrödinger equation for ψ∗
C . Thus, equations (8.70) and (8.71) are an algebraic and

representation-independent expression of the Schrödinger equation and its conjugate.

Algebraic form of the Bohm equations

As in section 8.4.2, the wave operator may be taken as a function of a general complex
operator, A. The elements B and C can then written in the mutually conjugate polar
forms B = exp[iSB

Q(A, t)/�] and C = exp[−iSC
Q
†(A, t)/�], where Sχ

Q = Sχ − i� lnRχ. In
this case, equations (8.70) and (8.71) become

−∂SB
Q

∂t
Bε = HBε (8.75)

and

−εC
∂SC

Q
†

∂t
= εCH, (8.76)

7L2(x, µ) means square integrable complex functions with measure µ.
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which are quantum operator equivalents8 of the Hamilton-Jacobi equation of classical me-
chanics

∂Scl

∂t
+ H = 0, (8.77)

where Scl is the classical action. As in the previous section, SQ is called the quantum action.

Equations (8.75) and (8.76) respectively evolve in dual left and right ideal spaces, so
reflecting the essential duality between the Schrödinger equation and its complex conjugate.
This duality can be lifted out of the left and right ideals of the algebra and reflected in
another pair of algebraic equations. Post- and pre-multiplying equations (8.75) and (8.76)
by εC and Bε respectively, and then adding and subtracting the resulting equations, we
find (

−∂SB
Q

∂t
ρ + ρ

∂SC
Q
†

∂t

)
= i�

∂ρ

∂t
= [H, ρ]− (8.78)

and (
−∂SB

Q

∂t
ρ − ρ

∂SC
Q
†

∂t

)
= [H, ρ]+ , (8.79)

where ρ = BεC. These commutator and anti-commutator equations are generalised forms of
equations (8.56) and (8.57). Equation (8.78) is recognised as equation (8.66), the quantum
Liouville equation. Equation (8.79) cannot in general be reduced to a simpler algebraic
form, but it may be regarded as the operator form of the Hamilton-Jacobi equation. Though
outside the left and right ideals of the algebra, these equations are mathematically equivalent
to the Schrödinger equation (for ψB) and its conjugate (for ψ∗

C). This is more clearly seen
by taking the sum and difference of equations (8.78) and (8.79), so obtaining

−∂SB
Q

∂t
ρ = Hρ (8.80)

and

−ρ
∂SC

Q
†

∂t
= ρH. (8.81)

Re-arrangement of these two equations as(
∂SB

Q

∂t
+ H

)
ρ = 0

ρ

(
∂SC

Q
†

∂t
+ H

)
= 0 (8.82)

reveals their connection with the Hamilton-Jacobi equation in classical mechanics, and also
highlights the duality that distinguishes quantum mechanics from classical mechanics.

8Equations (8.75) and (8.76) cannot be simplified further, since the wave operators Bε and εC do not
have inverses.
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8.4.4 Diagonal matrix elements of the quantum Liouville and quantum

phase equations

The meaning of equations (8.78) and (8.79) can be made more explicit in the pure state
case, B = C†, by examining diagonal elements in the a-representation. Thus,

∂ρ(a)
∂t

+
1
i�

[ρ, H]− (a) = 0 (8.83)

and

ρ(a)
∂S(a)

∂t
+

1
2

[ρ, H]+ (a) = 0. (8.84)

Here, F (a) = 〈a|F |a〉 and ρ(a) = R(a)2. If A is chosen to be the position operator, then
equation (8.83) takes the form

∂P
∂t

+ ∇ · j = 0, (8.85)

where P = P(x) = ρ(x) = 〈x|ρ|x〉 and j is a probability density current. Here, the key
result (5.37) in Chapter 5 has been used. Thus, the quantum Liouville equation (8.83) is
identified with the conservation of probability as expected. Equation (8.84) describes the
time variation of the quantum action. In a state in which the energy is well defined, this
equation becomes

∂S

∂t
= −E, (8.86)

which clearly expresses the conservation of energy in Hamilton-Jacobi form.

8.4.5 Algebraic equations of the Bohm interpretation

When equations (8.78) and (8.79) are expressed in a particular representation, they are
respectively the imaginary and real parts of the Schrödinger equation under a polar de-
composition of the wave function in that representation; i.e. they are the algebraic form of
the equations of the Bohm interpretation of quantum mechanics. As such they, along with
the definition of the probability density current operators in Chapter 5, open the way to a
projection of the Bohm interpretation of quantum mechanics into any representation.

The Liouville equation (8.83) (like its algebraic precursor equation (8.78)) is well known
and plays a prominent role in quantum statistical mechanics. As discussed in the introduc-
tion to this chapter, the quantum phase equation (8.84) rarely appears in the literature,
though its existence is unsurprising given the importance of both phase and density in the
evolution of quantum systems. Its algebraic precursor (8.79), provides for a simple and
direct analysis of quantum phase effects, such as the Aharonov-Bohm phase for a particle
travelling in a vector potential, the Aharonov-Casher phase effect of a neutral particle with
a magnetic moment passing a line-charge, and the Berry phase and its associated energy.
The application of equation (8.79) to the analysis of these effects is discussed in [2].

The examination of the Bohm interpretation in the coordinate and momentum repre-
sentations was begun in [1] without the help of the algebraic formulation derived in this
chapter. In [2], the analysis of the coordinate and momentum representations is extended
by taking advantage of the algebraic formulation of the equations of the Bohm interpreta-
tion. In Chapter 9, the Bohm interpretation is generalised to all symplectically covariant
representations.
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8.5 The Schrödinger picture on phase space

8.5.1 A precedent for the role of the anti-commutator

While the anti-commutator in equation (8.79) may seem at first to be a novel feature, it
does have a less well known analogue, called the cosine bracket, in the Wigner-Weyl-Moyal
phase space formulation [8, 90] of quantum mechanics. In this formulation, the Moyal or
sine bracket is the phase space equivalent of the commutator bracket, whereas the cosine
bracket is the phase space equivalent of the anti-commutator bracket. To illustrate this
point, we now express the algebraic Liouville and Hamilton-Jacobi equations in the phase
space formulation. Reference [8] gives an introductory overview of the phase formulation,
but in the following we also particularly draw upon work reported in [38, 90, 93].

8.5.2 Sine and cosine brackets in the Wigner-Weyl-Moyal formulation

At the heart of the Wigner-Weyl-Moyal phase space formulation of quantum mechanics is
the use of the Weyl transform

aW (q, p) = h−N

∫
dHτ exp

i

�
pτ〈q + τ/2|Â|q − τ/2〉, (8.87)

which maps an operator Â (whether of state or a dynamical variable) into the function
aW (q, p) on phase space. A detailed discussion of the Weyl transform can be found in [88,
89]. The isomorphism between the algebra of operators and the algebra of phase space
functions is established by the �-product, which is expressed in differential form as

f � g = exp i{f, g} = lim(q′,p′)→(q,p) exp
{

�

2i

(
∂

∂q

∂

∂p′
− ∂

∂p

∂

∂q′

)}
f(q, p)g(q′, p′). (8.88)

This form applies if f and g are sufficiently regular phase space functions; otherwise an
integral form of the �-product must be used [38]. The above exponential form of the �-
product suggests the decomposition [90]

f � g = exp i{f, g} = (f, g)W + i[f, g]W , (8.89)

where

(f, g)W = cos {f, g}
[f, g]W = sin {f, g} (8.90)

are respectively called the ‘cosine’ and ‘sine’ brackets. The latter analogue of the commuta-
tor is also known as the Moyal bracket [7], whereas the former (appearing first in [93]) is the
analogue of the anti-commutator. The algebra of the sine and cosine brackets is detailed
in [90]. The above definitions imply that

(f, g)W = cos {f, g} =
1
2

(exp i{f, g} + exp−i{f, g})
[f, g]W = sin {f, g} =

1
2i

(exp i{f, g} − exp−i{f, g}) , (8.91)

so that

(f, g)W =
1
2

(f � g + g � f)

[f, g]W =
1
2i

(f � g − g � f) . (8.92)
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8.5.3 From operator algebra to phase space algebra in the Schrödinger

picture

We are now able to transform equations (8.78) and (8.79) into the phase space formulation
by use of the Weyl transform and �-product. The Weyl transform of the quantum Liouville
equation (8.78) is expressed on phase space in terms of the Moyal or sine bracket as


−∂SB

Q
W

∂t
� ρW + ρW �

∂SC
Q
†W

∂t


 = i�

∂ρW

∂t
= 2i[HW , ρW ]W = 2i sin {HW , ρW }, (8.93)

where ρW is the Wigner function. The Weyl transform of the Hamilton-Jacobi equa-
tion (8.79) is


−∂SB

Q
W

∂t
� ρW − ρW �

∂SC
Q
†W

∂t


 = 2(HW , ρW )W = 2 cos {HW , ρW }. (8.94)

Taking the sum and difference of equations (8.93) and (8.94), one obtains

−∂SB
Q

W

∂t
� ρW = HW � ρW (8.95)

and

−ρW �
∂SC

Q
†W

∂t
= ρW � HW , (8.96)

which are respectively the Weyl transforms of equations (8.80) and (8.81). They are the
phase space equivalent of the Schrödinger equation and its conjugate, but are expressed
in generalised form for mixed states. Their connection with the classical Hamilton-Jacobi
equation is more clearly apparent when they are cast in the form

(
∂SB

Q

∂t
+ H

)W

� ρW = 0

ρW �

(
∂SC

Q
†

∂t
+ H

)W

= 0. (8.97)

These equations, which are the Weyl transforms of the algebraic equations (8.82), are to
be contrasted with the equations for a wave function on phase space, as developed by
Wlodarz [38].

In ending this brief reference to the phase space formulation of quantum mechanics, we
observe that not only is the density operator lifted onto phase space but also is the quantum
action operator so lifted by the Weyl transform. This ‘action on phase space’ is to be
distinguished from the classical action of the Hamilton-Jacobi equation which is a function
on coordinate space. Finally, we observe that the derivation of the above quantum Hamilton-
Jacobi equations on phase space is very straightforward, given the operator-algebraic form
of the Schrödinger equation and its conjugate.
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8.6 Summary

In this chapter, through an extension of the Dirac bra(c)ket formulation and through the
alternative expression of the bras and kets as members of right and left ideals in an algebra,
we have shown how the Schrödinger equation can be expressed in algebraic form. Polar
decomposition led to an algebraic form for the equations of the Bohm interpretation of
quantum mechanics; namely, to the algebraic Liouville and Hamilton-Jacobi equations.
Application of the Weyl transform to these operator equations lifted them into the phase
space analogues of the Liouville and Hamilton-Jacobi equations; a result which is worth
further investigation.

However, the key significance of this chapter is that, along with the operator relations
for density currents introduced in Chapter 5, it opens the way to a consistent projection
of the algebraic form of the Bohm interpretation of quantum mechanics into any repre-
sentation, so extending it beyond the coordinate representation. A step in this direction
was made in [1] and [2], in which the Bohm interpretation was explored in the momentum
representation. The next chapter generalises the latter work to all representations which
are linear symplectic transformations of the coordinate representation.
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Chapter 9

GENERALISING THE BOHM
INTERPRETATION

In this chapter, after motivating our approach and examining the nature of ontology, we
pursue a generalisation of the Bohm interpretation to all representations which are related
by linear symplectic transformations. This work extends that in [1, 2] and draws on the
results of previous chapters of this book. Examples of the resulting generalisation are
discussed in detail in the next chapter.

9.1 Motivation - Epstein’s challenge

Our investigation is motivated by Epstein’s [14] challenge that there can be a consistent
causal interpretation of quantum mechanics in any representation, and by the challenge of
exploring the ontology1 and meaning of a thus generalised Bohm interpretation. In respond-
ing to Epstein, Bohm [17] expressed reservations that such a proposition could consistently
be followed through, though he admitted that it might be possible were a canonical trans-
formation of the coordinates to be accompanied by a corresponding linear transformation of
the wave function. As we saw in Chapter 7, the metaplectic or quadratic Fourier transform
is one such transformation. Nonetheless, Bohm ibid. stated (without explicit demonstra-
tion) that ‘such a linear transformation does not even in the simplest cases seem to lead to
an acceptable causal interpretation’. It is unclear what precisely Bohm means here by an
‘acceptable causal interpretation’. In previous chapters, we have conjectured that equiv-
alence between the velocity kinematically derived from the momentum and the trajectory
velocity derived from the probability density current may have been what Bohm had in
mind. In this chapter, we shall examine the conditions for the equivalence of these so-called
mechanical and current-based velocities.

1Ontology, understood as a branch of metaphysics, is the science of being in general, embracing such
issues as the nature of existence and the categorial structure of reality. The term ‘ontology’ has some
additional special uses in philosophy. In a derivative sense, it is used to refer to the set of things whose
existence is acknowledged by a particular theory or system of thought: it is in this sense that one speaks
of ‘the’ ontology of a theory, or of a metaphysical system as having such-and-such an ontology. It is now
better appreciated that the natural sciences embody implicit ontological schemes which cannot be wholly
justified on purely empirical grounds and which can on occasion engender theoretical perplexities, as in the
quantum-mechanical disputes over wave-particle duality. Only metaphysical reflection can ultimately dispel
such perplexities. The Oxford Companion to Philosophy, Edited by Ted Honderich, Oxford University Press
1995.
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9.2 Ontology, causality and explanation

An approach to the question of an ‘acceptable causal interpretation’ requires an examination
of the philosophical standpoint of the causal interpretation2. In their book [13], Bohm
and Hiley reflect that the epistemological nature of quantum theory means that it says
little or nothing about reality itself, i.e. it lacks an ontology. They regard as primary
the question of whether we can have an adequate conception of the reality of a quantum
system. The question of determinism or causality3 in its modern usage they regard as
secondary [13, p.2]. However, it appears [13, p.320] that Bohm and Hiley may also have in
mind the broader historical and explanatory sense of cause, when they appeal for a better
balance between, on the one hand, the modern tendency to consider the most immediate
contact with nature to be through mathematics and, on the other hand, reasoning and
explanation with physical concepts - an approach that was itself dominant until the early
20th century. The importance of the explanatory power of physical theory is emphasised
also by Deutsch [94, p.5], who maintains that ‘Prediction - even perfect, universal prediction
- is simply no substitute for explanation.’ The contrast between epistemology and ontology
is expressed by Deutsch as a contrast between knowing and understanding or, more crudely,
between what and why. New physical theories continue to be tested against nature, but
it is their increased explanatory power that selects them as candidates for such testing
in making progress towards a unified understanding of the fabric of reality. Equally, for
Bohm and Hiley ibid., a balanced counterpoint between epistemology and ontology is the
intellectual arena for the emergence of new theories of nature; creative ideas may arise in
either of the domains of abstract mathematics or of physical concepts but, crucially, they
may flow indefinitely back and forth between them.

Also apparently prompted by the need for an adequate conception of reality, Bell [95,
p.53] introduced the idea of local (in space-time) beables in order to make explicit notions
that were implicit in quantum mechanics and to help formulate some concept of causality.
Encouraged by Bohr’s assertion ibid. that ‘it is decisive to recognise that, however far the
phenomena transcend the scope of classical physical explanation, the account of all evidence
must be in classical terms’, Bell set out to include in the set of beables those which can be
described in classical terms (instrument settings, currents and fields) but not those which
are just mathematical conveniences of the theory (e.g. the wave function, vector and scalar
potentials of the electromagnetic field). For Bell, observables (expressed mathematically as a
self-adjoint operators) must be constructed from beables, whereas beables do not depend on
observation to exist; they can exist between observations. Thus, the particle position in the
Bohm causal interpretation is regarded as a beable (position being a classical concept). Bell

2He (Bohm) proposed that the electron is a real particle with a definite position and momentum, but it
is also connected with a ‘pilot wave’. Bohm regarded this new wave as real and known only by its effects on
the electron. Electrons, of course, in Bohm’s theory still display wave-particle duality because of the effect
of the pilot wave. A Dictionary of Scientists, Edited by J. Daintith and Derek Gjertsen, Oxford University
Press, 1999

3Causality: The relation between two items one of which is a cause of the other; alternatively ‘causation’.
‘Causality’ or ‘causation’ can also refer to a group of topics including the nature of the causal relation, causal
explanation, and the status of causal laws.

In modern philosophy (as in modern usage in general) the notion of cause is associated with the idea of
something’s producing or bringing about something else (its effect); a relation sometimes called ‘efficient
causation’. Historically, the term ‘cause’ has a broader sense, equivalent to ‘explanatory feature’. This
usage survives in the description of Aristotle as holding ‘the doctrine of the four causes’. The members of
Aristotle’s quartet, the material, formal, efficient, and final cause, correspond to four kinds of explanation.
But only the efficient cause is unproblematically a candidate for a cause that produces something distinct
from itself. The Oxford Companion to Philosophy, Edited by Ted Honderich, Oxford University Press, 1995
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therefore quite explicitly identifies an ontology by the entities (beables) in the theory whose
existence it acknowledges, and clearly distinguishes them from those entities which are to
be regarded as mathematical conveniences of the theory. Thus, for example, the particle
position has ontological primacy over the wave function. This approach is in contrast with
implicit ontological schemes (e.g. wave and particle) which may not be consistently justified
on purely empirical grounds but which nonetheless have explanatory power.

Stone [18] also has considered the Bohm theory and, like Epstein, has observed that
there is an infinity of possible representations, each with a wave function and a Bohm
interpretation. As an example, he provides a proof of the existence of the continuity equation
in the momentum representation and thus of the possibility of defining trajectories in the
same. However, whereas in the coordinate representation there is a quantum potential
term, no such term is found in the momentum representation, in which the wave function
is the Fourier transform of that in the coordinate representation. Stone sees this outcome
as a disturbing (though not show-stopping) aspect of the Bohm interpretation; there seems
to be no fundamental ground for choosing one representation over another. If we are to
have one ontology, can it be found in a representation and if so which ontology should
we choose? Stone rejects the argument that the configuration space representation should
be chosen on grounds of simplicity - in the above example the momentum representation
is the simpler. In particular, he observes that systems with velocity dependent potentials
will not necessarily take their simplest form in the coordinate representation. At a more
general level, Stone observes that Bohm trajectories have no more information content than
is already contained in the wave function, so implicitly suggesting that the latter provides
epistemological content while the former contribute to an ontology.

Holland [19] takes the more pragmatic stance that unitary invariance of the quantum
formalism has no bearing on the problem of whether a causal interpretation is possible
or on which space it is most appropriate to develop it. Whilst accepting that the coor-
dinate representation cannot be privileged in the mathematical sense, Holland maintains
that mathematical equivalence does not imply physical equivalence of all representations,
and he postulates (without dogma) that, in seeking a causal interpretation in space-time,
the Schrödinger picture and the position representation are preferred. This is a natural
point of view, for if it is useful to have an ontology, there should at least be one in the
representation of primary interest and application. Such an approach gives emphasis to
the potential benefit an ontology can bring to explaining processes within the preferred
space-time domain of current theory. However, it may also be that the pursuit of ontology
in other representations can provide alternative explanations, and thereby open new routes
for the development of the theory.

Can the ontology of the Bohm interpretation be extended to different representations
and provide a consistent explanation of the underlying fabric of reality? Or should ontol-
ogy not be sought in individual representations but rather at a more abstract level of the
theory? This latter question is posed and examined by Bohm and Hiley in ‘The Undivided
Universe’ [13]. In this chapter, we explore these questions by taking up Epstein’s chal-
lenge and applying the algebraic equations of (what we refer to as) the generalised Bohm
interpretation to different physical systems in different representations.

9.3 Generalising the Bohm interpretation

In [1, 2], the Bohm causal interpretation was explored in the momentum representation
respectively using two different approaches and applying each of them to the linear and the
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quadratic external potentials. In [1], a phase space for the particle motion was created from
the naive application of Hamilton’s equations to the effective Hamiltonian, which appears in
the real part of the polar decomposition of the Schrödinger equation and is often called the
Bohmian [5] . The velocity derived in this way from Hamilton’s first equation is referred to
as the mechanical velocity. In [2], Hamilton’s equations were not used; rather, the particle
velocity was obtained by dividing the probability density current by the probability density,
so obtaining a density current velocity. In this latter case, the imaginary part of the polar
decomposition of the Schrödinger equation was the source of the trajectory information. The
particle momentum was then defined by the ‘guidance relation’ p = ∇S = −	(i�∇(ln(ψ))),
where S is the phase occurring in the polar decomposition of the wave function. Out of this
work emerged the idea of a phase space associated with each different representation.

In this section, we use the results of previous chapters to obtain a symplectically covari-
ant expression of the Bohm interpretation suitable for any representation, so bringing the
approaches of [1, 2] into a more general framework. In this way, the respective roles of the
mechanical velocity and the density current velocity are clarified. The approach taken gen-
eralises the results for the momentum rate equations developed in Chapter 4 and extends
the particle phase space of [2] to include the imaginary component of momentum. Finally,
we provide an affirmative though qualified reply to Epstein’s challenge (section 9.1) that
the Bohm interpretation can be also be a consistent causal interpretation in representations
other than the coordinate representation.

9.3.1 Conventions and assumptions

The analysis of this section is expressed in terms of the unitless variables introduced in
section 7.4.1, so clarifying the symplectic transformations involved. For convenience, we
use the Hamiltonian

Ĥ =
p̂2

2m
+ V (x̂) + iW (x̂)

V (x̂) = λx̂n

W (x̂) = ηx̂m (9.1)

as expressed in the coordinate representation, i.e. q̂ ≡ x̂, in which the external potential
V (x̂) and the optical potential W (x̂) [section 4.6.2] are each monomial. Both λ and η are
real constants. It is straightforward to show that the methods and results of this section
apply also to more general Hamiltonians than that in equation (9.1). Finally, the analysis is
performed on pure states using diagonal elements of operators. The analysis of off-diagonal
elements and the consideration of mixed states are interesting lines of pursuit not taken up
here.

9.3.2 Algebraic equations for a Hamiltonian with a complex potential

The algebraic equations (8.78) and (8.79) were developed from the starting point of a
Hermitian Hamiltonian in the Liouville equation (8.64). The outcome of that development
is the expression of the Schrödinger equation (8.80) in operator form. In order to develop
the algebraic equations for a non-Hermitian Hamiltonian with a complex potential, we start
with equation (8.80) and its dual for a pure state

−∂ŜQ

∂t
ρ̂ = Ĥρ̂
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−ρ̂
∂Ŝ†

Q

∂t
= ρ̂Ĥ†, (9.2)

where Ĥ = Ĥr + iĤi distinguishes the real and imaginary parts of the non-Hermitian
Hamiltonian operator. Taking the sum and difference of these two equations, we find the
algebraic Hamilton-Jacobi and Liouville equations respectively to be

−

∂ŜQ

∂t
ρ̂ + ρ̂

∂Ŝ†
Q

∂t


 = [Ĥr, ρ̂]+ + i[Ĥi, ρ̂]−

−

∂ŜQ

∂t
ρ̂ − ρ̂

∂Ŝ†
Q

∂t


 = [Ĥr, ρ̂]− + i[Ĥi, ρ̂]+. (9.3)

Comparison of these equations with equations (8.78) and (8.79) shows how the Hamilton-
Jacobi and Liouville equations are modified by the imaginary part of the Hamiltonian. If,
in the coordinate representation, Hi = W (x̂), and we take diagonal matrix elements of the
above two equations, 〈x̂(x)|[W (x̂), ρ̂]−|x̂(x)〉 = 04 in the Hamilton-Jacobi equation, whereas,
〈x̂(x)|[W (x̂), ρ̂]+|x̂(x)〉 = 2ρ(x)W (x) is a source-sink term in the Liouville equation. This is
precisely the condition studied in sections 4.4 to 4.7, where depending upon its sign, W (x)
acts as a stochastic source or sink of Bohm trajectories.

In representations other than the coordinate representation,

〈q̂′(q)|[W (q̂′, p̂′), ρ̂]−| ˆq′(q)〉 �= 0 (9.4)

and so the ‘optical’ potential W does contribute to the Hamilton-Jacobi equation as well
as to the Liouville equation, in these more general cases. Using the result (5.37), we see
that, as in the Liouville equation, the commutator in the Hamilton-Jacobi equation can be
written in terms of current commutators by using the relation

[Ĵiq , p̂]− − [Ĵip , q̂]− = [ρ̂, Ĥi]−, (9.5)

in which the density current operators are defined in terms of the symbolic derivatives in
equations (5.39). The implication of this result is that, in general, the optical potential
contributes an imaginary component to the density current. The imaginary components
(Ĵiq and Ĵip) of the density current contribute to the energy balance in the Hamilton-Jacobi
equation, whereas the real components (Ĵrq and Ĵrp) of the density current contribute to
the probability balance in the Liouville equation. This complementarity corresponds to
that of the commutators in equations (9.3). However, in a given q-representation, only Ĵiq

and Ĵrq respectively contribute to the diagonal matrix elements of the Hamilton-Jacobi and
Liouville equations.

9.3.3 Complex energy and momentum

In a given representation, the equations of the generalised Bohm interpretation are embodied
in a complex Hamilton-Jacobi equation in which energy and momentum are complex-valued
functions. Given that the wave function is generally complex, working with such complex

4Here and hereafter, we use the notation in which the bras and kets are labelled by the operator q̂′ which
is diagonal in the q′-representation. In the expression q̂′|q̂′(q)〉 = q|q̂′(q)〉, q is a particular eigenvalue of q̂′.
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quantities affords wider ontological scope than adopting a classical ontology in which energy
and momentum are real quantities.

We start with the first of the dual algebraic equations (8.82) and consider its diagonal
matrix elements in the (arbitrary) q-representation

〈q|
(

∂ŜQ

∂t
+ Ĥ

)
ρ̂|q〉 = 0. (9.6)

Again, we focus upon pure states, so allowing the state distinguishing superscript of SB
Q to be

omitted. Recall, from Chapter 8, that this equation is the sum of the algebraic commutator
and anti-commutator equations, which are expanded in equation (9.3) to account for the
optical potential. On writing ψ(q, t) = 〈q|ψ〉, equation (9.6) becomes

(
∂SQ(q, t)

∂t
+

Ĥψ(q, t)
ψ(q, t)

)
〈q|ρ̂|q〉 = 0. (9.7)

The retention of the Hamilton-Jacobi form of equation (9.6) has necessitated the introduc-
tion of the reciprocal of ψ(q, t), which has singularities at zeros of the wave function where
the probability density is zero and, accordingly, the velocity of Bohm trajectories is infinite.
Away from zeros of the wave function, and in the notation of section 2.2.2, equation (9.7)
reduces to the complex Hamilton-Jacobi form

−∂SQ(q, t)
∂t

= HQ(q, t). (9.8)

The real and imaginary parts of this equation respectively embody the Hamilton-Jacobi
and the probability density conservation equations of the Bohm interpretation of quantum
mechanics. In a similar way, and again using the notation of section 2.2.2, the jth component
of the complex momentum equation is found to be

∂SQ(q, t)
∂qj

= (pQ)j(q, t). (9.9)

9.3.4 Complex energy under passive linear symplectic transformations

To study the Bohm interpretation in any representation related to the coordinate represen-
tation by a linear symplectic transformation, the corresponding the transformation of HQ

is required.
From sections 2.4.2 and 7.6.3, we recall that the linear symplectic transformation from

the q-representation to the q′-representation (q̂, p̂) → (q̂′, p̂′) is given by

(
q̂
p̂

)
=

(
DT −BT

−CT AT

) (
q̂′

p̂′

)
, (9.10)

where the symplectic conditions on the sub-matrices A, B, C, D are given by equation (2.49).
So, given the assumed form of the Hamiltonian in equation (9.1), operator terms of the
general form

Ôj
k

= (αq̂j + βp̂j)k (9.11)
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will appear in the transformed Hamiltonian operator. Here q = x (for the coordinate
representation), and α and β represent sub-matrix elements of the transformation matrix
in equation (9.10). HQ(q′, t) will correspondingly contain terms

(Ôj
k
)Q = exp (−iγS′

Q)(αq̂′j + βp̂′j)
k exp (iγS′

Q), (9.12)

in which the substitution ψ′ = exp iγS′
Q has been used. By successively operating on the

right-most exponential, one obtains

(Ô′
j

k
)Q = (αq′j + β(p′Q)j + βp̂′j)

k1 (9.13)

in which (p′Q)j = (p′Q)j(q′, t), and the bracket operates upon the right-most unit constant.
This result is a more compact and general form of that used in [1, Appendix], where the focus
of attention was upon 	(HQ) only. Equation (9.13) is easily generalised to corresponding
results for mixed products of q̂ and p̂ operators. Thus, for a system with only one spatial
degree of freedom

H ′
Q =

1
2m

(−Cq′ + Ap′Q + Ap̂′)21 + λ(Dq′ − Bp′Q − Bp̂′)
n
1 + iη(Dq′ − Bp′Q − Bp̂′)

m
1,

(9.14)

in which the suffix denoting the component has been dropped. For clarity, we shall hereafter
work with systems of one degree of freedom which have a complex Hamiltonian of this form.
In considering equation (9.14), recall from section 2.2 that pQ = p�+ip� = ∇S+i∇(ln R)/γ.

9.3.5 The complex quantum potential and mechanical velocity

By generalising the approach of [1, Section 3] and applying it to the domain of unitless
variables, we now identify the complex quantum potential, by first separating H ′

Q into its
γ-dependent part H ′

γ and its γ-independent part H ′
0. H ′

0 can be obtained from H ′
Q by

formally setting 1
γ = 0, thus

H ′
0 = H ′

Q| 1
γ
=0

H ′
γ = H ′

Q − H ′
0. (9.15)

It is emphasised here that H ′
0 �= limγ→∞ H ′

Q, for we are not taking the large action scale
limit (see Chapter 7) but merely distinguishing those parts of H ′

Q that contain 1
γ from those

that do not. The real and imaginary parts of the complex quantum potential are then
obtained from H ′

γ as

Q′
γ = 	(H ′

γ)
U ′

γ = �(H ′
γ). (9.16)

In the coordinate representation, the real part, Q′
γ = Qγ , of the complex quantum potential

is precisely the Bohm quantum potential, whereas the imaginary part, U ′
γ = Uγ , is propor-

tional to the divergence of the probability density current, which appears in the probability
conservation (Liouville) equation.

From the definition (9.15) and from H ′
Q as defined in equation (9.14), H ′

0 is found to be

H ′
0 =

1
2m

(−Cq′ + Ap′�)2 + λ(Dq′ − Bp′�)n + iη(Dq′ − Bp′�)m
, (9.17)
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since p′� and p̂′ contain factors of 1
γ and so do not appear in H ′

0. Equation (9.17) is precisely
the linear symplectic transformation of the Hamiltonian

H0 =
1

2m
p2
� + λqn + iηqm (9.18)

in the coordinate representation. While Hc = 	(H0) has the form of the corresponding
classical Hamiltonian for an external potential V (q ≡ x), we again emphasise that it is not
itself a classical Hamiltonian. In particular, p� = p�(q, t) is the real spatial derivative of
SQ(q, t). Hw = �(H0) = W (q ≡ x) is the optical potential.

The real and imaginary parts of the complex Hamilton-Jacobi equation (9.8) may now
be written, in any representation, as two energy balance equations

−∂S′(q′, t)
∂t

= Q′
γ(q′, t) + H ′

c(q
′, t)

1
γR′(q′, t)

∂R′(q′, t)
∂t

= U ′
γ(q′, t) + H ′

w(q′, t). (9.19)

In the Bohm formulation of quantum mechanics, the second (imaginary) energy balance
equation is multiplied through by 2γρ′ to obtain the probability conservation equation.

The separation of 	(H ′
Q) = Q′

γ + H ′
c gives rise to the ontology of a particle subject not

only to an external potential but also to an ‘internal’ quantum potential. In the coordinate
representation, this ontology is affirmed by observing that, in the density current divergence
factor of Uγ , the velocity derived from the density current is also the mechanical velocity
p�/m.

The mechanical velocity of the causal model appears in the expansion of the spatial
derivative of H ′

c = H ′
c(q

′, t), which arises in the momentum rate equations. Thus,

∂H ′
c

∂q′
=

(
∂H ′

c

∂p′�

)
q′

∂p′�
∂q′

+
(

∂H ′
c

∂q′

)
p′�

= q̇′H′
c

∂p′�
∂q′

+
(

∂H ′
c

∂q′

)
p′�

, (9.20)

in which, crucially, the dependence of H ′
c on p′�(q′, t) is made explicit. The definition of the

mechanical velocity as

q̇′H′
c

=
(

∂H ′
c

∂p′�

)
q′

, (9.21)

which is implicit in equation (9.20), is similar to that defined by the first (kinematic)
equation of Hamilton’s equations of motion in classical mechanics, except that in classical
mechanics the momentum is not a function of q′. Thus, by using equations (9.21) and (9.17),
we find that

q̇′H′
c

=
A

m
(−Cq′ + Ap′�) − nBλ(Dq′ − Bp′�)n−1 (9.22)

in the q′-representation. Both the mechanical and the density current velocities appear
as convective terms in the momentum rate equations discussed in section 9.3.7; we shall
investigate the conditions under which they are identical in section 9.3.8.
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9.3.6 Probability density current and trajectory velocity under passive

linear symplectic transformations

In the q′-representation, the velocity associated with the density current operator Ĵ ′
q′ at the

coordinate q′ is

〈q̂′(q′)|Ĵ ′
q′ |q̂′(q′)〉

〈q̂′(q′)|ρ̂|q̂′(q′)〉 , (9.23)

the evaluation of which requires Ĵ ′
q′ to be expressed in terms of q̂′, p̂′ and ρ̂. To do this, we

draw upon the definition of the current operators given in section 5.4.2, and make use of
their symplectic covariance as established in section 5.5. Thus, for the Hamiltonian defined
in equation (9.1) and for the symplectic transformation defined by equation (9.10), the
density current operator in the coordinate q′-representation is

Ĵ ′
q′ = ∇̃p′

(
ρĤ ′

)
= ∇̃p′

(
ρ

(
1

2m
(−Cq̂′ + Ap̂′)2 + λ(Dq̂′ − Bp̂′)

n
+ iη(Dq̂′ − Bp̂′)

m
))

.

(9.24)

After expanding the symbolic derivative, Ĵ ′
q′ is found to be

Ĵ ′
q′ =

A

2m

∑2

k=1
(−Cq̂′ + Ap̂′)k−1ρ̂(−Cq̂′ + Ap̂′)2−k

−Bλ
∑n

k=1
(Dq̂′ − Bp̂′)

k−1
ρ̂(Dq̂′ − Bp̂′)

n−k

−iBη
∑m

k=1
(Dq̂′ − Bp̂′)

k−1
ρ̂(Dq̂′ − Bp̂′)

m−k
, (9.25)

in which the contribution of the optical potential, W (x), to the imaginary component in
the density current, as discussed in section 9.3.2, is now explicit. Thus, the density current
velocity, as defined in equation (9.23), has real and imaginary parts. How, therefore, do we
define the velocity of Bohm trajectories? This is done by adopting the ontology that, in
all representations, Bohm trajectories map the history of the evolution of the probability
density, to which their density is proportional. (See section 5.1.3). This interpretation is
precisely described by the Liouville equation, i.e. the second of equations (9.3), to which
only the real part of the density current contributes. The velocity of trajectories in the
generalised Bohm interpretation is therefore defined as

q̇′J ′ =
〈q̂′(q′)|	(Ĵ ′

q′)|q̂′(q′)〉
〈q̂′(q′)|ρ̂|q̂′(q′)〉 =

〈q̂′(q′)|∇̃p′ (ρH ′
r) |q̂′(q′)〉

〈q̂′(q′)|ρ̂|q̂′(q′)〉 , (9.26)

in which H ′
r is the transformed real part of the Hamiltonian, i.e. that excluding the optical

potential. Although the optical potential plays no explicit role in the definition of the
Bohm trajectory velocity, the latter is indirectly affected by the optical potential through
the density ρ. On evaluating the symbolic derivative in equation (9.26), we find that

q̇′J ′ =
A

2m

∑2
k=1 〈q̂′(q′)|

(
(−Cq′ + Ap̂′)k−1ρ̂(−Cq′ + Ap̂′)n−k

) |q̂′(q′)〉
〈q̂′(q′)|ρ̂|q̂′(q′)〉

−Bλ

∑n
k=1 〈q̂′(q′)|

(
(Dq′ − Bp̂′)k−1ρ̂(Dq′ − Bp̂′)n−k

) |q̂′(q′)〉
〈q̂′(q′)|ρ̂|q̂′(q′)〉 . (9.27)
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q̇′J ′ may now be expressed in terms of q′, p′Q and p̂′, in a way similar to that for HQ in
section 9.3.4. The terms in equation (9.27) have the general form

∑n
k=1 〈q̂′(q′)|

(
(αq′ + βp̂′)k−1ρ̂(αq′ + βp̂′)n−k

) |q̂′(q′)〉
〈q̂′(q′)|ρ̂|q̂′(q′)〉 , (9.28)

where α and β are sub-matrices of the symplectic transformation matrix in equation (9.10).
The k-th term of equation (9.28), expressed in terms of the wave function ψ′(q′, t) in the
q′-representation, is

(
(αq′ + βp̂′)k−1ψ′

ψ′

) (
(αq′ + βp̂′)n−kψ′

ψ′

)∗
, (9.29)

which, by use of the polar form of the wave function (as in equation (9.12)) and by successive
action of the operator bracket upon ψ′, becomes

(
(αq′ + βp′Q + βp̂′)k−11

) (
(αq′ + βp′Q + βp̂′)n−k1

)∗
. (9.30)

Thus, the Bohm density current velocity has the form

q̇′J ′ = A
2m

∑2
k=1

(
(−Cq′ + Ap′Q + Ap̂′)k−11

) (
(−Cq′ + Ap′Q + Ap̂′)2−k1

)∗

−Bλ
∑n

k=1

(
(Dq′ − Bp′Q − Bp̂′)k−11

) (
(Dq′ − Bp′Q − Bp̂′)n−k1

)∗
. (9.31)

It is straightforward to show that this velocity is indeed real. In section 9.3.8, we examine
the conditions under which this velocity is identical to the mechanical velocity derived
in equation (9.22). First, however, we examine how the density current velocity and the
mechanical velocity appear in the momentum rate equations.

9.3.7 The momentum rate equations revisited

In section 4.2, the complex momentum rate equations, along a trajectory q(t) of velocity q̇,
were derived from a modified form of the principle of least action. For any representation
q 5, these equations can also be obtained by expanding the total derivative of (pQ)j into

˙(pQ)j =
∑N

i=1
q̇i

∂(pQ)j

∂qi
+

∂(pQ)j

∂t
, (9.32)

whereupon, from

∂(pQ)j

∂t
=

∂2SQ

∂t∂qj
=

∂2SQ

∂qj∂t
= −∂HQ

∂qj
(9.33)

and

∂(pQ)j

∂qi
=

∂2SQ

∂qi∂qj
=

∂2SQ

∂qj∂qi
=

∂(pQ)i

∂qj
, (9.34)

5In section 9.3.7, to avoid cluttering the notation, we drop the superscript ‘prime’ used elsewhere to denote
variables in a representation which is a symplectic transformation of the spatial coordinate representation.
Thus for example, in this section, q refers to the coordinate in any such representation.
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one obtains equation (4.7)

˙(pQ)j =
∑N

i=1
q̇i

∂(pQ)i

∂qj
− ∂HQ

∂qj
. (9.35)

While this equation holds for any velocity q̇, in the Bohm interpretation the trajectory
velocity is that of the probability density current, and so hereafter we accordingly set q̇ = q̇J

when using equation (9.35) in the context of the Bohm interpretation. We now examine
two ways of expressing this equation.

The generalised Bohm form of the momentum rate equations

By expressing the complex energy as HQ = Hγ + H0, as in section 9.3.5, equation (9.35)
takes the form

˙(pQ)j =
∑N

i=1
(q̇J)i

∂(pQ)i

∂qj
− ∂Hγ

∂qj
− ∂H0

∂qj
. (9.36)

To develop further the ontology of the complex momentum rate equation, it is separated
into its real and imaginary parts

˙(p�)j =
∑N

i=1
(q̇J)i

∂(p�)i

∂qj
− ∂Qγ

∂qj
− ∂Hc

∂qj

˙(p�)j =
∑N

i=1
(q̇J)i

∂(p�)i

∂qj
− ∂Uγ

∂qj
− ∂Hw

∂qj
. (9.37)

Finally, since in general, Hc = Hc(q, p�(q, t)) and Hw = Hw(q, p�(q, t)), their spatial deriva-
tives may be expanded using the function of a function rule. Thus, the momentum rate
equations are

˙(p�)j =
∑N

i=1

(
(q̇J)i −

(
∂Hc

∂(p�)i

)
q

)
∂(p�)i

∂qj
− ∂Qγ

∂qj
−

(
∂Hc

∂qj

)
p�

˙(p�)j =
∑N

i=1

(
(q̇J)i

∂(p�)i

∂qj
−

(
∂Hw

∂(p�)i

)
q

∂(p�)i

∂qj

)
− ∂Uγ

∂qj
−

(
∂Hw

∂qj

)
p�

. (9.38)

In the real momentum rate equation, the real momentum derivative of Hc corresponds pre-
cisely with that in the first Hamilton equation for a particle (mechanical) velocity in classical
mechanics. In the imaginary momentum rate equation, the real momentum derivative of
Hw contributes a convective velocity, which carries the gradient of real momentum, whereas
the current-based velocity carries the gradient of imaginary momentum. The asymmetry in
equations (9.38) arises from separating HQ into parts that respectively contain a factor 1/γ
and those that do not - a process central to the concept of the quantum potential and the
introduction of the particle ontology. We refer to this form of the momentum rate equations
as the generalised Bohm form.

Symmetric form of the momentum rate equations

In contrast to the previous sub-section, the momentum rate equations can be expressed in
an alternative form that retains their symmetry and affords the definition of two mechanical
velocities at the expense of losing the concept of a quantum potential. In general, HQ =
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HQ(q, {p(k)
� , p

(k)
� , k = 0, 1, ...}), with the maximum of the order k of the spatial derivative

of momentum depending on the form of the Hamiltonian. By making explicit the first
momentum derivatives of HQ = H� + iH�, the real and imaginary parts of equation (9.35)
take the form

˙(p�)j =
∑N

i=1

(
(q̇J)i −

(
∂H�

∂(p�)i

)
q,p�

)
∂(p�)i

∂qj
− ∑N

i=1

(
∂H�

∂(p�)i

)
q,p�

∂(p�)i

∂qj
−

(
∂H�
∂qj

)
p
(1)
Q =0

˙(p�)j =
∑N

i=1

(
(q̇J)i −

(
∂H�

∂(p�)i

)
q,p�

)
∂(p�)i

∂qj
− ∑N

i=1

(
∂H�

∂(p�)i

)
q,p�

∂(p�)i

∂qj
−

(
∂H�
∂qj

)
p
(1)
Q =0

.(9.39)

The remaining terms in the spatial derivative of HQ are denoted by the right-most terms of
these two equations. In this case, two (mechanical) velocities, respectively derived from the
real and imaginary parts of HQ, are subtracted from the density current velocity in the real
and imaginary momentum rate equations respectively. In general, these two mechanical
velocities and the density current velocity are all different. However, by an analysis using
the computer package MAPLE 8, we have found them to be identical for (i) up to quadratic
potentials in all representations (ii) any external potential in the coordinate representation
(iii) in the limit γ → ∞ (iv) for all external potentials in all representations related to the
coordinate representation by a passive symplectic transformation with B = 0. A connection
with the ontology of the generalised Bohm equations (9.38) can be made for these cases, as
for example in the coordinate representation in section 4.2.2, where the symmetric method
described above is adopted.

More generally, it should be noted that whereas it is the quantum and classical potentials
that are first separated in the generalised Bohm approach, in the symmetric method it is
only the quantum and classical forces that may be distinguished. An analysis of section 4.2.2
using equations (9.38) shows that, in the imaginary momentum rate equation, the imaginary
mechanical velocity term is drawn from the gradient of the imaginary quantum potential
Uγ , so that in section 4.2.2, ∇U �= ∇Uγ . Thus, in general a connection from the symmetric
method to the ontology of the generalised Bohm approach is obscured; for ‘classical’ energies
are not separated from quantum energies (containing 1/γ as a factor), and the mechanical
velocity terms (coefficients of the spatial derivatives of the momenta in HQ) draw not only
on H0 but also on components of the complex quantum potential Qγ + iUγ .

Ontologies for the symmetric momentum rate equations in the coordinate representation
have been explored in sections 4.4 and 4.5, but the question of ontology for the general case,
with differing mechanical velocities and current velocity, is not pursued here. Nonetheless,
the presentation of a symmetric, though mathematically equivalent, alternative formulation
to equations (9.38), illustrates how ontology can inform the choice of mathematical formula-
tion. We also see how ontology itself may draw on pre-existing conceptual and explanatory
frameworks, such as classical mechanics or an appeal for symmetry in the equations. This is
an example of the interplay between mathematics and reasoning through physical concepts,
as discussed in section 9.2.

9.3.8 Comparing the mechanical and density current velocities in the

generalised Bohm interpretation - Epstein answered

We continue with the generalised Bohm formulation and ask under what conditions the
density current velocity q̇′J ′ and the mechanical velocity q̇′H′

c
are identical. This condition

is of particular interest, for it implies that the first of the momentum rate equations (9.38)
takes a classical form as the negative gradient of the sum of the external and internal
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(quantum) potentials. This condition therefore supports the causal ontology of a particle
subject to external and internal forces in accordance with Hamilton’s second equation of
motion.

Comparing equations (9.22) and (9.31), it is clear that in general q̇′H′
c

= q̇′J ′ , when B = 0
but not otherwise. Expressed more formally, q̇′H′

c
= q̇′J ′ for symplectic transformations

which are products of respective members of the nilpotent (lens) sub-group N and the
Abelian (confocal) sub-group A, or more succinctly, which are members of N ⊗ A, in the
notation of section 2.4.2. Thus, for example when B = C = 0, q̇′H′

c
= q̇′J ′ , for any external

potential, in the coordinate representation (A = D = 1) or in a representation q′ for
which D = A−1, A �= 1, which is a dilation transformation of the coordinate representation.
Closer inspection of equation (9.31), in particular, shows that q̇′H′

c
= q̇′J ′ , for any symplectic

matrix, i.e. for any symplectically covariant representation, in the case of external potentials
of quadratic degree or less. Finally, it is clear that q̇′H′

c
= q̇′J ′ for any external potential

and any representation in the limit γ → ∞.

The Bohm causal description is of a particle following one of an ensemble of trajectories
whose density is that of the wave function, while at the same time having the mechanical
ontology of Hamilton’s equations of motion in the presence of an internal (quantum) and
external potential. This description holds only under the restricted conditions described
above. The Bohm causal interpretation was formulated in the coordinate representation
where it holds for any external potential. We have shown that it also holds for any external
potential in a representation which is related to the coordinate representation by a sym-
plectic transformation in the sub-group N ⊗ A. However, in general, it can be extended
to other representations only for external potentials of up to quadratic degree. These re-
sults provide an answer to Epstein’s challenge, and they clarify Bohm’s reservations (see
section 9.1) regarding the extension of the (Bohm) causal interpretation beyond the coor-
dinate representation.

We are now able formally to distinguish the Bohm causal interpretation, in which
q̇′H′

c
= q̇′J ′ , from the generalised Bohm interpretation in which that equality need not

hold. The Bohm causal interpretation is therefore contained within the generalised Bohm
interpretation, for which the trajectory velocity is defined to be q̇′J ′ .

9.3.9 References [1, 2] revisted

Trajectory velocities, in the coordinate and momentum representations, were obtained for
the linear potential and the quadratic (harmonic oscillator) potential in both of [1, 2].
In [1], the trajectory velocity is q̇′H′

c
whereas in [2], it is q̇′J ′ . In the light of the previous

section, it is now clear that the respective trajectory velocities obtained in these two papers
should be identical, and inspection of [1, 2] shows that this is indeed the case for both
the coordinate and momentum representations. It is worth noting that, in contrast to this
book, [2] expresses ‘beables’ always with respect to the coordinate representation.)

A feature of both these papers is that they consider only the real momentum p�. We
have shown in section 9.3.7 that the ontology of the Bohm causal interpretation and its
generalisation is more fully described by including the imaginary momentum p� and energy
E� in the description. This generalisation will be exemplified in Chapter 10.
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9.4 Summary

After first examining Epstein’s challenge as a motivation and then reviewing recent ap-
proaches to the ontology of the Bohm interpretation, this chapter has developed a gener-
alisation of the Bohm causal interpretation. Starting from the algebraic (operator) forms
of the Hamilton-Jacobi and Liouville equations (allowing for the presence of a complex ex-
ternal potential), the descriptive scope of the Bohm interpretation has been widened to all
representations which are related to the coordinate representation by a linear symplectic
transformation. Moreover, the notions of complex energy, complex momentum and com-
plex quantum potential emerge naturally from the formulation, providing a more complete
description than the original Bohm causal interpretation. General formulae for energy, mo-
mentum and trajectory velocities have been given for any representation which has linear
symplectic covariance with the coordinate representation. A particular stance of the ap-
proach is that no a priori assumption is made about a kinematic relation between the real
part of the momentum and trajectory velocity. In relation to two alternative forms of the
momentum rate equations, it has been observed that there is an intimate interaction been
choices of mathematical formulation and ontology and that each informs the other.

A distinction has been made between a density current based definition of velocity and a
mechanical definition. These definitions have been found to imply the same velocity gener-
ally in the coordinate representation, for representations related to the latter by symplectic
transformations in the sub-group N ⊗A, and for external potentials of up to quadratic de-
gree in all linear symplectically covariant representations. In the large scale limit of γ → ∞,
these two velocities are always identical without restriction and the imaginary parts of the
energy and momentum tend to zero. For the quantum scale, γ ∼ 1, the congruence of these
two definitions of velocity has been taken as a key feature of the ontology of the Bohm
causal interpretation, insofar as it combines the notion of particle motion with integral tra-
jectories of the density current velocity. This being so, not only has Epstein’s challenge
been answered in the affirmative but also the basis of Bohm’s reservations about extending
the causal interpretation to other representations has been clarified. In particular, the on-
tology of the Bohm causal interpretation is restricted to those representations for which the
mechanical and density current velocities are identical; the real momentum is then not only
a measure of the gradient of the wave function phase, it may also be interpreted as the me-
chanical momentum of a particle. On the other hand, the generalised Bohm interpretation
does not enforce this restriction but rather insists only upon the density current velocity as
the trajectory velocity; consequently, it applies more generally to all linear symplectically
covariant representations.



Chapter 10

EXAMPLES OF THE
GENERALISED BOHM
INTERPRETATION

In this chapter, we analyse two examples of the generalised Bohm interpretation in a num-
ber of different but symplectically covariant representations. We investigate the effects of
changes of representation under passive symplectic transformations, as these were implicit
in the Epstein question which provoked the work in this book. Nonetheless, active symplec-
tic transformations which preserve the form of the Hamiltonian are implicit in our analysis,
as we shall be concerned with time-dependent solutions of the Schrödinger equation. The
propagation of quantum systems under active symplectic transformations was discussed in
Chapter 7 and is given considerable attention in [5, 96].

10.1 Approach to generalised Bohm interpretation examples

Earlier work [1, 2] focused on the coordinate and momentum representations taking the
quantum harmonic oscillator (QHO) and the quantum linear potential (QLP) as examples.
In this chapter we extend and generalise the work of [1, 2] in the following ways.

• The wave function, density current based trajectories and quantum potential are ex-
amined for the QHO and the QLP in representations which have a more general
symplectic relation to the coordinate representation than does the momentum repre-
sentation which was studied in [1, 2].

• Time-dependent solutions are examined.

• Both the real and imaginary parts of the momentum are combined with the coordinate
in any representation to create a complex (or double) phase space for the Bohm
trajectories.

• Unitless variables are used, and the quantum (γ ∼ 1) and classical (γ → ∞) limits of
the wave functions and trajectories are examined.

• The relation between the quadratic Legendre transformation of the classical phase
and the quadratic Fourier transform of the quantum wave function is exemplified.
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Figure 10.1: Schematic of transformations, for a common symplectic change of representa-
tion, used in examples of the generalised Bohm interpretation in its small (γ ∼ 1) and large
(γ → ∞) action limits. The possibility of caustics in the latter limit is explicitly illustrated.

A schematic of the transformations used in the examples for the small (γ ∼ 1) and large
(γ → ∞) action limits is shown in Figure 10.1. In each example, in the γ ∼ 1 limit, we
choose an initial wave function ψ(x, 0) (which is not an eigenfunction) and quadratically
Fourier transform (QFT) it to ψ′(q′, 0) in a number of different q′-representations related by
(passive) linear symplectic maps. The wave function is then (actively) propagated according
to the Schrödinger equation, which has the symplectically mapped Hamiltonian operator
Ĥ ′ in each respective representation. Since they are commutative, the order of the passive
and active transformations is arbitrary and chosen for convenience.

In the case of the QHO, using the same initial wave function ψ(x, 0), we also execute the
above process in the large action limit γ → ∞, but passively transform the wave function
phase using the quadratic Legendre transform and carry its density in the symplectic flow of
the transformation. The wave function is then propagated under the symplectically mapped
classical Hamiltonian H ′, so allowing a direct comparison between the small and the large
scale limits of the generalised Bohm interpretation. At the same time, this comparison con-
trasts the corresponding roles of the quadratic Fourier transform (QFT) and the quadratic
Legendre transform (QLT), and it brings out the underlying role of the symplectic group
in both small and large scale action regimes.

For the QLP example, attention is restricted to the small action (quantum) limit but
it is more wide ranging in its coverage of the linear symplectic group. Starting from the
momentum representation, all sub-groups of the Iwasawa decomposition of the linear sym-
plectic group are explored by referring to a precise correspondence between the inter-plane
transformations of an optical lens system and the inter-representation transformations of
the wave function. The transformation properties of Bohm trajectories are then examined in
the complex (double) phase space which comprises the real and imaginary Bohm momenta.
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10.2 Example A: Harmonic oscillator

10.2.1 Scaling

We consider solutions of the Schrödinger equation with the Hamiltonian

H̆ =
p̆2

2m0
+

1
2
m0ω

2
0x̆

2, (10.1)

which is expressed in terms of physical operators and parameters. From section 7.4.2,
the (action) scales in the system are related by S0 = P0Q0 = H0T0 = γh. Following
sections 7.4.2 and 7.4.3, the momentum and length scales are defined by sharing the energy
scale H0 equally between the kinetic and external potential energy terms. So, P 2

0 = M0H0

and Q2
0 = H0/(M0ω

2
0). By choosing the time scale T0 = 1/ω0, the above relation between

the action scales is satisfied. Now writing H̆ = H0Ĥ, p̆ = P0p̂, x̆ = Q0x̂ and m0 = mM0

with mass scale M0 = m0, equation (10.1) has the unitless form

Ĥ =
p̂2

2
+

1
2
ζx̂2, (10.2)

where ζ = M2
0 Q2

0

P 2
0 T 2

0
= 1. Where � occurs in the physical operators of equation (10.1), it is

replaced by 1
γ in the corresponding unitless operators of equation (10.2). The corresponding

unitless Schrödinger equation (7.32) is

i
1
γ

∂ψ

∂t
= Ĥψ. (10.3)

We observe that, in terms of the action scale parameter γ and the parameters of the system,
the scaling constants may be expressed as

T0 =
1
ω0

(10.4)

H0 = γhω0 (10.5)

P0 =
√

γh

m0ω0
(10.6)

Q0 =
√

γhm0ω0. (10.7)

In our subsequent analysis, we shall consider the behaviour of the QHO for γ ∼ 1 and for
γ → ∞.

10.2.2 Symplectic transformation of the Hamiltonian: The rotation sub-

group

In this example, we focus upon the rotation sub-group of the symplectic group as described
in section 2.4.2 and parameterised by the angle θ. Under this transformation, the momen-
tum and position operators transform according to a rotation in phase space. Thus(

q̂′

p̂′

)
=

(
cos (θ) sin (θ)
− sin (θ) cos (θ)

) (
q̂
p̂

)
. (10.8)
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The transformations to the momentum representation studied in references [1, 2] correspond
to a phase space rotation of θ = π/2. Here, we shall study more general representations
with values of 0 ≤ θ ≤ π/2.

In the following, we use the result from Chapter 7 that there is a precise correspondence
between the symplectic transformation of the operators and the metaplectic transformation
of the wave function under the action of the quadratic Fourier transform (QFT). The
generator of this integral transform is also the generator of the quadratic Legendre transform
(QLT) which generates the corresponding symplectic transformation in the γ → ∞ limit.
(See section 7.6.1).

10.2.3 Passive transformation of the wave function: the unitary rotation

sub-group

The focus upon transformations of representation which are from the unitary rotation sub-
group of the symplectic group has a particular advantage in the case of the quantum har-
monic oscillator (QHO). As discussed in section 7.2.3, the eigenfunctions of the QHO are also
eigenfunctions of the quadratic Fourier transform (QFT) operator Fg(θ),m, which effects the
corresponding metaplectic transformation of the wave function into the transformed repre-
sentation. This means that a metaplectic transformation of the eigenfunctions, correspond-
ing to a rotation (i.e. symplectic) transformation of the momentum and position operators,
can be evaluated in a very straightforward way. Moreover, if a general wave function for
the QHO is expanded in terms of its eigenfunctions, its metaplectic transformation also can
be straightforwardly evaluated.

The eigenfunction equation for the QFT is

Fg(θ),mhn(y) = exp(−i(n +
1
2
)θ)hn(y), (10.9)

where the (normalised) n-th Hermite function hn(y) is

hn(y) =
1√

(2nn!
√

π)
exp (−y2/2)Hn(y) (10.10)

and Hn(y) is the n-th Hermite polynomial. The Hermite functions satisfy

1
2
(− ∂2

∂y2
+ y2)hn(y) =

1
2
(2n + 1)hn(y), (10.11)

which, with the substitution y =
√

γx, becomes

1
2
(− 1

γ2

∂2

∂x2
+ x2)hn(

√
γx) =

1
γ
(n +

1
2
)hn(

√
γx). (10.12)

Since p̂ = −i
γ

∂
∂x and ζ = 1, this equation is precisely the action of the Hamiltonian opera-

tor (10.2) upon hn(
√

γx).

10.2.4 Time-dependent solutions for the harmonic oscillator

To generate a time-dependent solution and its Bohm trajectories, we consider a wave func-
tion which is a linear combination of two adjacent eigenfunctions of the QHO, and is there-
fore also a solution of the Schrödinger equation (10.3). Thus,

ψ(x, t) = γ
1
4

∑n2

n=n1

an exp (iφn)hn(
√

γx) exp (−iEnt), (10.13)
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where En = (n + 1
2), {an, φn} ∈ 	, and n2 = n1 + 1 with n1 ≥ 0. The factor γ

1
4 ensures

that the wave function is normalised.
As discussed in section 10.2.1, the value of γ determines the energy scale of interest.

The energy scale of the nth eigenstate is H0 ≡ γhω0 = (n+ 1
2)hω0, given our choice of time

scale T0 = 1/ω0. Thus, in this example, γ = n+ 1
2 is always a positive half-integer. Equally,

given such a γ, then the integer n is determined. We shall compare three cases: γ = 1/2
(n1 = 0 ground-state), γ = n1 + 1/2 with n1 a larger integer, and γ → ∞.

For any n1, we take a linear combination of the n1 and n1+1 eigenstates of the QHO, such
that an1+1/an1 = 0.4, which implies that an1 ≈ 0.928 and an1+1 ≈ 0.371 for a normalised
wave function. We also choose φn1 = 0 while φn1+1 = φ, giving a relative phase shift
between the constituent adjacent eigenstates. Unless otherwise stated, we shall work from
an initial wave function with relative phase φ = 0; so the initial wave function will be
real. Under a passive symplectic transformation of the Hamiltonian, which is in this case
a rotation θ in operator phase space, the wave function is mapped by the corresponding
action of the QFT operator Fg(θ),m into the wave function

ψθ(q′, t) = [Fg(θ),mψ](q′, t) = γ
1
4

∑n1+1

n=n1

an exp (iφn)hn(
√

γq′) exp (−i(n +
1
2
)(θ + t))

(10.14)

in the new q′-representation. In this equation, the θ and t phase dependencies have been
collected into a single phase factor, so emphasising that the 1

2 factor in the phase, which is
responsible for the double cover of the symplectic group by the metaplectic group, applies
to both the passive and the active transformations of the wave function. At a given time
t, it can be seen that, for any particular linear combination of adjacent eigenstates, the
action of Fg(θ),m introduces a θ-dependent phase shift between the two components of the
wave function, while the respective magnitudes of the two component eigenfunctions are
unaffected. We call ψθ(q′, t) the θ-representation wave function.

10.2.5 Momenta, energies and trajectories

In section 2.2, the complex momentum is defined through the polar decomposition of the
wave function ψ as pQ = p� + ip� = ∇S − i

γ∇(lnR) = − i
γ∇ ln (ψ). The complex energy

is similarly defined as EQ = E� + iE� = −∂S
∂t + i

γ
∂(ln R)

∂t = i
γ

∂(ln ψ)
∂t . Thus, the real and

imaginary parts of the momentum and energy are easily computed for the solution ψθ(q′, t).
The velocity of Bohm trajectories is defined by equation (9.26) and computed from the

sum of terms exemplified in either equation (9.27) or (9.31). For the numerical evaluation
of this example, we used the form (9.27). Thus, in this case

q̇′J ′ =
cos (θ)

2

∑2
k=1 〈q̂′(q′)|

(
(sin (θ)q′ + cos (θ)p̂′)k−1ρ̂(sin (θ)q′ + cos (θ)p̂′)2−k

) |q̂′(q′)〉
〈q̂′(q′)|ρ̂|q̂′(q′)〉

−sin (θ)
2

∑2
k=1 〈q̂′(q′)|

(
(cos (θ)q′ − sin (θ)p̂′)k−1ρ̂(cos (θ)q′ − sin (θ)p̂′)2−k

) |q̂′(q′)〉
〈q̂′(q′)|ρ̂|q̂′(q′)〉 ,

(10.15)

which is easily evaluated, given the wave function ψθ(q′, t).
Since we are concerned here with a quadratic external potential, the density current

velocity equals the mechanical velocity, as discussed in section 9.3.8. Thus, for this example,
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equation (9.22) shows that these two velocities are

q̇′J ′ = q̇′H′
c

=
(

1
m

− 2λ

)
cos(θ) sin(θ)q′ +

(
cos2(θ)

m
+ 2λsin2(θ)

)
p′�, (10.16)

which, for the values λ = 1/2 and m = 1 taken here, takes the θ-independent form

q̇′J ′ = q̇′H′
c

= p′�. (10.17)

This velocity has the same form as the kinematic velocity in the coordinate representation
for a mass m = 1.

10.2.6 The complex Hamiltonian and quantum potential

From equation (9.14), the complex Hamiltonian of the QHO in unitless form is

H ′
Q =

1
2
(sin(θ)q′ + cos(θ)p′Q + cos(θ)p̂′)21 +

1
2
(cos(θ)q′ − sin(θ)p′Q − sin(θ)p̂′)

2
1. (10.18)

From equation (9.17), the part of H ′
Q which does not contain the factor 1/γ is

H ′
0 = H ′

c =
1
2
(sin(θ)q′ + cos(θ)p′�)2 +

1
2
(cos(θ)q′ − sin(θ)p′�)2. (10.19)

The right-hand term in this equation is the expression of the external potential in the q′

representation. The complex quantum potential H ′
γ = Q′

γ+iU ′
γ is defined by equation (9.15)

as that part of the complex energy H ′
Q which does contain the factor 1/γ. In this case, the

real and imaginary parts of the complex quantum potential are1

Q′
γ = −1

2
(p′�)2 +

1
2γ

∂p′�
∂q′

= − 1
2γ2R2

θ

∂2Rθ

∂q′2

U ′
γ = 2p′�p′� − 1

2γ

∂p′�
∂q′

= − 1
2γR2

θ

∂

∂q′

(
R2

θ

∂Sθ

∂q′

)
. (10.20)

Each of these energies has a form which is independent of the rotation angle θ and there-
fore representation independent; this is because, in this example, the eigenfunctions of the
Hamiltonian are also eigenfunctions of the QFT operator Fg(θ),m. The context of Q′

γ and
U ′

γ is given in equations (9.19). The form of Q′
γ is familiar in the Hamilton-Jacobi equation,

while U ′
γ is − 1

2γR2
θ

times the current divergence term in the Liouville equation.

10.2.7 Momentum dynamics

To bring out the role of the complex potential in the particle ontology, we refer to equa-
tions (9.38). There, it is seen that both Q′

γ and H ′
c contribute to the dynamics of p′�. No-

tably, the gradients of both the external potential and the kinetic energy in equation (10.19)
contribute to the real momentum dynamics in general. Moreover, since the density current
velocity equals the mechanical velocity, the real momentum dynamics is driven entirely by
the aforementioned energy gradient terms. On the other hand, in the absence of an optical

1The mathematics package MAPLE 8.00 (Waterloo Maple, Inc.) was used to perform many of the
algebraic manipulations and computations which support the results presented in this Chapter.
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potential, the gradient of U ′
γ and the spatial acceleration term drive the dynamics of the

imaginary momentum. Thus, in this example where there is only one degree of freedom
(N = 1), equations (9.38) take the form

˙(p′�) = −∂Q′
γ

∂q′
−

(
∂H ′

c

∂q′

)
p′�

˙(p′�) = (q̇′J ′)
∂(p′�)
∂q′

− ∂U ′
γ

∂q′
, (10.21)

where, from equation (10.19),
(

∂H ′
c

∂q′

)
p′�

= q′, (10.22)

which is independent of θ, as expected. Equation (10.22) is identical in form to that of the
coordinate representation, even though both the kinetic and potential energy terms of H ′

c

contribute to it.

10.2.8 The large action limit of the harmonic oscillator

The large action passive and active transformations

To examine the large action limit of the quantum harmonic oscillator example, we use the
following two key results from Chapter 7.

1. For external potentials of quadratic degree or less, the generator of the active meta-
plectic transformation (and of the corresponding symplectic transformation) is also a
solution of the classical Hamilton-Jacobi equation with the same external potential.
(See section 7.6.2).

2. In the γ → ∞ limit, the wave function transforms according to the generalised Leg-
endre transformation (GLT) of its phase and the push-forward of its amplitude under
the generator of the corresponding generalised Fourier transform (GFT) for γ ∼ 1.
This result applies to both active and passive transformations, regardless of the degree
of the potential. (See section 7.5.2).

In the γ → ∞ limit, results 1 and 2 imply that, for the QHO in any representation, the
active push-forward flow for the amplitude of the wave function and the evolution of its phase
are precisely those of the corresponding classical Hamiltonian in the same representation.
Moreover, from result 2 above, for passive transformations between representations in the
γ → ∞ limit, the wave function undergoes a push-forward flow of amplitude and a QLT
of phase, each of which is generated by the generator of the passive QFT for γ ∼ 1.
For both active and passive transformations, the Jacobian determinant ensures that the
Liouville equation for the probability density is preserved. These results are represented in
equation (7.55), which defines the large action limit of the wave function.

Evaluation of both the passive and active transformations requires the extremal tra-
jectories of the respective GLTs to be known. For the harmonic oscillator, the generating
functions are quadratic for each of the active and passive transformations, and so their cor-
responding phase space transformations are each linear symplectic. As shown in Chapter 6,
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the generator of the passive fractional Legendre transformation (FLT) has the form

g(q′, q, θ) =
1
2

(q′2 + q2)
sin (θ)

cos (θ) − q′q
sin (θ)

, (10.23)

with the corresponding symplectic map(
q′

p′

)
= Sθ

(
q
p

)
=

(
cos (θ) sin (θ)
− sin (θ) cos (θ)

) (
q
p

)
(10.24)

on phase space. On the other hand, for the Hamiltonian evolution for the harmonic oscil-
lator of unit angular frequency, the generating function for the active fractional Legendre
transformation (FLT) is

g(q, q0, t) =
1
2

(q2 + q2
0)

sin (t)
cos (t) − qq0

sin (t)
, (10.25)

with the corresponding active symplectic transformation(
q
p

)
= St

(
q0

p0

)
=

(
cos (t) sin (t)
− sin (t) cos (t)

) (
q0

p0

)
(10.26)

on phase space, as shown in section 6.10.1. We use these active and passive FLTs and
symplectic maps to determine the transformation of the phase and amplitude of the wave
function in the γ → ∞ limit.

Two simplifications arise in this example. First, since both the active and passive
transformations belong to the rotation sub-group of the symplectic group, a conjunction
which is peculiar to the harmonic oscillator, the evolution map in the θ-representation

SθStS−1
θ = St, (10.27)

is independent of the representation. Second, the initial (coordinate representation) wave
function is ψ∞(x, 0) = ψ(x, 0) and, since the phase of the latter is constant over space, the
initial momentum is p0 = 0. With these simplifications, the action of a passive FLT on the
phase S(q0 ≡ x, t = 0, θ = 0) of the initial wave function in the coordinate representation
gives

S′(q′0, 0, θ) = S(
q′0

cos (θ)
, 0, 0) + g(q′0,

q′0
cos (θ)

, θ) (10.28)

in the θ-representation, in which the active FLT then operates to evolve the phase to

S′(q′, t, θ) = S′(
q′

(cos (t) − sin (t) tan (θ))
, 0, θ) + g(q′,

q′

(cos (t) − sin (t) tan (θ))
, t). (10.29)

The passive transformation of the initial amplitude of the wave function into the new repre-
sentation is the product of the square root of the (density conserving) Jacobian determinant
of the transformation and the push-forward of the initial coordinate representation ampli-
tude along the trajectories of the passive FLT. Thus,

R′(q′0, 0, θ) =
R( q′0

cos (θ) , 0)√|(cos (θ)| . (10.30)
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The subsequent action of the similar but time-wise transformation of the amplitude in the
new representation then gives

R′(q′, t, θ) =
R′( q′

(cos (t)−sin (t) tan (θ)) , 0, θ)√|(cos (t) − sin (t) tan (θ))| . (10.31)

The corresponding evolution of the space-time trajectories in the θ-representation is

q′(t) = (cos (t) − sin (t) tan (θ))q′(0). (10.32)

Two aspects of equation (7.55), which were omitted from the above analysis, remain to be
discussed. First, the Maslov index mi, which counts the sign changes between dq and dq′

on either side of caustics such as focal points, will be implicit in the subsequent graphical
presentation of results. Second, the sum over all critical points will apply only at the focal
points of the γ → ∞ trajectories which, in this case are of infinitesimal support. In this
example, there is only one critical point away from caustics. The large action limit of the
QHO wave function can now be determined from the initial conditions for equation (10.14).

Momenta, energies and trajectories

Given the wave function ψ′∞(q′, t), then the complex momentum pQ = p� + ip� = ∇S +
i∇(lnR)/γ and the complex energy EQ = E� + iE� = −∂S

∂t + i
γ

∂(ln R)
∂t are defined. In the

limit γ → ∞, p� → 0 and E� → 0 while p� = ∇S = ∇g and E� = −∂S
∂t = −∂g

∂t are
defined by the generator of the active FLT, g. The complex phase and complex energy-
time spaces of the γ ∼ 1 case therefore contract towards real spaces in the γ → ∞ limit.
Since the infinite limit is never actually reached, there is always an imaginary component
of momentum and energy present, no matter how small. In this limit, the generator g
of the active FLT, which defines p� and E�, is a (not necessarily single-valued) solution
of the classical harmonic oscillator Hamilton-Jacobi equation. This is in contrast to the
γ ∼ 1 limit, where the single-valued phase of the wave function solution to the Schrödinger
equation implies single-valued energies and momenta.

Turning now to the trajectory velocities (discussed in section 9.3.8), in the γ → ∞
limit, the mechanical and density current velocities are always equal in all representations,
so q̇′H′

c
= q̇′J ′ . (For the QHO, this is also the case at the γ ∼ 1 limit, as shown in

equation (10.17)). In a given representation, integration of the velocities is unnecessary as
the trajectories are determined by the FLT condition (10.32).

The Hamiltonian, quantum potential and momentum dynamics

In the limit γ → ∞, the Hamiltonian consists solely of the classical form (10.19), and
both components of the quantum potential tend to zero; i.e. Qγ → 0 and Uγ → 0. The
implications for the momentum dynamics are revealed in equations (10.21). From the first
of these equations, it is seen that ṗ� is determined by the second of Hamilton’s equations for
Hc, it already having been established that q̇ is defined by the first of Hamilton’s equations.
The second of equations (10.21) is the spatial derivative of the Liouville equation but it has
an implicit factor 1/γ so reflecting the negligible significance of the imaginary momentum in
the large action limit. The significance of the negligible quantum potentials in the γ → ∞
limit is that variations in wave function density at this scale have a negligible effect upon
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the dynamics of the real momentum, whereas at the γ ∼ 1 scale variations in wave function
density (i.e. the imaginary momentum dynamics) do affect the real momentum dynamics
and vice-versa.

In summary, the γ → ∞ limit of the evolution of the harmonic oscillator in the θ-
representation is that of a classical ensemble in the same representation. Its initial density
is the push-forward of the initial wave function density, from the coordinate representation,
along the characteristic trajectories of the passive QLT, to the θ-representation. Unlike a
general classical ensemble, this initial ensemble is confined to a ‘line’ in phase space, and
its density distribution is Rθ(q′, 0)2δ(p′� − ∇Sθ(q′, 0)). In comparing the structure of the
evolution at the two limits of γ in the unitless domain, it is important to keep in mind
that, in the physical domain, they represent two extremes of action, which differ by a factor
∼ 1033. The use of the unitless domain allows the evolutions at these two scales to be
compared in a meaningful way.

10.2.9 Numerical results for the quantum scale (γ ∼ 1)

We now present illustrative numerical results for the quantum action scale γ ∼ 1. The
results are presented in the two representations θ = 0.95π

2 and θ = 0.25π
2 , using unitless

variables. In principle, the results can be presented in any representation.
The density of the wave function defined in equation (10.13) and thereafter, is plotted

in Figure 10.2 for the θ = 0.95π
2 -representation. The trajectories have been projected from

the (q′, t) plane onto the surface of the density function. The period of oscillation is the
‘beat’ period between the first and second eigenstates of the harmonic oscillator, which is
τ = 2π. This is the beat period between all adjacent eigenstates of the quantum harmonic
oscillator. The period of the density oscillation is different from that of the phase which is
discussed later. The figure shows that while Bohm trajectories have a density proportional
to the density of the wave function, they are not contours of that function. Again for the
0.95π

2 -representation, Figure 10.3 illustrates that in quantum mechanics the action is in
general complex. The Bohm trajectories are projected onto each of the real and imaginary
momentum manifolds p′�(q′, t) and p′�(q′, t). We recall that these two momenta respectively
measure the spatial rate of change of the phase ∇S and that of the amplitude (or density)
−∇R

γR = −∇ρ
2γρ . At time t = 0, the real momentum manifold has a range between −0.5 and

0, whereas the imaginary momentum manifold has a predominantly positive slope.
The difference between the real momentum phase space manifolds for the 0.95π

2 repre-
sentation (blue trajectories) and the 0.25π

2 representation (red trajectories) is shown in Fig-
ure 10.4. As observed in previous sub-sections, the structure of the equations for the QHO
in this example is independent of θ, i.e. it is independent of the representation. However,
Figure 10.4 shows a constant phase shift between otherwise identical solutions in differ-
ent representations. This is the θ-dependent phase shift introduced into the sum over the
eigenfunctions in equation (10.14) by the action of the QFT. The corresponding time-shift
is proportional (and in this case equal) to the difference in θ for the two representations;
namely ∆t = (0.95 − 0.25)π/2 ≈ 1.099.

In Figure 10.5, the trajectories are lifted onto the real and imaginary energy manifolds,
clearly illustrating that Bohm trajectories do not have constant complex energy in this
example. This is in contrast to the constant energy behaviour of trajectories in the classical
γ → ∞ limit, as subsequently discussed in section 10.2.11.

The real and imaginary parts of the quantum potential are shown in Figures 10.6
and 10.7, with the trajectories projected onto their surfaces. In the ontology of the gen-
eralised Bohm interpretation, the complex quantum potential determines the dynamics of
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Figure 10.2: Density plot of the wave function and trajectories in the 0.95π
2 representation

for the quantum harmonic oscillator. γ = 1/2.
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Figure 10.3: Bohm trajectories on real and imaginary momentum phase space manifolds of
the quantum harmonic oscillator in the 0.95π

2 representation. The imaginary momentum
manifold has a predominantly positive slope. γ = 1/2.
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Figure 10.4: Bohm trajectories on the 0.25π
2 (red) and 0.95π

2 (blue) real momentum man-
ifolds of the quantum harmonic oscillator plotted for comparison in their own respective
representations. γ = 1/2.

the complex momentum, which are expressed in equations (10.21) and (10.22) respectively.
Evidently, in the case of the real momentum dynamics, the force arising from the gradient
of Hc is time-independent, whereas the force resulting from the gradient of Q′

γ (Figure 10.6)
is time-dependent and provides the ‘causal explanation’ for the motion of the trajectories
according to the Hamilton-Jacobi equation. In this QHO example, the relation between
the trajectory velocity and momentum, q̇′ = p′�, is particularly simple and representa-
tion independent. In a similar way, the time-dependent force arising from the gradient of
U ′

γ (Figure 10.7) generates the dynamics of p′� and so of the density in the Liouville equa-
tion. In this description of quantum motion, we recognise that although the dynamics are
fundamentally those of the Schrödinger equation, their ‘causal explanation’ draws upon the
classical concepts of Hamiltonian dynamics and current flows.

10.2.10 Numerical results for the large action limit (γ → ∞)

We now examine numerical results for the large action limit of the QHO. As in the previous
section, the results are presented in the two representations θ = 0.95π

2 and θ = 0.25π
2 ,

and they are expressed in unitless variables. While the physical scale being represented
here is very different from that in the previous section, we shall make direct comparisons
with the results at that γ ∼ 1 scale, and so obtain insight into the ontology of the Bohm
interpretation.

The density of the large scale wave function is shown in Figure 10.8. The trajectories
have been chosen to have a density proportional to the wave function density, and, unlike
the quantum case (γ ∼ 1), they cross at singular points in the density. These singularities
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Figure 10.5: Bohm trajectories on the real (upper) and imaginary (lower) energy manifolds
of the quantum harmonic oscillator in the 0.95π/2 representation. γ = 1/2.
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Figure 10.6: Bohm trajectories on the real quantum potential surface of the quantum
harmonic oscillator in the 0.95π

2 representation. γ = 1/2.
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Figure 10.7: Bohm trajectories on the imaginary quantum potential surface of the quantum
harmonic oscillator in the 0.95π

2 representation. γ = 1/2.
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Figure 10.8: Density plot of the wave function and trajectories in the 0.95π/2 representation
of the harmonic oscillator for the large action scale limit γ → ∞.
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correspond to the caustic (focal) points in the evolution, as also illustrated in Figure 10.1,
and they are brought about by the particular form of the initial condition, in which there is
only one momentum for each position, and by the point-to-point nature of the Legendre and
push-forward transformations that ‘transport’ the initial wave function at this scale. This
‘transport’ is to be distinguished from the wave propagation of solutions of the Schrödinger
equation at the γ ∼ 1 scale, where the single-valuedness of the wave function prohibits
caustics and trajectory crossing. In Figure 10.9, for the 0.95π/2-representation, the classical
trajectories are projected onto the real momentum manifold, p′�(q′, t). In the γ → ∞ limit,
the imaginary component of momentum is negligibly small, i.e. p′�(q′, t) → 0. The rotation
of the real momentum manifold, shown in Figure 10.9, is a graphical representation of the
symplectic rotation map which underlies the time-evolution of the harmonic oscillator, and
it illustrates how caustic (focal) points in a coordinate sub-space can arise when the motion
on a phase space manifold is projected into that sub-space. As in the γ ∼ 1 case, there is a
constant phase shift between the otherwise identical solutions of the 0.95π/2 and 0.25π/2-
representations, and this is illustrated in the co-rotating manifolds of Figure 10.10. This
phase shift is a remnant from the γ ∼ 1 limit, in which the θ-dependent phase factor is
introduced into the sum over the eigenfunctions in equation (10.14) by the action of the
QFT. As in that limit, the corresponding time-shift is equal to the difference in θ for the
two representations; namely ∆t = (0.95 − 0.25)π/2 ≈ 1.099.

10.2.11 Numerical results: comparing the γ ∼ 1 and γ → ∞ limits

We now compare and contrast the evolutions of the harmonic oscillator at the quantum
and classical limits of action. The results for these two limits are compared on the same
unit-less domain, first for trajectories and then for phases, but they represent two very
different extremes of physical action.

Trajectories in the γ ∼ 1 and γ → ∞ limits

Figures 10.11 and 10.12 compare Bohm trajectories of the harmonic oscillator for γ ∼ 1
with trajectories at the classical limit γ → ∞. In Figure 10.11, the comparison is made for
γ = 1/2 in the coordinate representation and, in contrast to the rest of the analysis of this
example, with a constant phase shift of φ = π/2 rather than φ = 0 between adjacent con-
stituent eigenstates. This means that, while both sets of trajectories are identically initiated
with the same set of coordinates and momenta, and at a density which is proportional to
the initial wave function density, the real momenta are non-zero. Consequently, the caustics
of the γ → ∞ trajectories are not focal points but are loci of trajectory crossings.

For γ = 19/2 with φ = 0, as shown in Figure 10.12, the Bohm trajectories were initiated
at a density proportional to the density of the initial wave function, ψθ(q′, 0) in the θ =
0.25π/2 representation. In this representation, the ‘classical’ trajectories would normally
be initiated with a density in proportion to the density of ψθ∞(q′, 0). The initial conditions
for the quantum and classical trajectories would then be different, owing to the difference
between the QFT and QLT in transforming the initial wave function to the θ-representation.
However, to facilitate comparison in this case, a sub-set of classical trajectories with the
same initial conditions as the corresponding Bohm trajectories is depicted in Figure 10.12.

In both the above examples, although the Bohm and classical trajectories have the
same period, they are distinguished by the respective absence and presence of caustics, as
explained in the previous section. The Bohm trajectories behave coherently, all moving
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Figure 10.9: Bohm trajectories on the real momentum manifold in the 0.95π/2 representa-
tion of the harmonic oscillator for the large action scale limit γ → ∞.

0
1

2
3

4
5

6
7

8

t

–1

0

1

q’

0
1

p’

Figure 10.10: Bohm trajectories on the real momentum manifold in respectively the 0.25π/2
(red) and 0.95π/2 (blue) representations of the harmonic oscillator for the large action scale
limit γ → ∞.
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Figure 10.11: Comparison of γ = 1/2 Bohm trajectories (blue) and γ → ∞ trajectories
(red) in the 0.0π/2 (coordinate) representation of the harmonic oscillator. The constant
phase shift between adjacent constituent eigenstates is φ = π/2.
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in the same sense at a given time, whereas the classical trajectories do not necessarily do
so. In the case of γ = 19/2, the Bohm trajectories are also modulated by a ‘ripple’, which
reflects the underlying nodal structure of the γ = 19/2 eigenstate of the QHO. Regarding
energy, the classical trajectories conserve real energy, travelling along contours of the real
energy manifold, as shown in Figure 10.13 for the 0.95π/2-representation, whereas the Bohm
trajectories for γ ∼ 1 do not have constant energy, either real or imaginary. See Figure 10.5
for the case of γ = 1/2 with φ = 0.

Real phases in the γ ∼ 1 and γ → ∞ limits

It is through comparison of the fundamental periods of the real phases of the wave function
in respectively the γ ∼ 1 and γ → ∞ limits that the double cover of the metaplectic
group over the symplectic group is revealed. In the γ → ∞ limit, the factor 1

2 in the
phase of equation (10.14), which is responsible for this double cover, is not present. In this
limit, the wave function phase at time t = 0 (or θ = 0) undergoes a quadratic Legendre
transformation, from which the 1

2 factor is absent.
As reference to equation (7.55) shows, in the γ → ∞ limit, the phase of the wave

function, γS′(q′, t), contains the factor γ, and so it is very large and rapidly changing, relative
to the phase for the γ ∼ 1 wave function. However, since pQ = − i

γψ∇ψ → p� = ∇S and

EQ = i
γψ

∂ψ
∂t → E� = −∂S

∂t when γ → ∞, γ does not appear in the momentum and energy
expressions. Thus, for the correct comparison of the small and large scale phases in the
unitless domain, the factor γ should be removed. Although the physical scales of action in
these two limits are vastly different, it is the periodic structure of the phases in these limits,
relative to the period of the underlying symplectic map, that are being compared in the
unitless domain.

Figure 10.14 compares the wave function phase (modulo 2π and without the factor γ) for
γ = 1/2, 3/2, 5/2 and γ → ∞. The period of the phase is the interval over which structure
or pattern of the phase function is repeated. It is clear that a single period at γ = 1/2
covers two periods at γ → ∞. Close inspection shows that this double cover also applies for
γ = 3/2, 5/2. The double cover is made clearer, again in the coordinate representation, in
Figures 10.15 to 10.17, which colour code the magnitude of the phase (modulo 2π). Even
though the case of γ = 5/2, in Figure 10.17, contains higher harmonics, the fundamental
period is still 4π. Finally, Figure 10.18, shows how, for γ = 5/2, a change of representation
to θ = 0.95π/2 induces a time shift of −0.95π/2 in the phase function.

The double cover of the quantum phase over the classical phase is in contrast to the ab-
sence of such a cover relation between the periodicities of the amplitudes and the trajectories
of the respective quantum and classical wave functions. The amplitudes and trajectories
have a period of 2π in both the quantum and classical limits; in the quantum case this is
the beat period between adjacent eigenstates, and in the classical case it is the period of
the corresponding classical oscillator whose motion pushes forward the amplitude.

10.2.12 Ontological implications of comparing the γ ∼ 1 and γ → ∞ limits

of the harmonic oscillator

What ontologies are revealed by the comparisons of trajectories at the very different scales
of γ ∼ 1 and γ → ∞? Figures 10.5, 10.11, 10.12, and 10.13 of the previous section provide
a framework of insight within which to consider the ontology of the Bohm interpretation
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Figure 10.13: Trajectories on the real energy manifold in the 0.95π/2-representation of the
harmonic oscillator for the large action scale limit γ → ∞.
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Figure 10.14: Comparison of the wave function phase for γ = 1/2, 3/2, 5/2 (red, blue,
magenta) and for γ → ∞ (black) in the coordinate representation of the harmonic oscillator.



176 EXAMPLES OF THE GENERALISED BOHM INTERPRETATION §10.2

–2 0 2 4 6 8 10 12 14 16
t

–2

–1

0

1

2

q’

Figure 10.15: Wave function phase for γ → ∞ in the coordinate representation of the
harmonic oscillator. The period is 2π.
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Figure 10.16: Wave function phase for γ = 1/2 in the coordinate representation of the
harmonic oscillator. The period is 4π.
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Figure 10.17: Wave function phase for γ = 5/2 in the coordinate representation of the
harmonic oscillator. The period is 4π.
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Figure 10.18: Wave function phase for γ = 5/2 in the 0.95π/2 representation of the harmonic
oscillator. The period is 4π.
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and to contrast it with that of classical mechanics.
The point-to-point mapping of the evolution and transformation of the (γ → ∞) classical

trajectories from their initial conditions, each of them conserving its own total energy and
obeying Hamilton’s equations, emphasises their independence, and it is consistent with
the notion that they each represent a possible trajectory of the whole system in a relative
probability interval of R2dq. Here, R is the magnitude of the wave function. The presence
of caustics supports the notion that they are alternative trajectories, whereby the system
mass is always vested in one trajectory rather than in a simultaneously propagating ensemble
which ‘collides’ at the caustic points. Thus, the classical ontology is that the integrity of
a particle is maintained during the motion and that it definitely travels along one of the
trajectories. At this γ → ∞ scale, caustics are subsets of points on the space-time manifold,
through which the particle is guaranteed to pass, for a certain a range (if not all) of the
(perhaps only probabilistically) known initial conditions.

On the other hand, at the small scale limit γ ∼ 1, Bohm trajectories behave in a coherent
way without crossing, but they each do not conserve energy. The notion of independent
trajectories following mechanical laws of motion is not so easily supported in this case; it
is necessary to identify the quantum potential, which is an internal energy representing the
coupling between the trajectories, and which accounts for the variation in total energy of
each trajectory. The trajectories are derived from the wave function whose evolution is not
a point-to-point mapping but instead is a unitary integral transformation which is a many-
to-one mapping. The Bohm ontology is that each of the trajectories is a possible trajectory
for the system ‘particle’, which enters the harmonic oscillator potential with the initial wave
function in question. As observed in the previous chapter, this ontology is supported in all
representations for the quadratic potential of the harmonic oscillator, for which the density
current and mechanical velocities are identical, as in classical mechanics. However, in this
mechanical particle ontology, the particle motion responds not only to the external potential
but also to the quantum potential, so keeping it in concert with the dynamics of the wave
function.

In contrast to classical mechanics, the motion of the ‘particle’ cannot be unobtrusively
observed at the quantum scale of action γ ∼ 1. Thus, although the QHO supports a
mechanical ontology, which is independent of its representation and for which the particle
position is one of the ‘beables’ of the motion, the notion of an objective particle following
one of the trajectories must remain a point of philosophical conjecture. At most, Bohm
trajectories are a particular explication of the implicate order of the underlying integral
transformation of the wave function; this is evident in their coherent behaviour, as shown
in Figures 10.11 and 10.12. That the principles of classical mechanics, with the addition of
a quantum potential, can be used consistently in all representations to explain the motion
of Bohm trajectories is a feature of the QHO.

Common to the large and small scale action limits is the concept of a bundle of trajecto-
ries in the interval dq convecting the associated probability measure R2dq. If, at any time,
a trajectory is in the bundle of trajectories of probability measure R2dq, it will always be
so. The idea that a classical system actually follows a particular trajectory in configuration
space is the basis of classical mechanics, and it is well founded upon observation. In the
quantum γ ∼ 1 case, the notion that an element of probability is transported along a bun-
dle of trajectories is an outcome of the mathematical formulation and of the probabilistic
interpretation of the wave function. However, the idea that the system is a particle that
follows one of those trajectories is not the basis of quantum mechanics, and it is not founded
on observation; it merely provides an ontology for the evolution of the system and it is a
convenient answer to the question: where is the mass of the system located?
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Given that one accepts the ontology of the generalised Bohm interpretation, then the
analysis of the QHO example in this section has shown how, to each point of a trajectory,
one can associate a complex momentum and a complex energy, each respectively derived
from the spatial and temporal derivatives of the complex action SQ of the wave function.
This is in direct analogy with classical mechanics, in which spatial and temporal derivatives
apply to the real action. In the limit γ → ∞ of the wave function evolution, expressed as
an integral transform, both the imaginary momentum and the imaginary energy become
negligibly small relative to their real conjugates. In this large scale action limit, the point-
to-point Legendre transformation emerges as the generator of the classical trajectory model,
and the motion of the trajectories decoheres as the quantum potential tends to zero.

In summary, the fundamental description of classical mechanics is of particle trajectories
governed by Hamilton’s equations, whereas in quantum mechanics it is the evolution of the
wave function according to the Schrödinger equation that is the fundamental description
in this context. Bohm trajectories are a derivative description with a mechanical ontology
which holds generally in the coordinate representation; this ontology also holds in other
representations for external potentials of degree two or less. Beyond that, with the excep-
tions given in section 9.3.8, Bohm trajectories are to be regarded as integrals of the density
current velocity.

10.3 Example B: Linear potential

The Hamiltonian with a linear potential describes a system in a field of constant force,
such as in a gravitational or electric field. Here we consider the linear potential in its pure
(unbounded) form2, into the opposing field gradient of which is directed a superposition of
two overlapping beams of particles of equal amplitude but of different energy. The total
wave function for the two interfering beams is therefore time-dependent, and so it has non-
stationary Bohm trajectories. For the purposes of this analysis in one dimension, we assume
that the particle sources are located at minus infinity.

The linear potential may be added to Stone’s [18] examples of systems for which coor-
dinate space is not the simplest representation. For this potential, the wave function has a
particularly simple form in the momentum representation. Moreover, for any representation
in linear-symplectic covariance with the momentum representation, the wave function has
an exact analytic form as the corresponding quadratic Fourier transform of the momentum
representation wave function.

This example makes use of the Iwasawa decomposition of the group of linear symplectic
transformations (see section 2.4.2), through which a strong correspondence can be made
between the transformations of an image into a series of symplectically related planes in a
compound lens system and the transformations of a wave function into a series of symplecti-
cally related representations. In the following analysis of the linear potential, our attention
is restricted to the small action γ ∼ 1 limit, and we use the correspondence with a lens
system to examine how individual Bohm trajectories transform under symplectic changes
of representation.

2The addition of an infinite barrier to the linear potential would describe the force field experienced by
a particle repeatedly bouncing on a fixed plate in a gravitational field of constant acceleration.
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10.3.1 Scaling

We consider solutions of the Schrödinger equation for the Hamiltonian

H̆ =
p̆2

2m0
+ mg0x̆, (10.33)

which is expressed in terms of physical operators and parameters. From section 7.4.2, the
action scales in the system are related by S0 = P0Q0 = H0T0 = γh = γ�. To convert
the Hamiltonian into a unitless form, the momentum and length scales are defined by
P 2

0 = 2M0H0 and Q0 = H0/(M0g0). The time scale, T0 =
√

2H0/(M0g2
0), is then chosen to

satisfy the above relation between the action scales. So, with H̆ = H0Ĥ, p̆ = P0p̂, x̆ = Q0x̂,
m0 = mM0, and mass scale M0 = m0, equation (10.33) takes the unitless form

Ĥ = p̂2 + x̂. (10.34)

The corresponding unitless Schrödinger equation (7.32) is

i
1
γ

∂Ψ
∂t

= ĤΨ. (10.35)

We observe that, in terms of the action scale parameter γ and the parameters of the system,
the scaling constants may be expressed as

T0 =
(

2γh

m0g2
0

) 1
3

(10.36)

H0 =
(

m0g
2
0γ

2h2

2

) 1
3

(10.37)

P0 =
(
2m2

0g0γh
) 1

3 (10.38)

Q0 =
(

γ2h2

2m2
0g0

) 1
3

. (10.39)

In the following analysis, we shall be concerned with the small action limit γ ∼ 1.

10.3.2 Solutions in the momentum representation

In the momentum representation, taken here as the reference, the Schrödinger equation for
the linear potential has the particularly simple form

i
1
γ

∂Φ
∂t

= y2 +
i

γ

∂Φ
∂y

, (10.40)

and it has the set of eigenfunctions

φ(y, E) = K exp (iγ(1/3y3 − yE + β)) (10.41)

of eigenvalue E whose values form a continuous spectrum. K is an arbitrary normalisation
constant and β an arbitrary phase factor, both of which will be determined from conditions
in the coordinate representation.
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The wave function is comprised of a linear combination of two eigenstates, so the time-
dependent wave function for the total system is

Φ(y, t, n) =
∑n+1

i=n
aiφ(y, Ei) exp (−iγEit + νi), (10.42)

where the ratio of the beam coefficient magnitudes is an+1/an = 1. For a normalised wave
function, an = an+1 = 1√

2
. νi is the phase of the i-th coefficient, according to which there

may be a constant relative phase shift between the two eigenfunctions. For this example,
we choose n = 2, with E1 = 1 and E2 = 1.15. This combination of eigenvalues has been
selected to produce a large oscillation of the time-dependent wave function in the coordinate
representation, in order to clarify the transformation properties of Bohm trajectories.

10.3.3 Transformations of the linear symplectic group

We consider the quantum linear potential under passive transformations of the linear sym-
plectic group in one dimension, taking the momentum representation as the origin. The
relationships between the elements {A, B, C, D} of the general symplectic matrix S are
defined in equations (2.48) and (2.49).

Here, we compose a symplectic transformation from the three (unique) factors of the
Iwasawa decomposition of S, which are respectively from the rotation, confocal and lens
(gauge) sub-groups of the linear symplectic group, as described in equation (2.51). We
then introduce a fourth factor, which represents the propagation sub-group of symplectic
transformations. Thus, in this example, the general symplectic map is expressed as

S =
(

A B
C D

)
=

(
1 τ
0 1

) (
1 0
ξ 1

) (
σ 0
0 σ−1

) (
cos θ sin θ
− sin θ cos θ

)
. (10.43)

In the QHO example, we considered the effect of only the first (right-most factor), which is
from the rotation sub-group. In the case of the QLP, it is possible to consider analytically
the effect of all the above factors upon the generalised Bohm interpretation. In particular,
we use the first factor to transform from the momentum representation to the coordinate
representation (θ = −π/2); we then regard the remaining factors as successively mapping
the representation of the QLP through the elements of the lens system shown in Figure 10.19.
The graded refractive index (GRIN) element [97] is the optical analogue of a member of the
the rotation sub-group of symplectic transformations, and in this case it corresponds to a
rotation of π/2. The GRIN element is compounded with the two confocal lenses between
planes 2 and 3 to produce the confocal transformation parameterised by σ.

By multiplying together the four matrices on the right of equation 10.43, the matrix for
the general symplectic map S is obtained as

S =

(
σ(1 + τξ) cos (θ) − τ sin (θ)

σ σ(1 + τξ) sin (θ) + τ cos (θ)
σ

σξ cos (θ) − sin (θ)
σ σξ sin (θ) + cos (θ)

σ

)
, (10.44)

so making explicit the dependency of its elements upon the sub-group parameters. S acts
upon the operator phase space (q̂, p̂) and, in the optical analogue of this example, upon
the optical phase space (q, p). The parameters of the quadratic Fourier transform (QFT),
which correspondingly acts upon the wave function, may be obtained directly from those
of S. (See Chapter 7, section 7.2.3.)

In this example, we use the symplectic sub-group parameter values shown in Table 10.1
to map respectively from plane 1 (the momentum representation) to each of the other planes
shown in Figure 10.19.
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Figure 10.19: Schematic of a (thin) lens system, including a graded refractive index (GRIN)
element. This system provides an optical analogue for the passive symplectic transforma-
tions successively applied to the quantum linear potential system. θ, σ, ξ and τ are respec-
tively the parameters of the rotation, confocal, gauge and propagation sub-groups of the
linear symplectic group Sp(2). The ‘viewing’ planes that bound regions of successive trans-
formation are indicated by the numbered dotted lines. The symplectic sub-group parameter
values used for transformations to each plane from plane 1 are given in Table 10.1.

10.3.4 Wave function in ‘other’ representations

In other representations, which are symplectically covariant with the momentum represen-
tation, the wave function is a metaplectic transform of the wave function in the momentum
representation. Thus, under the passive symplectic transformation of the Hamiltonian by
S, the wave function φ(q, E), as defined as in equation (10.41), is transformed by the ac-
tion of the corresponding quadratic Fourier transform (QFT) operator FgS ,m into the wave
function

ψS(q′, E) = [FgS ,mψ](q′, t) =
( γ

2πi

)1/2
im

√
(|B−1|)

∫
exp

(
iγgS(q′, q)

)
φ(q, E)dq (10.45)

in the new q′-representation. (See equations (7.5) and (7.52).) In this one-dimensional case,
the QFT (and QLT) generator is

gS(q′, q) =
1
2
(DB−1q′2 − 2B−1qq′ + B−1Aq2). (10.46)
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plane ξ σ τ θ m (Maslov)
1 0 1 0 0 2
2 0 1 0 −π/2 3
3 0 -2 0 −π/2 0
4 -1 -2 0 −π/2 0
5 -1 -2 3/2 −π/2 1
6 0 1 0 −π/4 3

Table 10.1: Symplectic sub-group parameter values used for transformations of the linear
potential. Each set of parameter values corresponds to a transformation from plane 1 to
the indicated plane in Figure 10.19.

For the linear potential, the integral in equation (10.45) can be evaluated analytically in
terms of the Airy function, and it has the following form

ψS(q′, E) = Kimγ
1
6

(
−iπ
2|B|

) 1
2 exp ( iγ

2B3 (q′2DB2 + q′AB + A3 + 2βB3 + AB2E))

×Ai(− γ2/3

(4B2)
(A2 + 4q′B + 4B2E)). (10.47)

The constants K ≈ 0.587i and β = 1
8 are determined for γ = 1 by comparing the above

expression for θ = −π
2 with the well-known eigenfunction Ai(γ2(x − E)) for the linear po-

tential Hamiltonian (10.34) in the coordinate representation. As explained in section 7.2.2,
the Maslov index m ∈ [0, 1, 2, 3] indexes sequence of signs of B, [+,−, +,−], between its
zeroes. Since the sign of B is negative in transforming from the momentum representation
to the coordinate representation, we start the above sequence at m = 3.

The transformed total wave function, given in equation (10.42), is therefore

ΨS(q′, t, n) =
∑n+1

i=n
aiψS(q′, Ei) exp (−iγEit + νi), (10.48)

in which ν1 = ν2 = 0 for this example. Throughout, it is important to keep in mind
that, unlike the previous QHO example, the momentum representation is the origin of the
transformations implicit in equation (10.48). Finally, we shall not explore the classical limit
in this example, rather we will confine our interest to the quantum case, γ = 1.

Equations (10.47) and (10.48) enable us to examine Bohm trajectories in any represen-
tation which is linear-symplectically covariant with the momentum representation. This
means that we can explore the transformation effects of all sub-groups of Sp(2), and not
just of the rotation sub-group, to which the QHO example of section 10.2 is restricted.

10.3.5 Bohm trajectories and momenta

The following analysis of the transformation properties of the linear potential compares
Bohm trajectories in different representation planes of Figure 10.19, both in space-time and
in the phase spaces of real and imaginary momenta. In this sub-section, we present the
equations of Bohm trajectories in these spaces for symplectically covariant representations
of the linear potential.

Bohm trajectories in space-time

The i-th component of the velocity of a Bohm trajectory in any representation is derived
from the ratio of the i-th diagonal matrix element of the density current operator to the i-th
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matrix element the density operator. However, as discussed in section 9.3.8, for potentials
of quadratic degree or less, the density current velocity q̇′J ′ and the mechanical velocity
q̇′H′

c
are identical. To expedite our subsequent numerical analysis, we take advantage of

this identity and use the results in section 9.3.5, to determine the mechanical velocity.
In the momentum representation, the Hamiltonian is Ĥ = x̂2 − p̂. Thus, using the

definitions in section 9.3.5, under a symplectic transformation,

H ′
c = (Dq′ − Bp′�)2 − (−Cq′ + Ap′�). (10.49)

So from, equation (9.21), the velocity of Bohm trajectories transforms as

q̇′J ′ = q̇′H′
c

= −2B(Dq′ − Bp′�) − A. (10.50)

Recall that p′� = p′�(q′). Equation (10.50) may be numerically integrated from an initial
condition to obtain a Bohm trajectory q′(t).

Bohm trajectories in complex phase space

In the coordinate representation, the quantum potential acts in addition to the external
potential upon a ‘particle’ travelling along a Bohm trajectory, and the evolution is symplec-
tic, as it is in classical mechanics. We shall examine how Bohm trajectories of the linear
potential transform in phase space under symplectic transformations of representation, and,
in particular, whether they undergo symplectic point-to-point transformations.

Whereas the Bohm interpretation focuses upon p′�(q′(t)) as the momentum of the par-
ticle, it has been observed throughout this book that the momentum has an imaginary part
p′�(q′(t)), so giving rise to the notion of a complex (or double) phase space. To contrast the
actual transformation of Bohm trajectories under changes of representation with the sym-
plectic transformation of the coordinate representation trajectories, the symplectic matrix
S will be applied to the real phase space trajectory (x(t), p�(x(t)) and to the imaginary
phase space trajectory (x(t), p�(x(t)). Thus, we shall directly compare the two symplectic
mappings of the coordinate representation(

qx
�(t)

px
�(t)

)
= S

(
x(t)

p�(x(t))

)
and

(
qx
�(t)

px
�(t)

)
= S

(
x(t)

p�(x(t))

)
(10.51)

respectively with the two phase space projections(
q′(t)

p′�(q′(t))

)
and

(
q′(t)

p′�(q′(t))

)
(10.52)

of the Bohm trajectory in the q′-representation.

10.3.6 Numerical results for the quantum scale (γ ∼ 1)

Figure 10.19 serves as a map for the numerical analysis of successive symplectic transfor-
mations of the linear potential at the quantum scale. We examine Bohm trajectories, for
space-time and phase space, in representations which correspond precisely to each of the
planes which are enumerated in Figure 10.19 and parameterised in Table 10.1.
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Figure 10.20: Wave function density and Bohm trajectories in the θ = 0 (momentum)
representation for the quantum linear potential. γ = 1.

The density and Bohm trajectory ensembles

The analysis begins in the momentum representation (plane 13in Figure 10.19), for which
the space-time evolution of the density and an ensemble of Bohm trajectories are shown
in Figure 10.20. In this case, q′ represents momentum in the coordinate representation.
Figure 10.20 shows that the trajectories behave classically; they all have the same constant
momentum rate as they ‘fall’ in the constant force field, in agreement with Newton’s second
law of motion. This result was observed in [1]. In other representations, the amplitude of
each component of the wave function in equation (10.48) is no longer spatially constant. So,
as illustrated in Figures 10.21 and 10.22 for the plane 2 (coordinate) and plane 5 represen-
tations respectively, temporal mixing of the components results in Bohm trajectories with
periodic behaviour. The wave function projections on plane 1 and plane 5 and their associ-
ated Bohm trajectories are quite similar; this is because their parameters were selected so
that a ray passing through plane 2 has the same magnitude of displacement from the optical
axis when passing through plane 5. However, the optical momentum of such a ray .i.e. its
angle to the optical axis, is different in the two planes, a distinction apparent when the
respective plots, Figures 10.23 and 10.24, of the wave function phase are compared. (The
phase in these plots has been wrapped into the interval [0, 2π).)

When observing Bohm trajectories in different symplectically covariant representations,
as represented by the ‘viewing planes’ of Figure 10.19, can we be satisfied that we are
observing the same set of trajectories? If the particle can be said really to travel along one
of the trajectories in the coordinate representation (plane 2) for example, can we identify

3Hereafter, reference to numbered planes will be in relation to Figure 10.19.
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Figure 10.21: Wave function density and Bohm trajectories of the quantum linear potential
in the θ = −π/2 (coordinate) plane 2 representation of Figure 10.19, for a single period of
oscillation.
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Figure 10.22: Wave function density and Bohm trajectories of the quantum linear potential
in the plane 5 representation of Figure 10.19, for a single period of oscillation.
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Figure 10.23: Wave function phase for the quantum linear potential in the θ = −π/2
(coordinate) plane 2 representation of Figure 10.19.
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Figure 10.24: Wave function phase for the quantum linear potential in the plane 5 repre-
sentation of Figure 10.19.
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the image of that trajectory in any one of the other planes of representation? Certainly,
the normal use of lens systems, such as in telescopes and microscopes, to observe physical
systems faithfully requires an affirmative answer to both of these questions. A condition of
faithful observation would be that the phase space coordinates of the image of a particle
or a point on an object should undergo a series of (in this case symplectic) point-to-point
mappings, and so describe rays on passing through the ‘lens system’; otherwise the integrity
of the notion of a particle or point under observation would be lost. We address this issue
in the next section.

Phase space trajectories

We now investigate the question of whether, in any sense, Bohm trajectories can be said to
undergo symplectic point-to-point transformations under symplectically covariant changes
of representation. As discussed in section 10.3.5, the Bohm momentum is complex, so that
for any representation the trajectory motion can be projected into a real phase space and into
an imaginary phase space. In these two phase spaces, we compare the trajectory motion in
each of a number of different representations with corresponding symplectic transformation
of the motion in the coordinate representation, as stated in equations (10.51) and (10.52). At
the outset, symplectic covariance of different representations of Bohm trajectories in these
phase spaces is not expected, since the symplectic transformations of quantum mechanics
act upon the operators in the Hamiltonian rather than upon pairs of functions derived from
the wave function, as illustrated in Figure 7.2. Nonetheless, we illustrate this ‘symplectic’
comparison of Bohm trajectories to challenge the notion of them as possible trajectories of
a particle.

In each case, we take as a reference, a trajectory in the coordinate representation with
the initial condition x(t = 0) = 0 and compare its real and imaginary symplectic images
with the real and imaginary phase space trajectories in other representations, in which also
the initial condition is q′(t = 0) = 0. This latter condition is in fact symplectically covariant
with the coordinate representation initial condition for the real phase space, as it implies
also that p�(x(t = 0), t = 0) = 0. In general p�(x(0), 0) �= 0, and so such covariance of
initial conditions does not hold in the imaginary phase space.

Figure 10.25 shows the coordinate (plane 2) representation Bohm trajectory in the dou-
ble phase space. The corresponding projections of the trajectory into the real and imaginary
phase spaces are shown in Figures 10.26 and 10.27, while the space-time trajectory is shown
in Figure 10.28. By taking this coordinate representation trajectory as the reference and by
making use of equations (10.51) and (10.52), we can now compare its symplectic projections
with the corresponding Bohm trajectories in other representations.

Consider first the plane 6 or −π/4 representation, for which the double phase space
trajectory is shown in Figure 10.29. In Figures 10.30 and 10.31, the real and imaginary
phase space projections of this plane 6 representation trajectory are compared directly
with the symplectic maps of the corresponding phase space projections in the coordinate
representation. These figures demonstrate that there is not a symplectic point-to-point
transformation between the respective real and imaginary phase space Bohm trajectories
in the coordinate and −π/4 representations. Equation (10.50) may be used to obtain not
only the Bohm space-time trajectory in the −π/4 representation but also the space-time
trajectories for the corresponding symplectic (point-to-point) maps of the real and imaginary
phase spaces in the coordinate representation. The differences between the trajectories so
obtained are shown in Figure 10.32. These results strongly suggest that the underlying
dynamics of Bohm trajectories should be regarded not as those of a particle but rather
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Figure 10.25: Bohm trajectory for the quantum linear potential in the double phase space
of the (coordinate) plane 2 representation of Figure 10.19.

as those of the wave function; for the trajectory of a persistent and independently extant
particle might be expected to transform covariantly according to point-to-point symplectic
maps, under changes of representation.

For the representation planes 3-5 in Figure 10.19, Bohm trajectories and the symplectic
maps of real and imaginary phase space trajectories in the coordinate representation are
compared in the sequence of Figures 10.33 to 10.41. The Bohm trajectory mapping from
plane 2 to plane 3, which is parameterised by σ, is symplectic in both the real and imagi-
nary phase spaces, and it results in an image of the density which is the spatial inversion
and factor 2 scaling of the coordinate representation. The mapping from plane 2 to plane
4 is symplectic in the real phase space but not so in the imaginary phase space, while the
factor 2 scaling and inversion is retained. (In Figures 10.33 and 10.36, the small differ-
ences between the Bohm trajectory and the symplectically mapped trajectory in real phase
space, especially for large q′, are attributed to inaccuracies of numerical evaluation.) In the
mapping from plane 2 to plane 5, in neither of the real and the imaginary phase spaces is
there symplectic covariance for trajectories, while for the density the scale factor returns to
unity and the inversion is removed. However, comparison of Figures 10.23 and 10.24, and of
Figures 10.28 and 10.41, confirms that the overall transformation of the density from plane
2 to plane 5 is not a unit map.

Thus, in summary, the trajectory mapping from plane 2 (the coordinate representation)
to plane 3 is point-to-point and symplectic (i.e. it is mapped by real and imaginary rays of
the lens system), and this remains so only in the real phase space on mapping to plane 4. On
mapping to plane 5, the point-to-point symplectic mapping of trajectories is entirely lost.
Notably, even though there is a point-to-point mapping of trajectories between planes 2 and
3, this is not so over the sub-interval comprising the GRIN element, which corresponds to
a symplectic rotation of π/2.
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Figure 10.26: The real phase space projection of the plane 2 (coordinate) representation
Bohm trajectory for the linear potential.
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Figure 10.27: The imaginary phase space projection of the plane 2 (coordinate) represen-
tation Bohm trajectory for the linear potential.
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Figure 10.28: Bohm trajectory for the quantum linear potential in the space-time of the
plane 2 representation of Figure 10.19.

10.3.7 Discussion of the linear potential example

The transformations of the linear potential considered in this section illustrate that, in gen-
eral, Bohm trajectories do not undergo symplectic point-to-point transformations between
different representations, as would be expected for a particle in classical mechanics. Such
‘classical’ behaviour is obtained in the limit γ → ∞, for which also p� → 0 in all repre-
sentations. Symplectic point-to-point maps characterise the evolution and transformation
of particle trajectories in classical mechanics, and they underlie our notions of how bodies
interact with forces. That Bohm trajectories do not transform in this way is expected.
Firstly, symplectic maps in quantum mechanics apply to the operators in the Hamiltonian
in order that the commutator bracket [x̂, p̂] is preserved by active and passive transforma-
tions. Secondly, the momenta, p� and p�, are functions of the coordinate q, which are
derived from the wave function.

Bohm trajectories are a representation of the wave function evolution; their transforma-
tion is directly related to the metaplectic transformation of the wave function, which itself
is related to the symplectic transformation of the x̂, p̂ operators. Their lack of symplectic
covariance across different representations, challenges the notion that they are an ensemble
of possible trajectories that may actually be followed by a quantum particle.
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Figure 10.29: Bohm trajectory for the quantum linear potential in the double phase space
of the plane 6 representation of Figure 10.19.

10.4 Summary

In this chapter, the analysis of two examples with respectively quadratic and linear poten-
tials has illustrated that, while the causal ontology of a particle with a position and complex
momentum evolving along one of an ensemble of trajectories holds for these potentials in
all representations, in general this ontology is not symplectically covariant in the γ ∼ 1
limit. Rather, symplectic covariance of trajectories in different representations appears in
the γ → ∞ limit, from which the particle ontology is imported, and for which the imagi-
nary momentum and quantum potential are negligible. Thus, symplectic inconsistency of
the ontology between representations occurs even if the mechanical and density current
velocities are identical, as in the case of potentials of quadratic or less degree. Given this
inconsistency, a choice of representation must be made, and the space-time representation is
the most common. On the other hand, the idea that Bohm trajectories transport elements
of constant probability is one that holds in all representations and in both the large and
small γ limits; it is also derived from the symplectically covariant current operator.

The examples have also illustrated how, in all representations, Bohm trajectories behave
in a coherent way, following the periodic motion of the density of a time oscillating wave
function. Thus, as an ensemble, they represent motion at a level higher than that of
the probable courses of an individual particle. The example of the quantum harmonic
oscillator has illustrated how the double covering of the symplectic rotation sub-group
by the metaplectic group is carried by phase of the wave function. In the case of the
quantum linear potential, these observations have been extended to general linear symplectic
transformations by using the analogue of symplectic maps through an optical system.
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Figure 10.30: Bohm trajectory (red) for the quantum linear potential in the real phase
space of the plane 6 representation of Figure 10.19. The symplectic projection of the plane
2 (coordinate) representation real phase space Bohm trajectory is shown in black.
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Figure 10.31: Bohm trajectory (red) for the quantum linear potential in the imaginary
phase space of the plane 6 representation of Figure 10.19. The symplectic projection of
the plane 2 (coordinate) representation imaginary phase space Bohm trajectory is shown in
black.
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Figure 10.32: Bohm trajectory (red) for the quantum linear potential in the space-time
of the plane 6 representation of Figure 10.19. The space-time trajectories generated by
symplectic projections of the plane 2 (coordinate) representation real and imaginary phase
space Bohm trajectories are shown in magenta (real) and cyan (imaginary).
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Figure 10.33: Bohm trajectory for the quantum linear potential in the real phase space of
the plane 3 representation of Figure 10.19. This trajectory coincides with the symplectic
projection of the plane 2 (coordinate) representation real phase space Bohm trajectory.
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Figure 10.34: Bohm trajectory for the quantum linear potential in the imaginary phase
space of the plane 3 representation of Figure 10.19. This trajectory coincides with the
symplectic projection of the plane 2 (coordinate) representation imaginary phase space
Bohm trajectory.



196 EXAMPLES OF THE GENERALISED BOHM INTERPRETATION §10.4

0

2

4

6

8

10

q’

0 1 2 3 4 5 6

t

Figure 10.35: Bohm trajectory for the quantum linear potential in the space-time of the
plane 3 representation of Figure 10.19. This trajectory coincides with the trajectories
generated by symplectic projections of the plane 2 (coordinate) representation real and
imaginary phase space Bohm trajectories.
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Figure 10.36: Bohm trajectory for the quantum linear potential in the real phase space of
the plane 4 representation of Figure 10.19. This trajectory coincides with the symplectic
projection of the plane 2 (coordinate) representation real phase space Bohm trajectory.
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Figure 10.37: Bohm trajectory (red) for the quantum linear potential in the imaginary
phase space of the plane 4 representation of Figure 10.19. The symplectic projection of
the plane 2 (coordinate) representation imaginary phase space Bohm trajectory is shown in
black.
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Figure 10.38: Bohm trajectory for the quantum linear potential in the space-time of the
plane 4 representation of Figure 10.19. This trajectory coincides with the trajectories
generated by symplectic projections of the plane 2 (coordinate) representation real and
imaginary phase space Bohm trajectories.
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Figure 10.39: Bohm trajectory (red) for the quantum linear potential in the real phase
space of the plane 5 representation of Figure 10.19. The symplectic projection of the plane
2 (coordinate) representation real phase space Bohm trajectory is shown in black.
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Figure 10.40: Bohm trajectory (red) for the quantum linear potential in the imaginary
phase space of the plane 5 representation of Figure 10.19. The symplectic projection of
the plane 2 (coordinate) representation imaginary phase space Bohm trajectory is shown in
black.
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Figure 10.41: Bohm trajectory (red) for the quantum linear potential in the space-time
of the plane 5 representation of Figure 10.19. The trajectories generated by symplectic
projections of the plane 2 (coordinate) representation real and imaginary phase space Bohm
trajectories are shown in magenta (real) and cyan (imaginary).



Chapter 11

CONCLUSION

Detailed conclusions and summaries have been provided at the end of the preceding chapters.
Here we consider the findings discussed in this book in the wider context of its motivation
and draw together some areas for further work.

11.1 Motivation and principal result

Two issues motivated the work presented in this book, namely

i. the Epstein question [14, 17] of whether the Bohm interpretation would transform
satisfactorily into representations other than the coordinate representation;

ii. the apparent absence of previous work on the role of the symplectic group in the Bohm
coordinate space formulation and interpretation of quantum mechanics1, in contrast
to existing work on the role of the symplectic group in the Wigner-Weyl-Moyal phase
space formulation of quantum mechanics.

Both these issues have been addressed; ii) by first expressing the Schrödinger equation
and its polar decomposition (the Bohm formulation) in algebraic and so representation
independent form, and i) by projecting the algebraic equations of the Bohm formulation
into a general representation which is symplectically covariant with the coordinate repre-
sentation. Attention has been restricted to the symplectic group, in order to preserve the
bracket structure of quantum mechanics. A further restriction to the linear symplectic
group was imposed, not only for reasons of tractability but also because the covering group
for non-linear symplectic transformations has yet to be discovered. This is an important
point, for while the linear symplectic group of transformations acts upon the position and
momentum operators, the wave function undergoes the corresponding transformations of
the homomorphic and double covering metaplectic group.

Central to addressing i) has been an analysis of the conditions under which mechanical
and density current velocities, are identical, i.e. q̇′H′

c
= q̇′J ′ ; this identity we have taken to

be the condition under which the Epstein question can be answered affirmatively, and for
which the causal ontology of the original Bohm interpretation can be argued still to hold.

1In a recent book [5], which emphasises the active role of the symplectic group in quantum mechanics, de
Gosson shows (inter alia) how the time evolution of the wave function is essentially the Bohmian (Hamiltonian
plus the quantum potential) motion of half-densities. In general, such Bohmian motion is not symplectic,
as we also have shown in this book. On the other hand, the Epstein question relates to how the Bohm
formulation itself behaves under representation changing transformations; it is to this passive role of the
symplectic group that we refer here.
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We have found this to be the case, in general, only for a subset of representations2 which
are symplectically covariant with the spatial coordinate representation. (See Chapter 9.)
To express these findings, we refer to the notation of equation (2.48), and the definitions
thereafter, for sub-matrices of the transforming symplectic matrix. The Epstein question
can be answered affirmatively

a. for any external potential, when B = 0; this includes the identity (i.e. in the spatial co-
ordinate representation), transformations of the Abelian contact or confocal sub-group
A, transformations of the nilpotent lens or gauge sub-group N , and transformations
from N ⊗A;

b. for external potentials of quadratic or less degree in any symplectically covariant
representation;

c. for any external potential in any symplectically covariant representation, in the large
action limit γ → ∞.

The above results highlight how special is the coincidence of density current and me-
chanical velocities on which the Bohm causal ontology is based. They provoke a careful
analysis of that ontology and of its limitations.

11.2 Ontological implications

At the heart of the ontology of the Bohm causal interpretation is the idea that, in space-
time, a system can be said to follow a particular trajectory, which is drawn from an ensemble
whose density is proportional to the probability density of the wave function, and whose
dynamics can be regarded as classical when account is taken of the effects of the quantum
potential. It is because q̇′H′

c
= q̇′J ′ , always in the spatial coordinate representation, that this

ontology is consistent. We have found that this consistency is lost in other representations,
with the exception of those under the conditions a) and b) above, whereas in the classical
limit c) it always holds. We have examined examples of these results for b) and c) but
further work would be required to provide examples for a).

In general, if the mechanical ontology of a system of trajectories whose dynamics are
determined solely by the external and the quantum potentials is retained, the trajectories
cannot always have the density of the wave function, and vice-versa. Therefore, we have
two sets trajectories: one set for the propagation of the wave function and another set for
particle propagation, and, in general, these sets are distinct, even if at a given time they pass
through the same points. Are there reasons to favour one set of trajectories over the other?
Before considering this question, we recall that, in a given representation, the density current
and the mechanical definitions of trajectory velocity (discussed in Chapters 5 and 9) are
derived respectively from the Liouville equation and Hamilton-Jacobi equation. Moreover,
the algebraic Hamilton-Jacobi and Liouville equations, which contain the essential physics,
are unaffected by these derivations and any choices made between them. We are concerned
here, therefore, with matters of interpretation and ontology.

Throughout, we have taken the density current velocity to be the primary definition of
trajectory velocity, so that a given bundle of trajectories always carries a constant prob-
ability measure in both the classical and quantum limits. Such trajectories describe the

2For a given quantum system, we can define an Epstein representation to be a member of the set of
representations, each symplectically covariant with the coordinate representation, for which the Epstein
question is answered affirmatively.
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flow of density of the wave function, and there is no implicit notion of a particle or system
point evolving along any one of the trajectories. A priori, the density current velocity has
no role in the Hamilton-Jacobi equation which contains functions of the momentum and
position. Aside from any consideration of velocities, the Hamilton-Jacobi equation may be
separated into a part which does not contain the reciprocal of the action scale, 1/γ, as a
factor, and a part that does; the latter comprises the quantum potential. The mechanical
velocity, defined in equation (9.21), is derived from the 1/γ-free part of the Hamiltonian in
the Hamilton-Jacobi equation, by using the first of Hamilton’s equations as an analogue.
This framework provides the classically based ontology of a particle which carries the mass
of the system and whose trajectory is determined by the action of the combined forces of
the external and the quantum potentials.

A priori, there is no reason not to choose either one of the mechanical and density
current based velocities, as respectively derived from the Hamilton-Jacobi and Liouville
equations, and then to consider section 9.3.7 in the light of each of these choices. However,
for consistency with experiments such as the well-known double slit experiment, if a system
can be said to follow a trajectory, then the distribution of trajectories should propagate
according to the density of the wave function. This implies that density current based
trajectories should be chosen to represent the system evolution. Although experiments
are normally arranged in space-time, it is possible, in principle, to conceive of them in
momentum-time, for which the same primacy of density current based trajectories would
be required for consistency. We have extended this argument to other representations. It
is for this reason that equation (9.35) refers to a single point (q, t), and that trajectories
of velocity q̇J ′ have subsequently been adopted. This choice means that, in representations
in which q̇′H′

c
�= q̇′J ′ , the Bohm ontology of real momentum dynamics on the trajectory

arising from the action of the external and quantum potentials must be abandoned; a more
sophisticated ontology is then required.

The limitations of the classically based ontology of the Bohm interpretation are also
signalled in the example of the linear potential in Section 10.3. There it is illustrated that,
unlike classical mechanics, and even for systems in external potentials of quadratic or less
degree - for which a mechanical ontology always holds, the trajectory in real phase space
(q, p�) is not symplectically covariant with that in the coordinate representation for certain
symplectic transformations of representation. This observation, also made in [1], reminds
us that the symplectic structure of quantum mechanics lies in operator phase space, (q̂, p̂),
rather than in c-number phase space, (q, p), as in classical mechanics.

The examples of Chapter 10 illustrate for bound potentials how ensembles of Bohm
trajectories behave in coherent way, depicting the periodic motion of the wave function
density. These density current based trajectories describe the lines of transport of ele-
ments of probability density and, as such, they contribute more to the epistemology of
quantum mechanics than to its ontology. Nonetheless, density current based trajectories
have a consistent interpretation in all representations, and remarkably, for the coordinate
representation a mechanical ontology can always be ascribed to them, as in the original
Bohm causal interpretation. However, in general, the Bohm causal ontology may be ap-
plied to density current based trajectories in only a small subset of representations that
are symplectically covariant with the coordinate representation. Even when the causal on-
tology does apply for such representations, the trajectories themselves are not necessarily
symplectically covariant with those in the coordinate representation, as they would be for
a classical system. This divergence, between the transformation properties of Bohm tra-
jectories and those of classical trajectories, is a philosophically challenging feature of the
ontology of particle motion which lies at the heart of the Bohm causal interpretation.
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11.3 Outcomes from foundational work on the
Hamilton-Jacobi formulation and the symplectic group

The Epstein question (Section 11.1, issue i)) is addressed in Part III (Generalised formula-
tion, ontology and examples). However, interesting insights and results have emerged also
from the necessary foundational work, which has addressed issue ii) and is presented in
Part I (Review and extended Bohm interpretation) and in Part II (Mathematical framework
for linear symplectic transformations). In the following, we highlight important outcomes
from Parts I and II.

In Chapter 3, the dynamics of phase space density distributions are projected into
configuration space to give a force balance equation, which contains an ‘internal stress’
term in both classical and quantum mechanics. For a pure state in quantum mechanics, but
not for classical ensembles in general, the mean momentum can be expressed as p̄ = ∇S,
with S a scalar. In this case, the force balance equation can be integrated to give a Hamilton-
Jacobi equation, for which the internal stress term becomes an internal energy term, namely
the quantum potential. Here, then, is an ontology for the Bohm momentum; not as that of
a single mechanical particle, but rather as the mean momentum of an underlying Wigner
distribution on phase space. In general, this mean momentum is not independent of position.
Yet, in the Bohm interpretation, the guidance relation p = ∇S and the kinematic relation
p = mẋ in the spatial configuration space, perhaps too persuasively lead to a classically
based ontology, in which p is the momentum of a particle rather than the mean momentum
of an ensemble. This bids us be cautious and inspect carefully the meaning of momentum,
energy and velocity in quantum mechanics.

In Chapter 4, momentum and energy are regarded as measures of spatial contrast and
temporal change in a system, and the state of the system is represented mathematically by
an action function which is real in classical mechanics and complex in quantum mechanics.
An ontology based on the notion of a classical particle is avoided. For in using an extremal
action principle to derive the equations of motion for a supposed trajectory, it is found
that the space-time dependence of the complex momentum in quantum mechanics prevents
the derivation of a kinematic relation between velocity and momentum. The trajectory
velocity must be defined by other means; specifically, it is taken to be the velocity of the
probability density current, as derived from diagonal matrix elements of the probability
density current operator and the density operator. (See Chapter 5.) Nonetheless, given a
defined trajectory velocity, the extremal action principle opens up a new perspective on the
Bohm interpretation. It shows that the momentum dynamics can be described on a complex
phase space, with dispersion and convection of momentum occurring within and between
the real and imaginary phase spaces. The internal dynamics and coupling of the real and
imaginary momenta are governed by the gradient of the quantum potential, which has real
and imaginary parts. Moreover, the symmetry of the complex momentum rate equations is
completed by an imaginary (optical) external potential, as a complement to the real external
potential; both potentials induce scattering between the real and imaginary momentum
channels. As a source or sink of density gradient, the imaginary external potential can
be applied in the Bohm interpretation as a source or sink of trajectories, so intrinsically
defining and explaining their distribution. Thus, the use of a least action principle reveals
an extended Bohm interpretation on a complex phase space, with an ontology that is richer
than the original Bohm causal interpretation.

The absence of a kinematic equation for the relation between momentum and velocity
in the Bohm formulation, and the need for trajectories to transport elements of probability
in all representations, motivated the search for density current operators. In Chapter 5,
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density current operators are derived, and their bracket relations are established in terms of
the Hamiltonian and density operators. This enables trajectory velocity to be consistently
defined as the ratio of diagonal matrix elements of respectively the density current operator
and the density operator. In particular, by using Born-Jordan symbolic differentiation,
symplectically covariant definitions of the position and momentum density current operators
are obtained. This definition is central to the investigation of the Bohm interpretation in
symplectically covariant representations, and for Hamiltonians which are general polynomial
functions of the position and momentum operators.

Throughout, because of the classical origins of the ontology of the Bohm causal in-
terpretation, we have tracked the correspondence between the effect of a symplectic map
upon a quantum system and the effect upon its classical counter-part. For the position
and momentum variables, the correspondence is understood by simply exchanging opera-
tors for c-numbers. For the wave function and the classical action, the correspondence is
not so straight forward. By solving the Schrödinger equation for the wave function, and,
correspondingly, solving the Hamilton-Jacobi equation for the classical action, each in a
pair of symplectically covariant representations, particular solutions can be examined and
insight can be gained empirically by comparative studies of the solutions. However, Chap-
ters 6 and 7 explore the general nature of the transformations of the classical action and
of the wave function, and the correspondences between them. Under symplectic transfor-
mations, the classical action is transformed by generalisation of the Legendre transform (in
Chapter 6), whereas the wave function is transformed by a generalisation of the Fourier
transform (in Chapter 7). In the case of linear symplectic transformations, the quadratic
Fourier transforms, from the metaplectic covering group of the symplectic group, act upon
the wave function. Correspondingly, the classical action is transformed by a quadratic Leg-
endre transformation. Since the structure of the theory is independent of physical units, a
unitless action scale, γ, is introduced to distinguish between the classical, γ → ∞, and the
quantum, γ ∼ 1, limits. The action scale of a physical system is γh = γ�. The explicit use
of γ in the generalised Fourier transform enables a precise connection to be made with the
generalised Legendre transform, by using the stationary phase method in the limit γ → ∞.
While we have drawn upon the work of de Gosson and others for the metaplectic group
of quadratic Fourier transforms, far less evident in the published literature to date are the
definition and elucidation of the generalised Legendre transform and its the correspondence
with the generalised Fourier transform3. This correspondence, and the action of linear sym-
plectic maps on large and small action systems, are summarised in Figure 7.2. In Chapter 9,
the presence of the action scale, γ, in the equations of generalised Bohm interpretation is
used to identify the quantum potential in symplectically covariant representations.

The physical content and predictions of quantum mechanics are unchanged between
all symplectically covariant representations. Accordingly, a prime motivation has been to
examine the consistency of the ontology of the Bohm interpretation across all such represen-
tations. However, as the discussion above illustrates, whereas operators undergo algebraic
transformations, the Schrödinger equation and the wave function are representation based,
as are the equations of the Bohm interpretation. In Chapter 8, an algebraic and therefore
representation independent form of the Schrödinger equation is developed, initially work-
ing with an extension to the Dirac notation and then with the notion of states as ideals
in an algebra comprised of products of operators and primitive idempotents. By express-
ing the wave operator in polar form, the two equations of the Bohm interpretation are

3The correspondence between Fourier and Legendre transforms has been noted by V. P. Maslov et al. [98],
in the context of Idempotent Mathematics.
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also obtained in algebraic form and respectively so in terms of the commutator and anti-
commutator brackets of the Hamiltonian and density operators. The sum and difference
of these two equations gives a pair of equations (8.82), which are the quantum analogues
of the Hamilton-Jacobi equation in classical mechanics. This correspondence parallels that
between the operator equations of motion in the Heisenberg picture and Hamilton’s equa-
tions in classical mechanics. The significance of the algebraic formulation of the Schrödinger
equation is that the algebraic equations (8.82) provide a representation independent basis
for the development of the generalised Bohm interpretation in Chapter 9.

Chapters 4 and 8 emphasise the role of the quantum action function in the Bohm
interpretation, from which, in any representation, are derived the complex energy and mo-
mentum functions, HQ(q, t) and pQ(q, t). On the other hand, the definition of the density
current operator and its commutation relations in Chapter 5 enables trajectories to be de-
fined which carry elements of constant probability. Local values of complex energy and
momentum may be assigned to each point along each of these trajectories, and an ontology
can then be constructed for the momentum dynamics along each trajectory, as exemplified
in Chapter 4. Yet, generally, as discussed in section 11.2, only in a sub-set of so-called
Epstein representations does a classical kinematic relation between the trajectory velocity
and the real part of the momentum support the mechanical ontology that the trajectory
is a particle trajectory. The Bohm interpretation is founded on the underlying connection,
at the algebraic level, between the Schrödinger picture and the Hamilton-Jacobi formula-
tion of classical mechanics; the ontology that one may associate with that connection is
representation dependent.

11.4 Future directions

A number of questions and topics for further research have arisen in this book. Some of
these would extend the study of the symplectic group in relation to the Bohm interpretation,
others are in directions which take us away from the topic of the book. It is possible that
some of these questions have already been pursued and answered elsewhere; nonetheless,
they are of interest to the author and, perhaps, to others. These questions and research
topics, are listed below with the chapter of the book in which they arise.

Chapter 3: Why is it that a causal interpretation emerges, which, for the coordinate
representation at least, can also be formulated on phase space as a brand of Hamiltonian
mechanics such that its density distribution obeys the Liouville equation? The correspon-
dence between the Hamiltonian in classical and quantum mechanics, the Hamilton-Jacobi
form of the algebraic Schrödinger equation, the correspondence between the classical and
quantum definitions of momentum and position in terms of an action function, the sym-
plectic covariance implied by the bracket structure in both cases; all these set the stage
for the causal interpretation to appear as a form of Hamiltonian mechanics. Subsequent
chapters of the book have thrown light upon this question, while not specifically addressing
it. Further work would construct a rigorous and systematic answer to this question.

Chapter 4: An example of the Bohm interpretation in a complex potential is presented
in this book. As an alternative to using boundary conditions, further investigation of the
inclusion of imaginary potentials to represent sources and detectors in the modelling of
quantum systems is suggested. These methods may enhance the application of the Bohm
interpretation in modelling quantum effects, such as in semiconductor devices for example.

Chapter 5: The symmetric Born-Jordan derivative is used to define the real current op-
erator and its commutation relations. In this book, the real current operator is used in the
analysis of the Bohm interpretation under passive symplectic transformations, even in the
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case of a Hamiltonian with a complex potential as discussed in Section 9.3.2. In Section 5.6,
the Born-Jordan derivative is decomposed into half the sum of a complex symbolic deriva-
tive and its Hermitian adjoint, so also leading to the definition of an imaginary current
operator. Further research would investigate whether and under what conditions there are
commutation relations for the imaginary current operator. Such work would depend on
the assumption of a Hermitian Hamiltonian. Yet further work might examine methods for
decomposing density current operators for non-Hermitian Hamiltonians.

Chapters 5 and 9: Given a complex density current operator, a complex velocity can
be defined and integrated to generate both real and imaginary space-time trajectories. The
momentum dynamics of the latter are discussed briefly in Section 4.5 for the coordinate rep-
resentation. Further work might, for symplectically covariant representations, examine the
relations between the complex current based velocity and the complex mechanical velocity
whose real and imaginary components appear in Section 9.3.7. However, the outcome of a
better ontology would be a requisite justification for adding such complexity to the Bohm
interpretation.

Chapter 6: The development of the generalised Legendre transformation (GLT) was
motivated primarily by the need for a clearer understanding of the large action limit of
the generalised Fourier transform. To this end, this book presents and explores a mapping
between GLTs with quadratic or higher generators and the real symplectic group of trans-
formations. The question of whether the GLTs form a group, which also is homomorphic to
the symplectic group, is one that the author, at least, would like to see rigorously answered.

Chapter 6: In principle, the passive GLT can be used to transform the classical action
from one ‘time’ domain to another. This is rarely done. The corresponding symplectic
map would imply the preservation a bracket relation between time and its conjugate energy
variable, if one existed. Similarly, the underlying homomorphism with the rotation sub-
group of the symplectic group is rarely considered when performing a Fourier transform
from the time domain to the frequency (energy) domain. Apparently, there is a space-time
asymmetry in considering the role of the symplectic group. In particular, whereas time
parameterises the flow of change, it is in the domain of position and momentum, upon
which the symplectic group acts, that the configuration and state of a system are described
at a given time. Are there circumstances under which it is physically meaningful to consider
symplectic maps in the time-energy domain which are parameterised by spatial location?
Work to address this question would aim to understand the apparent space-time asymmetry
in the role of the symplectic group in physical theory.

Chapter 8: The application of the Weyl transform to the algebraic Liouville and Hamilton-
Jacobi equations lifts them into phase space. The sum and difference of these lifted equations
are two conjugate Hamilton-Jacobi equations which are expressed on phase space in terms
of Weyl symbols and the star-product. Significantly, not only is the density operator lifted
onto phase space but so also is the quantum action operator. This result requires further
investigation.

Chapter 9: The ontology of the generalised Bohm interpretation is examined in some
detail in this book. Further work would examine whether generally, in symplectically covari-
ant representations, the symmetric form of the momentum rate equations (in Section 9.3.7)
can provide an alternative to the Bohm ontology.

Chapter 10: The worked examples in this book concern systems with external potentials
of quadratic or less degree. Examples, concerning (perhaps complex) potentials of higher
than quadratic degree, would illustrate, for such potentials, the differences between using
mechanical and density current velocities for Bohm trajectories in representations which
are symplectically covariant with the space coordinate representation, but which are not
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Epstein representations. The author has done preliminary though unreported work in this
respect for the anharmonic oscillator with a quartic anharmonic term; further work would
complete this and other examples.
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Abelian sub-group, 17, 81, 97, 155, 202
absorption (in extended Bohm inter-

pretation), 32, 43, 46, 53
modelling, 44

action
classical action

differential, 12
Hamilton’s principle, 9
through a caustic, 87
transformations, 4, 19, 73, 205

quantum action
complex, 13
differential, 13
extremal or least, 31, 34
gradient, 39
in Hopf-Cole transformation, 29
minimum fluctuations, 10
operator, 129–131, 135, 138
phase space, 207
role, 206

scale, 4, 94, 100, 159, 180, 203, 205
determination of, 102
fundamental, 33
in integral transformations, 105
large, 94, 105–109, 114, 117, 118,

156
large and small, 93, 114
parameter, 102, 117
small, 94, 110, 114, 115, 117

active transformation
Bohmian flow representation, 118
commuting with passive transfor-
mation, 158
definition, 117
fractional Legendre, 165
generalised Legendre, 85, 91

examples, 86, 87
harmonic oscillator, 161

fractional Legendre, 164
large action limit, 163

metaplectic

generator, 163
of operators, 191
of wave function, 98, 105

large scale limit, 109
small scale limit, 110

of wave-form, 115
role of symplectic group, 2, 5
symplectic, 157
symplectic-metaplectic correspon-
dence, 160
unitary, 123

examples, 123
adjoint

Hermitian, 69, 70, 207
self-, 144

Aharonov-Bohm effect, 136
Aharonov-Casher effect, 136
Airy function, 183
algebraic

Bohm equations, 4, 134, 136, 206
Schrödinger equation, 4, 119, 205

anharmonic oscillator, 208
anisotropic

media, 12
scaling, 101

anti-commutator
algebraic Hamilton-Jacobi equation,
129, 135
in algebraic Hamilton-Jacobi equa-
tion, 4, 119
in equations of complex potential,
147
in phase space formulation, 137
of density and Hamiltonian, 119,
129, 131, 206

anti-symmetric
anti-symmetry term in imaginary
current operator, 70
bracket relations, 1
bracket relations in classical and
quantum mechanics, 2
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symplectic form, 1
symplectic metric matrix, 17

area-preserving mappings, 1
Aristotle’s quartet, 144
associativity

in a group, 84
in a ring, 125

asymmetry
in momentum rate equations, 153
of generalised Legendre transfor-
mation re space and time, 85
of symplectic group re space and
time, 207

asymptotic solutions (theory of), 94
automorphism (inner)

Heisenberg time evolution, 133
map from unitless to physical do-
main, 101

barrier
finite thin, 42
infinite with linear potential, 179
reflection and transmission, 42

beables
Bell, 144
in coordinate representation, 155
particle position, 178

Berry phase, 136
Bohmian, 115, 146

flow, 94, 111, 116, 117
phase space, 114

motion, 201
Born-Jordan

derivative, 64, 65, 207
density current, 69
symmetric, 206

symbolic differentiation, 64, 65, 71,
205

c-number
complex momentum, 3
configuration space, 3
phase space, 1, 3, 23, 203

Wigner, 2
products, 129
symplectic correspondence, 205
symplectic space, 17

canonical
Hamilton’s equations of motion, 10,
19

transformation, 16
active and passive, 117
Bohm interpretation, 2, 35, 143
classical action, 73
emergence of metaplectic group,

94
in quantum mechanics, 2
of wave function, 93
symplectic group, 17

causality, 144
causation, 144
caustic(s)

a definition, 178
as loci of trajectory crossings, 171
free propagation through, 87
harmonic oscillator, 168
of semi-classical wave function, 108
removing by representation change,
88, 90
sign change, 165

characteristic
function

Hamiltonian optics, 73, 91
scales of action, 102
trajectories

of quadratic Legendre transform,
166

Clifford algebras, 125
commutation relations for density cur-

rent operator, 71, 206, 207
commutative

active and passive transformations,
158
addition in a ring, 125

commutator
algebraic Liouville equation, 135
definition, 15, 132
density current operators, 65
Heisenberg picture, 128
in algebraic Liouville equation, 4,
119
in equations of complex potential,
147
in phase space formulation, 137
of density and Hamiltonian, 119,
129, 131, 206
preserving bracket relation, 2, 116,
191
scaling, 103
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under canonical transformations, 17
under symplectic group, 19

Compton scattering, 33
confocal

lenses, 181
sub-group of symplectic group, 18,
81, 97, 181, 182, 202

conservation
laws and symmetries, 32
of energy, 30, 43
of ensemble density on phase space,
20
of momentum, 37
of momentum and energy, 32
of particles, 43
of probability, 11, 24, 28, 30, 38,
43, 59, 63, 105, 115, 148–150

contact
sub-group, 81, 97, 202
transformation, 18

convection
of momentum, 36, 39, 41, 150

for an imaginary trajectory, 41
of probability measure, 178

convex function, 74
current, see density current

Darboux transformation, 45
Davisson-Germer diffraction, 33
de Broglie

Einstein, 33
matter waves, 95

decomposition
generalised Legendre transforma-
tion, 92
Iwasawa, of linear symplectic group,
5, 17, 158, 179, 181
of real current derivative, 69
polar

algebraic Schrödinger equation,
4, 119, 139, 201
Schrödinger equation, 146
unitless Schrödinger equation, 104
wave function, 38, 136, 146, 161

star-product, 137
deformation parameter, 102
degenerate eigenvalues, 121
density

Bohm trajectory ensembles, 185

current, see density current
distribution moments, 23, 25, 30
operator, see density operator
probability conservation, 24, see con-
servation
probability element transport, 203
probability source or sink, 43
van Vleck, see van Vleck
Wigner, see Wigner (density) func-
tion

density current, 58
bracket relations in quantum me-
chanics, 66
classical bracket relations, 62
classical mechanics, 20, 61
derived trajectory velocity, 59
derived velocity, 154
in classical phase space, 61
operators in quantum mechanics,
65
projections, 63
quantum mechanics, 21
symplectic covariance, 68
symplectic transformation, 151

density distribution
on configuration space, 23, 25, 27,
29, 204
on phase space, 23, 29, 30, 166,
204, 206

density gradient, 43, 204
density matrix, 128, 131, 132
density operator

as an indempotent operator, 121
lifting into phase space, 2, 24, 138,
207
Liouville equation, theorem, 20, 133
outer-product between left and right
ideals, 133

detectors
modelled by imaginary potentials,
51, 53, 206

determinant
Jacobian, 107–109, 115, 163, 164
van Vleck, 106, 108, 109, 111

determinism, 144
deterministic particle trajectories, 23,

29
diffraction of electrons, 33
diffusion, 31
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current, 39
irreversible process, 25, 39
negative coefficient, 39
of momentum, 39, 204
velocities, 52

dilation transformation, 155
Dirac

equation, 59
extended notation, 4, 119–122, 125,
128, 129, 139, 205
relativistic particle, 51, 58
standard notation, 119, 121

unitary transformations, 123
dispersion

of momentum, 27, 30, 36, 39, 41
spatial, 36, 41, 52

dispersive force, 39
dispersive velocity, 36, 39, 41, 42, 51,

52
double cover

of symplectic group by metaplec-
tic group, 2, 4, 94–97, 99, 110,
161, 174, 201
unitary covering of rotation sub-
group, 96, 97, 174, 192

drift velocity, 41, 51, 52

eigen-bra, 121
eigen-idempotent, 121, 124, 127
eigen-ket, 121, 124
Einstein-de-Broglie relations, 33
elastic scattering, 42, 45
electron

in Bohm’s theory, 144
scattering and diffraction, 33

energy-time
complex space, 165

energy-time conjugate relation, 33
epistemology, 144, 203
Epstein

answered, 154, 155
question, challenge, 2–4, 61, 143,
145, 146, 156, 157, 201, 202
representation, 202, 206, 208

equivalence
class(es) of generalised Legendre trans-
formations, 74, 78, 79, 81, 91
conditions of Born-Jordan and Heisen-
berg equations of motion, 65

mathematical versus physical, 145
physical (isometry) of representa-
tions, 16, 19

Euclidean
geometry, 1
space, 1, 17

Euler-Lagrange equations of motion, 18
evolutive

generalised Legendre transform, 12,
76, 90
inverse of evolutive generalised Leg-
endre transform, 81
Legendre transform, 75

extrem(al)(um)
action of Bohmian flow, 115
action principle, 33, 34, 204
condition

evolutive Legendre transform, 75
generalised Legendre transform,

4, 85–88, 90, 94, 163
generalised Legendre transforma-

tion, 115
involutive Legendre transform, 75
Legendre transform, 74
quadratic Legendre transform, 84,

91, 93
least quantum action, 34
stationary phase conditions of meta-
plectic transform, 95

Fisher information, 11
fluctuation, see quantum fluctuation
fluid elements (Lagrangian), 23
focal line, 95
focal point(s)

change of phase, 95
in projections of a phase space man-
ifold, 171
Morse index, 108
sign change, 165
trajectory density, 171
use of generalised Legendre trans-
form, 74, 86, 87, 91

focused beam, Güoy experiment, 95
force balance equation

mean momentum dynamics, 3, 27,
29, 30, 204
real and imaginary, 41

Fourier transform, 95
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fractional Fourier transform, 96
generalised Fourier transform, 109
quadratic Fourier and Legendre trans-
form correspondence, 114
quadratic Fourier transform, 97

fractional Legendre transform, 74, 75,
78, 84, 88, 117, 164, 165

fractional power Fourier transform, 96
Fresnel integral, 95, 97

Galilean invariance, 74
gas

ideal, 27
quantum, 28

gauge
theories, 1
transformation, sub-group of sym-
plectic group, 18, 81, 97, 181, 182,
202

generalised Legendre transform, 73, 76
active, 85
applications, 86
equivalence class, 78
inversion and involution, 81
passive, 85
properties, 83
question of a group, 84
symplectic group, 77

generator
active metaplectic transform, 163
Bohmian flow, 116
correspondence between Fourier and
Legendre transforms, 97, 117, 160,
163
free propagation, 87
generalised Legendre transform, 84
homomorphism of symplectic and
metaplectic groups, 110
Legendre transform, 75, 179
linear symplectic transform, 79, 80
quadratic Legendre transform, 93
solution of Hamilton-Jacobi equa-
tion, 86
symplectic transform, 110
van Vleck density, 113

geometric optics
focal point, 95
fractional Legendre transformation,
75

in relation to Fresnel’s integral, 97
limit of wave optics, 74, 92
quadratic Legendre transforms, 93
stationary phase limit of wave op-
tics, 95
symplectic structure, 90
thin lens transformations, 18

geometry
role in physics, 1
symplectic, 1

history and properties, 1
role in quantum mechanics, 1

Gibbs energy, 73
GRIN (graded refractive index) element,

181, 189

half-density, motion of, 201
half-space transformations, 73, 74
Hamilton’s

equations of motion, 10, 12, 15, 16,
19
principle, 9

Hamilton-Jacobi
equation, 12
formulation insights, 204

Hamiltonian
complex, 162
complex potential, 146
large scale limit, 165
symplectic transformation, 159

harmonic oscillator
application of generalised Legen-
dre transform, 86
comparing small and large scale lim-
its, 174
example, 159
large action limit, 163
super-symmetric partner, 45
time-dependent solutions, 160

Heisenberg
algebra, 125
equation of motion, 133
Heisenberg-Hamilton equations of
motion, 15, 64, 65
picture, 2, 15, 128, 129, 132, 133,
206
time evolution, 133

Helmholtz energy, 73
Hermite
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function, 160
polynomial, 96, 160

Hessian, 107, 109
homomorphism

between symplectic and metaplec-
tic groups, 4, 110
definition, 94
generalised Legendre transforms and
the symplectic group, 84, 207
underlying quadratic Legendre and
Fourier transforms, 95, 114, 117
underlying the Fourier transform,
207

Hopf-Cole transformation, 29
Huygens’ principle, 12
hydrodynamical formulation, 23, 25, 29

Madelung, 23
hyperbolic conservation laws, 73

ideal(s)
Bohm equations on ideals of an al-
gebra, 134
elements of a ring, 125
idempotents as generators of ide-
als, 126
in an algebra, 125
involution, 126
lifting bras and kets into ideals, 4,
126
non-invertibility, 126
Schrödinger equation on ideals of
an algebra, 132
states as ideals, 205

idempotent
density operator, 129, 133
eigen-idempotent, 121, 124
operator, 121
primitive idempotent, 121, 125–127,
205
standard idempotent, 121, 122, 126,
128

integrability condition, 62
interference

in an imaginary potential, 43, 53
of particle beams, 179
Young’s slits, 95

internal stress, 29, 204
classical, 27
quantum, 28, 30, 31, 36, 37, 52

irreversible process, see diffusion
irrotational condition, 27, 38, 39
isotropic scaling, 101
Iwasawa decomposition, 5, 17, 158, 179,

181

Jacobian determinant, 107, 108, 115,
163, 164

Kelvin (and Stokes), principle of sta-
tionary phase, 107

kinematic relation
basis of mechanical ontology, 206
Bohm formulation, 143, 204
extremal action principle, 34, 35,
204
generalised Bohm interpretation, 156
Hamilton’s equation, 59

no basis in quantum mechanics,
58
need for independence of velocity
and momentum, 58

Lagrangian
density in polar form, 11
density in quantum mechanics, 10
equation(s) of motion, 9, 18, 41
function in classical mechanics, 9
function in quantum mechanics, 10
picture of hydrodynamics, 23
transformation to Hamiltonian for-
mulation, 73, 75

Lagrangian Analysis, 94, 96, 97
lattice, in space-time, 44
left ideal, 128, 129, 133–135, 139
Legendre transform

conventional form, 74
fractional form, see fractional Leg-
endre transform
generalised form, see generalised
Legendre transform
quadratic form, see quadratic Leg-
endre transform

Legendre-Fenchel transform, 74, 75
lens

sub-group of symplectic group, 18,
81, 97, 155, 181, 202
system transformations and corre-
spondence, 5, 158, 179, 181, 188,
189
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Lie
bracket, 15, 16
group, 98

Liouville
equation, 19, 24, 131, 136
theorem, 19, 133

localisation
energy, 41
force, 39
in real and imaginary momentum
domains, 39
spatial, 36, 41, 52

Lorentz-Einstein transformations, 32

Maslov index, 96, 97, 99, 109, 115, 165,
183

Maxwell relations in thermodynamics,
75

metaplectic group
background, 94, 95
definition, 98
homomorphism with symplectic group,
110
related to Fourier transform, 95
semi-classical correspondence, 107

metric, symplectic, 17, 18, 81
moments

of density distributions, 23, 25, 27
pure state conditions, 27–30
Wigner, 25

of phase space Liouville equation,
24

momentum
complex momentum, 147, 161, 165
concepts, 32
dynamics, 162, 165
dynamics of an imaginary trajec-
tory, 41
equations of motion, 34
equations of motion, alternative deriva-
tion, 37
in complex potentials, 45
quantum equations of motion, 35
rate equations in Bohm formula-
tion, 152
rate equations on a Bohm trajec-
tory, 38
real and imaginary in Bohm for-
mulation, 37

symmetric form of rate equations,
153

momentum-energy
4-vectors, 32
conjugacy, 32
scale parameter, 102

momentum-space conjugate relation, 33
momentum-time, 203
Morse index, 108, 116
Moyal bracket, 137, 138

Newton’s laws of motion, 9, 32–34, 36,
52, 185

nilpotent
sub-group of Sp(n), 17
sub-group of symplectic group, 18

nilpotent sub-group, of symplectic group,
81, 97, 155, 202

non-commutative ring, 125
non-degenerate skew-symmetric bilin-

ear form, 1, 16
non-Hermitian

energy operator, 130
Hamiltonian, 71, 146, 207

observable(s), 18, 19, 119, 129, 144
observation

condition for faithful observation
of trajectories, 188
implications for classical and quan-
tum trajectories, 178
in relation to beables, 144

ontology
complex quantum action, 33
in relation to causality and expla-
nation, 144
in relation to the Epstein question,
202
large and small scale limits of quan-
tum harmonic oscillator, 174
symplectic geometry and quantum
mechanics, 1

osmosis, 31
osmotic flow, 51
osmotic velocity, 39, 41, 52

passive transformation
Bohmian flow representation, 116,
118

photo-electric effect, 33



222 INDEX

pilot wave, 144
Poisson bracket(s), 2, 14–17, 19, 62,

65, 69, 85, 93, 100, 103, 128, 129
primitive idempotent(s), 121, 125, 205

definition, 126
fixed points of an algebra, 126
generators of right and left ideals,
126
matrix representation, 126

probability measure, 178
production (in extended Bohm inter-

pretation), 32, 43, 44, 46, 53
pure state

conditions
connecting Liouville and Schrödinger

equations, 30
for Bohm interpretation, 3, 28
on Wigner density, 25

idempotent density operator, 121,
133
mean momentum, 27, 204

quadratic Legendre transform, 74, 79,
84, 91, 93, 117

quantisation, of energy and momen-
tum, 33

quantum fluctuation, 10
quasi-diffusion, of Wigner function, 25
quasi-distribution on phase space, 23

ray
mapping through lens system, 189
optical displacment, 185
optical momentum, 185
rays through a focal point, see Morse
index
velocity, 12

reality
categorial structure, 143
fabric of, 144, 145
of a quantum system, 144

reflection, at a potential barrier, 43, 52
refractive index

complex, 43
graded, 181

relativity
density current in the relativistic
limit, 59
general, 1
momentum-energy conjugacy, 32

physical equivalence of representa-
tions, 19
spin in the Bohm interpretation,
51
trajectory velocity in the relativis-
tic limit, 58

Riemannian geometry, 1
right ideal, 125–128, 132–135
ring, 125
rotation sub-group, 2, 5, 18, 81, 96, 97,

159, 160, 164, 181–183, 192, 207

scale
action scale and transformations
of the wave function, 105
comparing large and small scale lim-
its, 171, 174
invariances of the symplectic group,
100, 101
large scale limit, 106, 109, 163, 168
parameter of action scale, 102
scale effects and symplectic covari-
ance, 100
small scale limit, 110, 166, 184

scaling
harmonic oscillator, 159
linear potential, 180
passive transformations, 94, 99
Poisson and commutator brackets,
103
the Schrödinger equation, 104

scattering
between real and imaginary mo-
mentum, 204
by imaginary potential, 43
by real potential, 43
Compton, 33
elastic, 42, 45
from potential step, 52
nuclear, 43
optical model, 43

Schrödinger equation
algebraic form, 128
algebraic form on ideals of an al-
gebra, 132
emergence from density and phase
formulation, 28
polar decomposition, 104
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representation independent form,
129
scaling, 104

Schrödinger picture on phase space, 137
semi-classical wave function, 94

carried by symplectic flow of gen-
eralised Legendre transform, 117
caustics, 108
generalised Legendre transform, 106
kernel scaling, 107
large action limit, 109, 110
zero quantum potential, 114

semiconductor, modelling quantum ef-
fects, 53, 206

skew-symmetric bilinear
brackets, 17
form, 1, 16

slits
as a spatial scale, 103
double slit experiment, 203
Young’s slits, 95

slowness vector, 12
source or sink

extended Bohm interpretation, 45
of density gradient, 204
of phase gradient, 42, 43
of probability density, 43, 46, 53
of trajectories, 3, 43, 53, 147, 204

star-product, 2, 137, 138, 207
stationarity condition

generalised Legendre transform, 76
inverse generalised Legendre trans-
form, 82
involutive generalised Legendre trans-
form, 82
Legendre transform, 74

stationary phase
limit of Fourier transform, 96
limit of generalised Fourier trans-
form, 73, 93
limit of metaplectic transformation,
84, 91, 95
method, principle, 107, 110, 205

statistical formulation of quantum me-
chanics, 2, 29

stochastic
interpretation of Bohm and Hiley,
31, 39, 52

model of production and absorp-
tion, 32, 44
source or sink of trajectories, 43,
147

Stokes (and Kelvin), principle of sta-
tionary phase, 107

streamlines, defined and contrasted with
trajectories, 59

super-symmetric partner of the quan-
tum harmonic oscillator, 45

superposition, of particle beams, 179
symbolic

derivative(s), 4, 21, 64, 68, 71, 147,
151, 207
differentiation, 57, 64, 65, 71, 205

symmetric
Born-Jordan derivative, 206
form of (Bohm) momentum rate
equations, 153, 154, 207
form of Bohm equations, 14

symplectic
covariance, 67, 68
generalised Legendre transform, 77,
78
generator, 79
geometry, 1
group, 16
group scale invariances, 100

symplectomorphisms, extending meta-
plectic representation to the gen-
eral group of, 95, 110

tensor product, and the standard idem-
potent, 121, 127

thermodynamics and Legendre trans-
formation, 73, 75, 78

time scale
harmonic oscillator, 159, 161
in relation to action scale, 102
linear potential, 180

time-energy domain, and symplectic maps,
207

trajector(y)(ies)
absorption, 44
Bohm ensembles, 185
Bohm trajectories

distribution of, 46
in (complex) phase space, 184,

188
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in space-time, 183
imaginary, 41
momentum rate equations, 38
small and large scale limits, 171
velocity, 59, 151
versus streamlines, 59

tunnelling
real part of potential, 45
through a thin potential barrier,
42

unitary sub-group of symplectic group,
17

unitless representation, 94, 100, 101,
117

units and symplectic transformation,
78, 98–100, 205

van Vleck
density, 109, 113
determinant, 106, 108, 109, 111

variational principle(s)
in classical mechanics, 9
in quantum mechanics, 10
in the space of Bohm trajectories,
31, 52

wave operator, 121, 122, 124, 128, 130,
134, 205

wave-form
active transformations, 115
carried by Bohmian flow, 114
correspondence of evolution with
symplectic flow, 115
motion, 115
passive transformations, 116
transport, 94

wave-particle duality, 143, 144
Weyl symbols, 24, 207
Weyl transform, 2, 24, 119, 129, 137–

139, 207
Wigner (density) function, 24, 25, 63,

138, 204
Wigner-Weyl-Moyal formulation of quan-

tum mechanics, 2, 23, 119, 120,
129, 137, 201
sine and cosine brackets, 137

Yang-Mills field theories, 1
Young’s slits, 95

zitterbewegung, 12



 
 
 
 T H E  S Y M P L E C T I C  A N D  M E T A P L E C T I C  

G R O U P S  I N  Q U A N T U M  M E C H A N I C S  A N D  T H E  
B O H M  I N T E R P R E T A T I O N  
 
This book addresses Epstein's question of whether the Bohm interpretation and ontol-
ogy can be satisfactorily expressed in representations other than the coordinate repre-
sentation, in which it was originally developed.  After a review of correspondences be-
tween classical and quantum mechanics, the ontology of the Bohm interpretation of 
quantum mechanics is studied and then extended to include complex momentum dy-
namics and a complex quantum potential.  Expressed in algebraic form, the 
Schrödinger equation and the Bohm formulation are representation independent.  
This generalised Bohm formulation, and its interpretation, are examined in a wide 
class of representations using the mathematical framework of the symplectic and 
metaplectic groups.  
 
The book contains a number of illustrative examples, and it provides conditions on 
potentials and representations for which the Epstein question may be answered af-
firmatively.  In the context of the symplectic group, it also explores the strong connec-
tion between generalisations of Fourier and Legendre transforms at respectively the 
small and large action limits of physical systems. 
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